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List of symbols

Φ0 = hc/e Normal flux quantum

Φs
0 = hc/2e Superconducting flux quantum

T Temperature

Ǧ Nambu representation

G̃ Wigner representation

G Floquet representation

QH Quantum Hall

SC Superconductor

BdG Bogoliubov-de Gennes

ABS Andreev bound states

CAES Chiral Andreev edge states
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Abstract

In this thesis, we study the transport and spectral properties of a variety of solid-

state devices comprising both superconducting and non-superconducting materials. We

show that Bogoliubov quasiparticle states living near the interfaces of such materials

could be used either to construct non-trivial topological Hamiltonians in an artificial

parameter space or to unravel the topological properties of an underlying material

employed to build up the device of interest.

In the first part of this dissertation, we study multiterminal Josephson junctions

as platforms that can potentially realize artificial topological quantum matter. We

identify the topological invariant characterizing these systems as the winding number

of the Bogoliubov-de Gennes Green’s function of such junctions, a quantity which

may be detected by measuring transconductances between a couple of voltage-biased

terminals. In addition, we put forward a way of inducing topological properties in

an otherwise trivial junction by applying a time-dependent periodic perturbation that

leads the system to a Floquet topological phase. We furthermore analyse how the

transconductance of a multiterminal device could be used to unveil the presence of

Majorana quasiparticles living at the edges of its constituent reservoirs.

In the second part of this thesis, we focus on the study of transport properties

of junctions between quantum Hall samples and superconductors. We discuss how

propagating Bogoliubons (known as chiral Andreev edge states) emerge at the inter-

face between these two phases of matter and possible transport experiments to detect

them. We also study the physics of Josephson junctions where either conventional or

topological superconductors are coupled via chiral quantum Hall edge channels. We

discuss how the critical supercurrent profiles and the current-voltage characteristics of

such junctions could be used as a hallmark of chiral edge mediated transport in these

hybrid devices.

Keywords: TOPOLOGY, SUPERCONDUCTIVITY, JOSEPHSON JUNCTIONS,

QUANTUM TRANSPORT
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Resumen

A lo largo de esta tesis estudiamos las propiedades espectrales y de transporte de una

variedad de dispositivos de estado sólido compuestos de materiales superconductores y

no superconductores. Mostramos cómo los estados de cuasipart́ıcula de Bogoliubov que

viven cerca de estas interfaces pueden ser utilizados tanto para diseñar hamiltonianos

topológicamente no triviales en un espacio de parámetros artificial como para desen-

trañar las propiedades topológicas de un material subyacente empleado para construir

el dispositivo de interés.

En primera instancia nos enfocamos en el estudio de multijunturas Josephson como

plataformas que pueden imitar artificialmente materia cuántica topológica. Identifica-

mos al invariante topológico que caracteriza estos sistemas como el número de winding

de la función de Green de Bogoliubov-de Gennes de estas junturas, una cantidad que

puede ser detectada midiendo transconductancias entre dos terminales en las que se

aplica una diferencia de potencial. Adicionalmente, proponemos una forma de inducir

propiedades topológicas en una juntura al aplicar una perturbación dependiente del

tiempo en forma periódica que lleva al sistema hacia una fase topológica de Floquet.

Asimismo, estudiamos cómo la transconductancia de un dipositivo multiterminal puede

ser utilizada para revelar la presencia de cuasipart́ıculas de Majorana en los extremos

de los reservorios que lo constituyen.

En la segunda parte de la tesis nos enfocamos en el estudio de las propiedades de

transporte de junturas entre muestras en el régimen Hall cuántico y superconductores.

Discutimos cómo en la interfaz entre estas dos fases de la materia emergen Bogoliubo-

nes propagantes (conocidos como estados quirales de Andreev) y analizamos posibles

experimentos de transporte para detectarlos. Estudiamos las propiedades f́ısicas de

junturas Josephson donde tanto superconductores convencionales como topológicos se

acoplan a través de los estados de borde quirales de una muestra Hall. Dicutimos cómo

los perfiles de supercorriente cŕıtica y la caracteŕıstica corriente-voltaje de estas jun-

turas pueden ser usados como un sello distintivo del transporte mediado por estados

quirales en estos dispositivos h́ıbridos.

Palabras clave: TOPOLOGÍA, SUPERCONDUCTIVIDAD, JUNTURAS JOSEPH-

SON, TRANSPORTE CUÁNTICO.
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Chapter 1

Motivation and outline

“It was the best of times, it was the worst of times, it was the

age of wisdom, it was the age of foolishness, it was the epoch

of belief, it was the epoch of incredulity, it was the season of

light, it was the season of darkness, it was the spring of hope,

it was the winter of despair, we had everything before us, we

had nothing before us.”

— Charles Dickens.

Just a year before this thesis began, the Nobel Prize was awarded to Duncan Hal-

dane, Michael Kosterlitz and David Thouless “for theoretical discoveries of topological

phase transitions and topological phases of matter”. At the same time, the Buckley Pri-

ze 2017 of the American Physical Society was awarded to Alexei Kitaev and Xiao-gang

Wen “for theories of topological order and its consequences in a broad range of physical

systems”. These recognitions are just the tip of an iceberg that demonstrate that the

field of topological condensed matter has been stepping up so rapidly that nowadays it

can be considered as an entire new discipline of modern physics on its own. Topologi-

cal phases of matter are characterised by non-local order parameters that endow these

systems with unusual stability to perturbations. Because of this robustness, a consi-

derable effort has been invested in the search for topologically non trivial materials

in general. By now, a huge variety of topological quantum matter has been theore-

tically predicted and experimentally realized, including topological insulators [1, 2],

semimetals [3], superconductors [4], as well as non-Hermitian (open/dissipative) to-

pological systems [5, 6]. In addition, it is also possible to design topological quantum

matter in a synthetic way by relying on a system that can imitate artificially the

necessary physical ingredients to construct a given topological Hamiltonian. Some no-

table examples of these quantum simulators include trapped ultracold atoms in optical

lattices [7], out-of-equilibrium Floquet driven systems [8–10], circuit quantum elec-

trodynamics (QED) architectures [11], photonic arrays [12] and even multi-terminal

1
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Josephson junctions [13].

The leitmotiv of this dissertation will be the study of quantum transport in solid-

state devices where the presence of non-trivial topological properties plays a key role.

We will be particularly interested in hybrid structures composed of both superconduc-

ting and non-superconducting materials. Near these interfaces, the presence of super-

conducting correlations induces quantum coherence between particles and holes leading

to the emergence of Bogoliubov quasiparticle states which are generically dubbed An-

dreev states. These states can be formally described with a spinor field which takes into

account both the spin and the particle-hole orbital degrees of freedom of the wavefun-

ction. This pseudospin texture will turn out to be an essential ingredient to describe the

emergence of non-trivial geometrical and topological defects in hybrid superconducting

structures. We would like to emphasize that, from an experimental point of view, there

has been an incredible improvement both in the fabrication of mesoscopic supercon-

ducting devices and in the spectroscopic techniques used to resolve the quasiparticle

spectrum of these systems. Nowadays, Andreev states can be coherently manipulated

by microwave and tunneling spectroscopy [14–17], opening new routes towards realistic

implementations of quantum technologies based on hybrid superconducting nanostruc-

tures.

This dissertation is organized in nine chapters (including this one). Each chapter

has been written in a self-contained manner with a corresponding introduction to each

of the addressed subjects. The thesis contains work that can be divided into two major

topics. The first part (Chapters 2, 3 and 4) will focus on the study of multiterminal

Josephson junctions as practical platforms that could potentially realize artificial to-

pological quantum matter. In Chapter 2, we will review some basic concepts used to

describe the geometry and topology of quantum states that will be needed to establish

a parallelism between topological Bloch insulators and Josephson devices with several

superconducting terminals. We will show that these devices develop quantized averaged

transconductances when voltage biasing the superconducting reservoirs adiabatically,

reflecting the presence of a nontrivial topological invariant that characterizes these

systems. In Chapter 3 we address the question of whether it is possible to induce to-

pological properties on a multiterminal Josephson junction by driving the system with

a periodic time-dependent perturbation. We particularly study a device where three

superconducting terminals are coupled via a single-level quantum dot and show that

under certain conditions of the driving, the Floquet-Andreev spectrum of this system

can become topological. Finally, in Chapter 4 we explore how the topological invariant

characterizing a three-terminal Josephson junction changes when the superconducting

terminals are led to a regime where they behave as topological superconductors with

protected Majorana quasiparticles at their ends.

The second part of this thesis (Chapters 5, 6, 7 and 8) deals with the problem of
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studying transport properties of junctions between an already non-trivial topological

material and a superconductor. In particular, we will be interested in nanostructures

where the edges of a quantum Hall topological insulator are proximitized with super-

conducting materials. Our work was motivated by the latest experimental advances

that were made in this direction. Several experimental groups have recently managed

to make sufficiently transparent contacts between superconductors and quantum Hall

states [18–21], not only enabling the measurement of a supercurrent [19, 22, 23], but

also establishing the existence of the so called chiral Andreev edge state [24], a one-

way hybrid electron-hole mode that propagates along these interfaces. In Chapter 5 we

introduce the basic physics taking place at the interface between these two well-known

states of matter. We describe the emergence of chiral Andreev-edge states and possible

transport experiments to detect them. We also discuss how an equilibrium transport of

Cooper pairs could be established in quantum Hall based Josephson junctions, where

two superconductors are bridged by chiral edge channels. In Chapter 6 we tackle the

non-equilibrium problem of voltage biasing the superconducting terminals of such jun-

ctions. We numerically obtain the current-voltage characteristics as a function of the

magnetic flux threading these Josephson devices and identify the existence of resonant

multiple Andreev reflection processes that lead to an enhancement of quasiparticle

transfer between terminals. In Chapter 7 we go back to the study of the equilibrium

supercurrent in a quantum Hall based Josephson device but replace the conventional

s-wave superconductors with superconducting nanowires that can be driven to a topo-

logical phase where Majorana zero modes are effectively coupled to the chiral quantum

Hall edge states. We study the critical supercurrent and the Andreev bound states

of such devices both numerically and within a low-energy spinful model. Lastly, in

Chapter 8, we turn to the study of Hall samples that are proximitized with a super-

conducting contact but in the weak magnetic field regime. In this case, semiclassical

skipping orbits with alternating electron-hole nature are expected to be recovered. We

particularly analyze a magnetic focusing device where electronic-like states are injec-

ted into a two-dimensional electron gas with strong Rashba spin-orbit coupling. These

carriers scatter at the edge of the device with an extended superconducting contact

and are then collected in a normal drain lead. The interplay between Andreev scatte-

ring and the coupling of momentum with spin is revealed by studying the conductance

between the source and the drain lead of the setup. Finally, in Chapter 9 we present a

summary of the main conclusions obtained throughout this thesis.
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Resumen del Caṕıtulo 1

En este caṕıtulo se describe brevemente la motivación y el esquema de esta tesis. La

misma se enfoca en el estudio teórico del transporte cuántico en dispositivos de estado

sólido con propiedades topológicas no triviales. Estudiamos particularmente nanoes-

tructuras h́ıbridas compuestas de materiales superconductores y no-superconductores.

El escrito se encuentra organizado en nueve caṕıtulos. Cada caṕıtulo está escrito de

forma autocontenida, con una correspondiente introducción a las temáticas abordadas

en los mismos. El trabajo de esta tesis se puede dividir en dos grandes temáticas. La

primera parte (Caṕıtulos 2, 3 y 4) se enfoca en el estudio de multiterminales Josephson

como plataformas alternativas para diseñar sistemas topológicos de manera artificial.

En el Caṕıtulo 2 presentaremos algunos conceptos básicos relacionados a la geometŕıa

y la topoloǵıa de estados cuánticos en un espacio de Hilbert que serán necesarios para

establecer un paralelismo entre aislantes de banda de Bloch y dispositivos Josephson

con varias terminales superconductoras. Se mostrará que estos dispositivos presentan

transconductancias cuantizadas al aplicar una diferencia de potencial entre los reser-

vorios superconductores de forma adiabática, reflejando la presencia de un invariante

topológico no trivial que caracteriza estos sistemas. En el Caṕıtulo 3 nos preguntamos

si es posible inducir propiedades topológicas en un dispositivo Josephson multiterminal

al forzar el sistema periódicamente en el tiempo. Estudiamos en particular una juntura

donde tres terminales superconductoras se acoplan a través de un punto cuántico y

mostramos que, bajo ciertas condiciones, el espectro de Floquet-Andreev del sistema

adquiere propiedades topológicas no triviales. Finalmente, en el Caṕıtulo 4, exploramos

cómo el invariante que caracteriza una trijuntura se modifica al llevar las terminales

superconductoras hacia un régimen donde las mismas se comportan como supercon-

ductores topológicos con cuasipart́ıculas de Majorana en sus extremos.

La segunda parte de esta tesis (Caṕıtulos 5, 6, 7 y 8) se enfoca en el estudio de

las propiedades de transporte de junturas entre un material topológicamente no trivial

per se y un superconductor. En particular, estudiaremos nanoestructuras donde los

bordes de un aislante Hall cuántico se encuentran en proximidad con materiales su-

perconductores. Nuestro trabajo fue motivado por los últimos avances experimentales

en esta dirección. Recientemente, varios grupos experimentales han logrado construir

contactos suficientemente transparentes entre superconductores y estados en el régi-

men Hall cuántico [18–21]. Esto ha permitido no sólo medir supercorrientes en estos

dispositivos [19, 22, 23], sino también demostrar la existencia de los estados quirales de

Andreev [24]: modos de naturaleza h́ıbrida electrón-hueco que se propagan a lo largo

de estas interfaces. En el Caṕıtulo 5 introduciremos la f́ısica básica que tiene lugar

en la interfaz entre estos dos estados bien conocidos de la materia. Describiremos la

emergencia de los estados quirales de Andreev y posibles experimentos de transporte
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para detectarlos. También discutiremos cómo es posible establecer una corriente de

equilibrio de pares de Cooper en junturas Josephson donde dos superconductores se

ponen en contacto a través de los estados de borde de un aislante Hall cuántico. En

el Caṕıtulo 6 se estudiará la respuesta fuera de equilibrio de estos sistemas al apli-

car una diferencia de potencial entre las terminales superconductoras. Se obtendrá

numéricamente la caracteŕıstica corriente-voltaje de estas junturas como función de las

variaciones de flujo magnético en la muestra Hall. Se logrará identificar la presencia

de procesos que generan una transferencia resonante de cuasipart́ıculas entre los reser-

vorios mediante múltiples reflexiones de Andreev en las teminales. En el Caṕıtulo 7

volveremos a estudiar la supercorriente de equilibrio en junturas Josephson basadas

en muestras Hall pero reemplazaremos los superconductores de tipo s convencionales

por cables superconductores que pueden ser llevados a una fase topológica, de manera

tal que modos de Majorana de enerǵıa cero se encuentran acoplados de forma efecti-

va con los estados quirales de la muestra Hall. La supercorriente cŕıtica y los estados

ligados de Andreev de estos dispositivos serán estudiados tanto numéricamente como

anaĺıticamente utilizando un modelo de bajas enerǵıas que contempla los grados de

libertad de esṕın del sistema. Por último, en el Caṕıtulo 8, se estudiarán muestras Hall

en contacto con una terminal superconductora pero en el régimen de campos magéticos

débiles. En este caso, los portadores de carga alternan su naturaleza entre electrón y

hueco mediante reflexiones de Andreev que ocurren siguiendo trayectorias semiclásicas.

Se analizará un dispositivo de focalización transversal, donde estados de tipo electrón

son inyectados en un gas bidimensional con acoplamiento esṕın-órbita de tipo Rashba.

Estos portadores dispersan en el borde de la muestra con un contacto superconductor

y luego son colectados en una terminal normal. El efecto combinado de la reflexión de

Andreev y el acoplamiento del momento lineal con el esṕın se verán reflejados en la

conductancia entre la terminal inyectora y la detectora. Finalemente, en el Caṕıtulo 9

presentaremos un resumen de las principales conclusiones obtenidas a lo largo de esta

tesis.



Chapter 2

Multiterminal Josephson junctions

as topological matter

2.1. Introduction and motivation

Topology is a branch of mathematics that studies the geometrical properties of

objects which remain invariant under continuous deformations. In the context of con-

densed matter physics, these mathematical tools are used to describe what are known

as topologically ordered phases of matter, which are characterized by quantized order

parameters known as topological invariants. These invariants are able to differentiate

phases belonging to the same symmetry class and are usually defined in a non-local

fashion, as opposed to the local order parameters used in the paradigmatic Ginzburg-

Landau theory of phase transitions [25]. Since the discovery of the quantum Hall state in

the 1980’s [26] and its successful description as a topological phase of matter [27, 28],

topology took centre stage in condensed matter physics and can now be considered

as an entire new discipline in the field. We have now a zoo of topological insulators

and superconductors which have their own periodic table [29, 30], provided by the

Altland-Zirnbauer classification [31]. The importance of finding these novel materials

cannot be overemphasized: topology is usually reflected in remarkably quantized res-

ponse functions with important applications in quantum metrology. It is also associated

to the emergence of edge modes or excitations which are said to be topologically pro-

tected [32], which means that they remain essentially unaffected when being locally

perturbed, making them excellent candidates for quantum computing.

Over the past few years, much of the progress in the field has relied on the idea of

designing topological properties by device engineering, without the need of searching

for exotic compounds with special properties in their crystalline or magnetic structure.

Topological Hamiltonians can be constructed by building heterostructures with the ap-

propriate materials or by driving conventional phases of matter out-of-equilibrium into

6



2.2 From “Berry-ology” to topology 7

a so-called Floquet topological phase [8–10]. Other privileged platforms for topological

design are cold-atom systems [7] and photonic lattices [12]. The aim of this chapter is

to show that multiterminal Josephson junctions can provide an alternative platform

for topological engineering in arbitrary dimensions.

The chapter is organized as follows. Firstly, we will introduce some basic definitions

that allow to establish a bridge between local geometrical properties of quantum states

in a Hilbert space and global topological invariants. Specifically, we will introduce in

Sec. 2.2 the concepts of Berry connections and curvatures in a generic parameter space

and their relation to the Chern topological index. In Sec. 2.3, we will briefly review

their role in the theory of Bloch electrons in a crystalline solid and how this led to the

topological classification of band insulators. In Sec. 2.4, we will show how a parallelism

between topological Bloch systems and multiterminal Josephson junctions devices can

be established. In particular, subgap Andreev bound states (ABS) in these platforms

will play the role of Bloch bands in a crystalline solid and the relative phase differences

of the superconducting reservoirs will act as a synthetic space of quasi-momenta [13].

In this way, a formal analogy between N -terminal Josepshon junctions and N − 1

dimensional bulk materials can be made. The geometrical and topological properties

of multiterminal Josephson junctions have observable consequences in the transport

properties of these devices. More specifically, the Berry curvature of the quasiparticle

states of the junction will be shown to act as a source of anomalous (non-local) cu-

rrents in the nanostructure. This phenomenon ultimately leads to the quantization of

phase-averaged transconductances between two (adiabatically) voltage-biased termi-

nals with integer-valued Chern numbers. This quantization, firstly derived in Ref. [13]

and explained in terms of the topological properties of the ABS [see Subsec. 2.4.1] was

subsequently generalized in our work [33, 34] in order to take into account the contri-

bution of the continuum part of the junction’s spectrum [see Subsec. 2.4.2]. In Sec. 2.5

we will summarize the current state-of-the-art theoretical and experimental research

regarding these multiterminal devices and settle in this way the context for the work

developed in Chapters 3 and 4.

2.2. From “Berry-ology” to topology

In the context of quantum mechanics, we refer to the Berry phase as a geometrical

phase angle acquired by a state vector as it is carried around adiabatically along a closed

path in Hilbert space. The presence of this phase, which had been overlooked for more

than half a century until the seminal work by Sir Michael Berry [35], has relevant

implications in a variety of fields: from atomic and molecular physics to photonics and

condensed matter physics.

When considering a Hamiltonian that slowly varies with time through a set of



2.2 From “Berry-ology” to topology 8

N parameters (R1(t), R2(t), . . . , RN(t)), collectively described as a vector R(t), it is

useful to write the wave function in an instantaneous orthogonal basis formed by the

eigenstates of Ĥ(R(t)) at time t as

|ψ(t)〉 =
∑
n

cn(t)e−i
∫ t
0 dt
′En(t′)/~|n[R(t)]〉 (2.1)

where

Ĥ[R(t)]|n[R(t)]〉 = En(t)|n[R(t)]〉, (2.2)

with En(t) = En[R(t)] the instantaneous eigenenergies of the problem. Replacing

Eq. (2.1) in the time-dependent Schrödinger equation, one finds that the coefficients

cn(t) must satisfy

ċn(t) = −
∑
m

cm(t)e−i
∫ t
0 dt
′ (Em(t′)−En(t′))

~ 〈n(t)|∂tm(t)〉 (2.3)

= −
∑
m

cm(t)e−i
∫ t
0 dt
′ (Em(t′)−En(t′))

~ 〈n[R]|∇Rm[R]〉 · Ṙ(t). (2.4)

The last equation can be further simplified by using that

〈n[R]|∇Rm[R]〉 =
〈n[R]|∇RĤ|m[R]〉
Em(t)− En(t)

ifm 6= n, (2.5)

so

ċn(t) = −cn(t)〈n[R]|∇Rn[R]〉 · Ṙ(t)

−
∑
m6=n

cm(t)e−i
∫ t
0 dt
′ (Em(t′)−En(t′))

~
〈n[R]|∇RĤ|m[R]〉
Em(t)− En(t)

· Ṙ(t). (2.6)

If the Hamiltonian varies very slowly and the spectrum remains gapped at all times

(En(t) 6= Em(t) ∀ t), we can drop out the last term in this equation in zero-th order

approximation and obtain a simple solution for the expansion coefficients

cn(t) = eiγn(t)cn(t = 0), (2.7)

with

γn(t) = i

∫ t

0

〈n[R]|∇Rn[R]〉 · Ṙ(t)dt = i

∫ R(t)

R(0)

〈n[R]|∇Rn[R]〉 · dR. (2.8)

Therefore, if initially the state vector was at certain eigenstate of the Hamiltonian, it
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will evolve in time as

|ψ(t)〉 = eiγn(t)e−i
∫ t
0 dt
′En(t′)/~|n[R(t)]〉. (2.9)

The phase γn(t) is known as the geometrical phase and the integrand of Eq. (2.8) as

the Berry connection or the Berry vector potential

An(R) = i〈n[R]|∇Rn[R]〉. (2.10)

Evidently, this connection is not gauge invariant, since by making the transformation

|n[R]〉 → eiθ(R)|n[R]〉,

it changes as

An(R)→ An(R)−∇Rθ(R).

This would consequently modify the geometrical phase as

γn(t)→ γn(t)− (θ[R(t)]− θ[R(0)]) .

Only for a cyclic evolution of the system along a closed path C such that R(T ) = R(0),

the geometrical phase γn becomes independent of the choice of gauge. This is so because

the single-valued condition of the wavefunction requires that θ[R(t)] − θ[R(0)] = 2πl

with l an integer number. The gauge-invariant geometrical phase acquired along a

closed loop is what is known as the Berry phase [36]:

γn =

∮
C
An(R) · dR. (2.11)

By making use of the Stoke’s theorem, it can be expressed as a surface integral

γn =

∫
S
FnµνdSµν , (2.12)

where we defined the Berry curvature as

Fnµν = i(〈∂µn[R]|∂νn[R]〉 − 〈∂νn[R]|∂µn[R]〉) (2.13)

and dSµν as the area element on the 2D submanifold surface S with boundary C.
We have also introduced the shorthand notation ∂µ = ∂Rµ . In the particular case of

a three-dimensional parameter space, one can adopt the more familiar pseudovector

notation

Fn =∇×An. (2.14)
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By using the definition of the Berry connection [Eq. (2.10)] one can easily check that

the components of the Berry curvature pseudovector have the form

Fnµ (R) = iεµνκ〈∂νn[R]|∂κn[R]〉, (2.15)

with εµνκ the completely anti-symmetric Levi-Civita tensor. These vector components

are easily related to the previous definition [Eq. (2.13)] by noting that Fnµν = εµνσFnσ .

Note that the Berry curvature Fn is also gauge invariant because a gauge transfor-

mation changes the Berry connection An(R) → An(R) −∇Rθ(R) and the curl of a

gradient [see Eq. (2.14)] is zero. When performing numerical calculations, it is often

useful to cast this magnitude as

Fn(R) = −Im[〈∇Rn| × |∇Rn〉]

= −Im
∑
m6=n

〈n(R)|∇RĤ|m(R)〉 × 〈m(R)|∇RĤ|n(R)〉
(En − Em)2

, (2.16)

where we used Eq. (2.5) and the completeness relation
∑

m |m(R)〉〈m(R)| = I.

All the elements defined above are in complete analogy with well known concepts in

the theory of electromagnetism: the Berry connection plays the role a vector potential

and the Berry curvature the one of a magnetic field. In this sense, the Berry phase can

be understood as an Aharonov-Bohm phase. Interestingly, the Berry curvature is also

related to the definition of a quantum metric in the parameter space R. In fact, the

quantum geometric tensor of a state indexed by n in this space is defined as

Qnµν(R) := 〈Dµn[R]|Dνn[R]〉
= 〈∂µn[R]|∂νn[R]〉 − 〈∂µn[R]|n[R]〉〈n[R]|∂νn[R]〉,

where we defined the covariant derivative Dµ = ∂µ+ iAµ, with Aµ the µ-th component

of the Berry connection. The imaginary (antisymmetric) part of this tensor is related

to the Berry curvature by

Fnµν(R) = −2=[Qn
µν(R)].

On the other hand, the real (symmetric) part Gnµν = <[Qn
µν(R)] is known as the Fubini-

Study metric. It provides for a measure of the distance between two nearby quantum

states

ds2 = 1− |〈n[R]|n[R+ dR]〉|2 =
∑
µν

GnµνdRµdRν .
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2.2.1. The Chern theorem

The Chern theorem states that the integral of the Berry curvature on any closed

manifold S is quantized to be 2π times an integer number∮
S
Fn(R) · dS = 2πCn, (2.17)

where the integer Cn is known as the Chern number or Chern index associated to the

eigenstates with quantum index n. This theorem relates a local geometric property of

a quantum state (its curvature in the parameter space) to a global topological index.

It may be seen as a generalization of the Gauss-Bonnet theorem, which states that the

integral of the Gaussian curvature F(r) over a closed two-dimensional manifold M
embedded in the three-dimensional Euclidean space r ∈ R3 is given by∮

M
F(r)d2r = 2πχM, (2.18)

where χM is the Euler characteristic of the manifold M. When the manifold is an

orientable surface, this characteristic is related to its genus g (which counts the number

of holes or handles of the surface) by χM = 2(1− g). Two different objects are said to

be topologically equivalent if they have the same Euler characteristic or equivalently, if

they share the same number of holes. We show for clarity surfaces with different genus

in Fig. 2.1: a sphere, a torus and a triple torus. The only way of changing the genus

of these surfaces is to perform a non-smooth transformation by tearing them apart

and/or gluing them at different points.

Figure 2.1: Different surfaces with their corresponding genus (g) and Euler characteristic
(χM).

The Berry curvature in Eq. (2.17) is evidently more abstract than the Gaussian

curvature, since it is defined in an arbitrary parameter space. Nonetheless, the guiding

concept is the same in both cases: two quantum states with different Chern numbers

are topologically nonequivalent. The only way of changing this topological index is by

leading the system through a quantum phase transition. In that case, Berry connections

and curvatures become ill-defined and it is possible to generate a topological phase

transition.
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2.2.2. Two level systems

In the particular case of two level systems, the Berry curvature can be further

reduced to a simpler expression. For a two level subspace, the Hamiltonian can be

written in terms of the Pauli matrices as

Ĥ(R) = h(R) · σ,

where σ = (σx, σy, σz). We neglected a term proportional to the identity matrix since

it can be dropped out by renormalizing the energy scale. The two eigenstates of these

systems, denoted as |±〉, have eigenvalues E± = ±|h(R)| and then satisfy

h(R) · σ|±〉 = ±|h(R)||±〉. (2.19)

Without loss of generality, we may write the Berry curvature of the ground state in

the z direction as

F−xy(R)=F−z (R) = i
〈−|∂Rxh · σ|+〉〈+|∂Ryh · σ|−〉−〈−|∂Ryh · σ|+〉〈+|∂Rxh · σ|−〉

(E− − E+)2

=
i

4|h|2
(
〈−|∂Rxh · σ∂Ryh · σ|−〉 − 〈−|∂Ryh · σ∂Rxh · σ|−〉

)
= − 1

2|h|2 〈−|(∂Rxh× ∂Ryh) · σ|−〉

=
1

2|h|3 (∂Rxh× ∂Ryh) · h (2.20)

=
1

2
(∂Rxĥ× ∂Ry ĥ) · ĥ.

where we used the property (a · σ)(b · σ) = a · b + i(a × b) · σ, Eq. (2.19) and that

h = |h|ĥ. The Chern number of the ground state of this two level system can then be

Figure 2.2: Illustration of the Bloch sphere defined by the unit vector ĥ. The differential of
solid angle when infinitesimally varying (Rx, Ry) is given by the integrand of Eq. (2.21).
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computed as

C− =
1

4π

∫
dRxdRy(∂Rxĥ× ∂Ry ĥ) · ĥ. (2.21)

This formula provides for a nice interpretation of the Chern index: it counts the number

of times the unit vector ĥ wraps the Bloch sphere when continuously varying (Rx, Ry)

along a closed surface in the parameter space. Indeed, the integrand of Eq. (2.21) is

nothing but the expression of the solid angle differential dΩ described by the unit vector

ĥ (see Fig. 2.2) when infinitesimally varying (Rx, Ry).

2.2.3. Weyl points as sources or sinks of Berry curvature

Figure 2.3: A woman jug-
gles with a topological singu-
larity.

The Berry curvature is ill-defined whenever there is a

gap closing point R∗ where two different states become

degenerate En(R∗) = Em(R∗), that is to say, when there

is a zero in the denominator of Eq. (2.16). In what’s next,

we will show that these singularities act as sources or sinks

of Berry curvature in the parameter space. We can consider

an effective 2× 2 Hamiltonian for the description near this

two band crossing of the form

Ĥ(R) = f(R) · σ, (2.22)

where f(R) = (fx(R), fy(R), fz(R)). The two states des-

cribed by this Hamiltonian will become degenerate at zero

energy when f(R∗) = 0. This requires three equations to

be simultaneously satisfied, which may generically (without

the need of fine-tuning or a specific symmetry) occur in a

parameter space of dimension N ≥ 3. This result is also

known as the co-dimension theorem of Von Neumann and Wigner [37]. We thus expect

to have points of degeneracy in N = 3, lines in a parameter space of N = 4, surfaces

in N = 5 and so on. We will consider the case where the degeneracy is isolated in a

3-dimensional space at R∗ = 0. By expanding Eq. (2.22) near this degeneracy point

we arrive at

Ĥ(R) ' Ĥ./(R) =
∑
µν

AµνRµσν , (2.23)

where Aµν = ∂µfν |R=0. Note that, within this approximation, we have dropped higher

than linear terms in R. This will be valid sufficiently close to the degeneracy and as

long as det(A) 6= 0. In this case, it is always possible to diagonalize the quadratic form

defined in Eq. (2.23) by performing a rotation to a new basis such that R→ R̃, σ → σ̃

and Aµν → Ãµν = aµδµν . The two-level spectrum near the degeneracy point has an
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hyperconic structure which as a function of the eigenvalues of A is given by

E±./(R̃) = ±
√
a2
xR̃

2
x + a2

yR̃
2
y + a2

zR̃
2
z.

The spectrum in the vicinity of these contact points then behaves as a three-dimensional

generalization of a diabolo [see Fig. 2.3]. The Berry curvature of the lowest energy state

(−) can be computed as in Subsec. 2.2.2 to be

F−./(R̃) =
det(A)

2

R̃(
a2
xR̃

2
x + a2

yR̃
2
y + a2

zR̃
2
z

)3/2
. (2.24)

This curvature looks exactly as the magnetic field generated by a monopole sitting at

the gap closing point R̃∗ = R∗ = 0. The charge of the monopole can be computed by

integrating this field over a spherical surface enclosing the origin and making use of

the Gauss-Ostrogradsky’s theorem

1

2π

∮
S=∂V

dS ·F−./(R̃) =
1

2π

∫
V

∇ ·F−./(R̃)dV = sign(det(A)). (2.25)

These hyperconic surfaces are then interpreted as topological singularities with a

well defined charge. The aforementioned degeneracies are known as Weyl points because

of the resemblance of Eq. (2.23) to the famous Weyl Hamiltonian H(p) = χcp · σ
introduced by Herman Weyl in the context of elementary particle physics. In that

model, p is the momentum, σ is the spin, c is the speed of light and χ = ±1 is the

chirality. These topological singularities come in two different flavors (chiralities) which

in our analysis are determined by the sign(det(A)): those with positive sign are sources

of Berry curvature and those with negative sign are sinks.

2.3. The rudiments of topological Bloch theory

Until now we have considered Hamiltonians that depend on a set of parameters

R which span an arbitrary parameter space where Berry connections and curvatures

can be defined. A very relevant case with significant applications in condensed matter

physics occurs when the variables Rµ are identified with the components of the quasi-

momenta kµ of a crystalline structure. By considering the periodic part of the Bloch

wavefunction unk(r), the Berry connection can be defined as

An(k) = i〈unk|∇kunk〉 (2.26)
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and the corresponding Berry curvature as Fn(k) = ∇k × An(k). In the presence of

inversion symmetry the curvature satisfies that Fn(k) = Fn(−k) and in the presence

of time reversal symmetry Fn(k) = −Fn(−k). It follows that if both symmetries are

present the Berry curvature must be strictly zero. Interestingly, the presence of a non-

vanishing Berry curvature when either of these symmetries is broken manifests itself in

the semiclassical motion of Bloch electrons [38, 39]. In the one band approximation, the

equations of motion of a wavepacket centered at k in reciprocal space and at coordinate

r in real space are given by [40]

ṙn =
1

~
∇kεkn + k̇n ×Fn(k) (2.27)

k̇n = − e
~
E − e

~c
ṙn ×B,

with εkn describing the n-th Bloch band of the system under consideration, E the

electric field andB the magnetic field. The first term on the right hand side of Eq. (2.27)

describes the well-known group velocity of the Bloch wavepacket. The second term,

proportional to the Berry curvature of the Bloch band, is known as the anomalous

velocity. The presence of a non-vanishing Berry curvature is then able to bend the

wavepacket motion even in the absence of an external magnetic field. In these type of

materials, applying an external electric field in the y-direction E = Eyŷ produces an

anomalous current in the x-direction given by

jx =
e2

h

Ey
2π

∑
n

∫
BZ

f(εkn)Fnz (k)d2k,

with f(εkn) the Fermi-Dirac distribution function. At sufficiently low temperatures,

f(εkn)→ θ(εF − εkn), with εF the Fermi energy. In this regime, the Hall conductivity

σxy = jx/Ey takes the form

σxy =
e2

h

1

2π

∑
n∈occ

∫
BZ

Fnz (k)d2k. (2.28)

If the band spectrum is gapped, we expect this transport coefficient to be quantized in

units of e2/h with the sum of the Chern numbers of the occupied Bloch bands

σxy =
e2

h

∑
n∈occ

Cn =
e2

h
Cg, (2.29)

where Cg is identified as the Chern number of the system’s ground state. In the last

equation we have used that the Brillouin zone (BZ) defines a closed manifold with the

form of a two-dimensional torus so, because of the Chern theorem, the integral of the

Berry curvature of each isolated band (with no degeneracy points) over the entire BZ
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must then be an integer. Materials that have a bulk energy gap separating the highest

occupied electronic band from the lowest empty band bearing a non-trivial ground

state Chern number are known as topological Chern insulators. Interestingly, when

two insulators with different Chern numbers are put in contact, edge states that are

spatially localized at the interface between the two materials should emerge. This is

known as the bulk-edge correspondence principle [32]. These edge modes have energies

that lie within the energy gap of the surrounding bulk materials and are topologically

protected in the sense that they cannot disappear unless the gap of one of the contacted

materials closes so that it changes its topological invariant.

The paradigmatic example of a Chern insulator is the integer quantum Hall effect.

When a two-dimensional electron gas is subject to the presence of a strong perpendicu-

lar magnetic field, robust plateaus are observed in the Hall conductance as a function

of the magnetic field at values equal to integer multiples of the fundamental constant

e2/h [26]. Soon after this was first discovered, Refs. [27] and [28] showed that this

quantization was rooted in the existence of non-trivial Chern numbers of the magne-

tic Bloch-bands of the system. The quantization of the Hall conductance can also be

related to the number of one-way modes that propagate around the interface of the

system with the vacuum. In fact, the sum of the Chern numbers associated with the

occupied bulk bands is equal to the number of chiral edge modes contributing to the

edge current [41, 42], a clear manifestation of the bulk-edge correspondence principle.

2.4. Multiterminal superconducting devices as to-

pological matter

A few years ago, multiterminal Josephson junctions were proposed as a novel plat-

form for topological engineering in arbitrary dimensions [13]. A typical device is sket-

ched in Fig. 2.4(a), where N s-wave superconducting leads (grey) are coupled through

a central scattering region (blue). Each of these terminals is characterized by a super-

conducting phase ϕj and gauge invariance allows to choose a gauge in which ϕ0 = 0,

leaving N − 1 free parameters ϕ = (ϕ1, ϕ2, . . . , ϕN−1) in the system. The quasipar-

ticle energy spectrum obtained when diagonalizing the Bogoliubov-de Gennes (BdG)

Hamiltonian1 of such devices usually consists on a continuum spectrum above the su-

perconducting gap ∆ and a set of discrete levels (labeled by the index n) living inside

the gap, as illustrated in Fig. 2.4(b). The microscopic origin of the discreteness of this

last part of the spectrum is rooted in the presence of Andreev reflection processes at

the superconducting interfaces: incident electrons with energies below the supercon-

ducting gap are reflected as holes and viceversa, leading to a confined motion in the

1see Appendix A for a brief description of the BdG formalism.
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Figure 2.4: (a) Sketch of a multiterminal Josephson junction, where N superconducting leads
with phases ϕj (j = 0, 1, . . . , N − 1) are coupled through a central scattering region. (b) Illus-
tration of a generic Bogoliubov-de Gennes quasiparticle energy spectrum of these devices as a
function of one of the phases ϕk. We indicate with a red circle a zero energy crossing.

central scattering region of the nanostructure which generates the so called Andreev

bound states (ABS) [43, 44]. These hybrid electron-hole states bear a certain dispersion

relation εn(ϕ) as a function of the phase differences of the superconducting leads. The

functional form of εn(ϕ) depends both on the properties of the terminals and the scat-

tering region that connects them. The key idea of Ref. [13] is that the ABS spectrum

of these devices may host Weyl singularities2 (as the one sketched in Fig. 2.4(b) at

zero energy) if there are at least three independent superconducting phases (N ≥ 4),

as expected from the co-dimension theorem discussed in Subsec. 2.2.3. Note that a zero

energy crossing of the eigenstates of the BdG Hamiltonian means that the excitation

spectrum of the junction is gapless: there is a degeneracy between the ground state

wavefunction of the junction and a state with one extra quasiparticle. The mean field

Hamiltonian of the superconductors preserves fermion parity so, provided isolated elec-

trons do not leave or enter the central scattering region, states with different fermion

parity are not mixed, allowing for these degeneracies to occur.

The phase differences of the leads define a closed (2π-periodic) manifold and hence

play the role of an effective BZ in the problem. In the case of 4-terminal junctions, the

BZ is three-dimensional and the Weyl singularities must be points in this parameter

space. Due to the Nielsen-Ninomiya theorem [46], the sum of the chiralities of the Weyl

points in a 3D BZ must vanish, so Weyl points can never appear in isolation: they must

2The first work that stated that Weyl singularities generically exist in the spectrum of multiply
connected networks threaded by flux tubes should actually be traced back to the seminal work by
Avron et al [45].
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Figure 2.5: (a) Sketch of the position of four Weyl points in the effective three-dimensional
Brillouin zone of a four-terminal Josephson junction. We mark with blue Weyl points with positive
chirality and with red the ones with negative chirality. (b) Chern number C12 defined in the two-
dimensional moving plane (ϕ1, ϕ2) as a function of the phase difference ϕ3.

come in pairs with opposite chiralities. Furthermore, time reversal invariance implies

that εn(ϕ) = εn(−ϕ), so if there is a Weyl crossing atϕ(W ) there must be another one at

−ϕ(W ) with the same topological charge. This guarantees that Weyl points must come

in groups of 4, as sketched in Fig. 2.5(a). A topological classification can be made by

taking, without of loss of generality, the phase difference ϕ3 as a control parameter. In

this way, it is possible to define a Chern number C12 in the two-dimensional submanifold

defined by the moving plane with coordinates (ϕ1, ϕ2). By denoting the wavefunctions

of the Andreev bound states as φn(ϕ), this topological invariant takes the form

C12(ϕ3) =
∑

n | εn<0

Cn
12(ϕ3) (2.30)

=
i

2π

∑
n | εn<0

∫ π

−π
dϕ1

∫ π

−π
dϕ2 (〈∂ϕ1φn|∂ϕ2φn〉 − 〈∂ϕ2φn|∂ϕ1φn〉) .

The sum of the Chern numbers of the n-th ABS of the BdG Hamiltonian up to the

Fermi level must me interpreted as the Chern number of a state with no quasiparticles

at zero temperature. We plot in Fig. 2.5(b) how this topological index would look like

as a function of ϕ3 for a configuration of Weyl points as the one sketched in panel (a).

A formal analogy between the Andreev bound states of N -terminal Josephson jun-

ctions and the Bloch bandstructure of materials in N−1 dimensions can be established,

with the superconducting phases ϕj playing the role of the quasimomenta components

kj in a crystalline structure. In this way, the number of synthetic dimensions of the

problem can be simply increased by adding more superconducting leads.
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2.4.1. Transconductance quantization: a topological signature

A natural follow up question is whether this topological classification has any ob-

servable consequences in the transport properties of these devices. When applying a

bias voltage Vα in terminal α, the corresponding superconducting phase acquires a time

dependence in accordance with the Josephson relation ϕ̇α(t) = 2eVα/~. If the spectrum

is gapped and the bias voltage is small compared to this gap, standard adiabatic per-

turbation theory can be used to obtain the wavefunctions of the ABS up to first order

in Vα. By doing so (see Ref. [13]), the ABS contribution to the current in terminal β

at zero temperature can be shown to be

Iβ(t) =
2e

~
∑

n | εn<0

∂εn[ϕ(t)]

∂ϕβ
− 2e

∑
n | εn<0

∑
α

Fnβα[ϕ(t)]ϕ̇α(t), (2.31)

where εn[ϕ(t)] and Fnβα[ϕ(t)] are, respectively, the energy and Berry curvature of the

n-th Andreev state evaluated at the instantaneous phase differences ϕ(t). In this ex-

pression spin degeneracy is assumed and a summation over spin indexes has already

been made. Interestingly, there is a non local contribution to the current which is pro-

portional to the total Berry curvature of the occupied ABS. By performing transport

measurements within this adiabatic regime it is then possible to locally detect this

geometrical property of the bounded wavefunctions of the junction. In the particular

case of a three-dimensional parameter space, the equations describing the current and

phase dynamics can be rewritten in a vectorial form as

I(t) =
∑

n | εn<0

[
2e

~
∇ϕεn − 2eϕ̇×Fn(ϕ)

]
(2.32)

ϕ̇(t) =
2e

~
V (t),

where V (t) = (V1(t), V2(t), V3(t)) is a vector of voltages and I(t) = eṄ (t), with N (t) a

vector whose components are given by the occupation number at each biased terminal.

Eq. (2.32) nicely compares with Eq. (2.27): the second term on the right hand of the

equality must be interpreted as an anomalous current in the multiterminal setup.

The topological properties of these devices are only revealed when phase avera-

ging Eq. (2.31). A suitable experimental protocol to perform such averages was also

proposed in Ref. [13]. It essentially consists on voltage biasing two terminals with in-

commensurate voltages V1 and V2. In this way, the trajectory defined by the phases

(ϕ1(t), ϕ2(t)) will look as the one sketched in Fig. 2.6. After a sufficiently long period

of time T , this trajectory will describe a dense subset in the two-dimensional torus

describing the BZ, so an average over time of Eq. (2.31) can be replaced by an average
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Figure 2.6: Trajectory described the superconducting phases (ϕ1(t), ϕ2(t)) when voltage bia-
sing two terminals with incommensurate voltages V1 and V2. After a sufficiently long period of
time, this trajectory will describe a dense subset in the two-dimensional torus T2 describing the
BZ.

over phases:

Iβ = ĺım
T→∞

1

T

∫ T

0

Iβ(t)dt

=
1

(2π)2

∫
BZ

Iβ(ϕ)dϕ1dϕ2

= −4e2

h

∑
α

Vα
∑

n | εn<0

1

2π

∫
BZ

Fnβα(ϕ)dϕ1dϕ2 (2.33)

= −4e2

h

∑
α

VαCβα =
∑
α

GβαVα. (2.34)

In Eq. (2.33) we have used that the first term on the right hand side of Eq. (2.31) (the

adiabatic current) averages to zero and in Eq. (2.34) we have used the definition of

the Chern number of the occupied ABS given in Eq. (2.30). The average dc currents

are linear in the bias voltages, with the averaged transconductance Gβα being directly

proportional to the topological Chern index and hence quantized in units of 4e2/h, a

fact which can be traced back to the presence of two spin bands and the effective charge

of the Cooper pair being 2e. This phenomenon can also be interpreted as a Thouless

topological charge pump [47]. Indeed, another possible way to obtain this result is by

biasing only one terminal with voltage V1. The pumped charge over the Josephson

period TV1 = h
2eV1

in a second terminal is given by

Q2 =

∫ TV1

0

I2(t)dt = −2e
∑

n | εn<0

∫ TV1

0

Fn21(ϕ1(t), ϕ2, . . . , ϕN−1)ϕ̇1dt

= −2e
∑

n | εn<0

∫ 2π

0

Fn21(ϕ1(t), ϕ2, . . . , ϕN−1)dϕ1 (2.35)
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When averaging over ϕ2 we get a phase averaged charge which is quantized in units of

2e due to the equal contribution of both spins

Q2 =
1

2π

∫ 2π

0

Q2dϕ2 = −2eC21.

The corresponding transconductance is consequently defined as

G21 =
1

V1

Q2

TV1

= −4e2

h
C21.

This type of measurement can then provide direct information on the effective elemen-

tary charge involved in the transport between terminals. We will come back to this

idea in Chapter 4.

2.4.2. On the effect of the continuum states

The analogy between the Bloch band structure and the quasiparticle energy spec-

trum of multiterminal devices, although appealing, is of course incomplete. Indeed,

the continuum spectrum above the superconducting gap (see Fig. 2.4(b)) also parti-

cipates in the transport properties of these devices. In this sense, Eq. (2.31) is not

entirely accurate, since it disregards the contribution of these states to the current.

This problem was highlighted in Ref. [48], where the authors studied a multiterminal

device where the phase averaged transconductance did not match the Chern number

of the Andreev bound states. This was attributed to the fact that, in their particular

setup, there was a non-trivial contribution to the quantized transconductance coming

from the quasiparticle continuum. In order to properly address this issue, we have put

forward a way of calculating the out-of-equilibrium currents flowing in adiabatically

driven multiterminals setups that takes into account the entire BdG spectrum [33, 34].

The procedure is detailed in what follows.

Our goal is to obtain the transport properties of these adiabatically driven devi-

ces by making a perturbative expansion in time derivatives of the Green’s function

describing the junction’s Hamiltonian. The Dyson’s equation of motion of the 4 by 4

Green’s function Ǧ(r, t; r′, t′) written in the BdG representation of particle-hole and

spin spaces can be written as

[i∂t − Ȟ(r, t)]Ǧ(r, t; r′, t′) = δ(t− t′)δ(r − r′), (2.36)

with Ȟ(r, t) the time-dependent BdG Hamiltonian describing the junction and the

superconducting leads and where we have taken ~ ≡ 1. In what follows, we will omit
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the spatial indexes and rewrite this equation in matrix form as

[i∂t −H(t)]G(t, t′) = δ(t− t′), (2.37)

so that the block element [G(t, t′)]rr′ = Ǧ(r, t; r′, t′). The perturbative approach is

based on the separation of slow and fast timescales in the Dyson’s equation by taking

advantage of the Wigner’s representation. Within this formalism, two time variables,

the relative time trel = t−t′ and the average one tav = t+t′

2
are handled. Time derivatives

of the former are used as a small parameter, making feasible a perturbation scheme.

The Wigner’s representation is defined by Fourier transforming the relative time, so

G(t, t′) =

∫ ∞
−∞

dω

2π
e−iω(t−t′) G̃(ω, tav)

G̃(ω, tav) =

∫ ∞
−∞

dtrel e
iωtrel G(t, t′). (2.38)

Taking into account that ∂t = 1
2
∂tav + ∂trel

, Eq. (2.37) can be written to all orders in

this representation as

[ω +
i

2
∂tav − e

1
2i
∂Gω∂

H
tavH(tav)]G̃(ω, tav) = I, (2.39)

where the partial derivatives ∂G and ∂H act only on the Green’s function or on the Ha-

miltonian, respectively. In order to arrive to this equation we have applied the following

manipulation ∫ ∞
−∞

eiωtrelH(tav + trel/2)G
(
tav +

trel

2
, tav −

trel

2

)
dtrel =∫ ∞

−∞
eiωtrele

trel
2
∂HtavH(tav)G

(
tav +

trel

2
, tav −

trel

2

)
dtrel =∫ ∞

−∞
e

1
2i
∂ω∂HtaveiωtrelH(tav)G

(
tav +

trel

2
, tav −

trel

2

)
dtrel =

= e
1
2i
∂Gω∂

H
tavH(tav)G̃(ω, tav).

(2.40)

We are interested in a first order approximation, where the Green’s function is per-

turbed up to first derivatives of the average time. In that case, Eq. (2.39) is reduced

to (
ω +

i

2
∂tav −H(tav)− 1

2i

∂H(tav)

∂tav

∂ω

)
G̃(ω, tav) = I (2.41)

Introducing a series expansion for the Green’s function G̃(ω, tav) =
∑

n G̃(n)(ω, tav),

with G̃(n) the n-th order in tav-derivatives solution, we can obtain the next system of
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equations (
ω −H

)
G̃(0) = I (2.42)(

ω −H
)
G̃(1) =

1

2i
∂tavH∂ωG̃(0) +

1

2i
∂tavG̃(0), (2.43)

where the arguments (ω, tav) are omitted for the sake of brevity. Formally inverting

Eq. (2.42) and replacing it into Eq. (2.43) we get

G̃(0) =
(
ω −H

)−1

(2.44)

G̃(1) =
1

2i
G̃(0)

[
G̃(0), ∂tavHG̃(0)

]
, (2.45)

where
[
·, ·
]

stands for the commutator. Note that for this procedure to be valid we

must ask (ω − H) to be invertible, that is to say, the spectrum of the instantaneous

Hamiltonian should be gapped. We’ve also used the properties of the derivatives of

inverse functions ∂λA
−1 = −A−1 (∂λA)A−1, meaning in this case that

∂ωG̃(0) = −G̃(0)G̃(0) (2.46)

∂tavG̃(0) = G̃(0)∂tavHG̃(0). (2.47)

A single particle operator can be written in the BdG basis as

Ô(t) =
1

2

∫
dr

∫
dr′
∑
αβ

Ψ̂†β(r′, t)Oβα(r′, r)Ψ̂α(r, t),

with α, β standing for particle-hole and their corresponding spin index. Note that the

factor 1/2 is included in the definition to avoid overcounting degrees of freedom. The

mean value of these type of operator in the ground state |φg〉 is given by

〈φg|Ô(t)|φg〉 =
1

2
ĺım

t′−t→ε+

∫
dr

∫
dr′
∑
αβ

Oβα(r′, r)〈φg|Ψ̂†β(r′, t′)Ψ̂α(r, t)|φg〉

= − i
2

ĺım
t′−t→ε+

∫
dr

∫
dr′
∑
αβ

Oβα(r′, r)Gαβ(r, t; r′, t′)

= − i
2

ĺım
t′−t→ε+

Tr
[
OG(t, t′)

]
, (2.48)

where in the last equation the trace is over both spatial and BdG spinor indexes. By

writing Eq. (2.48) in Wigner’s represention and expanding the Green’s function up to

first order [see Eqs. (2.44) and (2.45)] we obtain

〈O(t)〉 ' 〈O(0)(t)〉+ 〈O(1)(t)〉, (2.49)
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with the zeroth and first order corrections being

〈O(0)(t)〉 =
1

2
ĺım

t′−t→ε+

{
− i
∫ ∞
−∞

dω

2π
Tr
[
OG̃(0)

]}
, (2.50)

〈O(1)(t)〉 =
1

2
ĺım

t′−t→ε+

{∫ ∞
−∞

dω

4π
Tr
( ∂H
∂tav

G̃(0)O∂G̃
(0)

∂ω
−OG̃(0) ∂H

∂tav

∂G̃(0)

∂ω

)}
.

If we specify O as the current operator at lead ν

O = Jν = 2e∂ϕνH

and use that ĺımt′−t→ε+ ∂tavH =
∑

ν′ ∂ϕν′Hϕ̇ν′(t), we get that the first order correction

to the current expectation value is given by

〈J (1)
ν (t)〉= e

∑
ν′

∫ ∞
−∞

dω

4π
Tr
[
∂ϕν′HG̃(0)∂ϕνH∂ωG̃(0) − ν ′ ↔ ν

]
ϕ̇ν′(t)

= −2e2

~
∑
ν′

∫ ∞
−∞

dω

4π
Tr
[
G̃(0)−1∂ϕν G̃(0) · G̃(0)−1∂ϕν′ G̃(0) · G̃(0)−1∂ωG̃(0) − ν ↔ ν ′

]
Vν′ ,

(2.51)

where in the last equation we have restored the missing ~. Averaging the mean value

of the current over the Brillouin zone as discussed in Subsec. 2.4.1, we obtain that

〈Jν〉 ' 〈J (1)
ν 〉 = −2e2

h

∑
ν′

Nνν′Vν′ , (2.52)

with

Nνν′ =
1

8π2

∫ π

−π
dϕν

∫ π

−π
dϕν′

∫ ∞
−∞
dωTr

[
G̃(0)−1∂ϕν G̃(0) · G̃(0)−1∂ϕν′ G̃(0) · G̃(0)−1∂ωG̃(0) − ν ↔ ν ′

]
.

(2.53)

Eq. (2.53) can be identified as the definition of the winding number of the BdG Green’s

function. By noticing that G̃(0)(ω, tav) depends on the average time tav only throughout

the superconducting phases we can define G̃(0)(ω, {ϕν(tav)}) = Gc(ω, {ϕν}). Due to the

time ordered limit used to define the mean values [see Eq. (2.48)], Gc(ω,ϕ) should be

understood as the causal Green’s function of the equilibrium Hamiltonian in frequency

space. We emphasize that the result does not depend explicitly on the slow time-scale

any more, since the instantaneous superconducting phases are integrated out. The
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phased averaged transconductance is then defined in terms of this invariant as

Gνν′ =
∂〈Jν〉
∂Vν′

= −2e2

h
Nνν′ . (2.54)

If the system is gapped, Nνν′ is known to be a quantized number. Morever, since the

trace involves a sum over spin variables, whenever there is an equal spin contribution

we expect the transconductance to be quantized in units of 4e2/h, as discussed in the

last section.

Eq. (2.53) can be cast in a more familiar form by performing the integral in fre-

quency. In the Lehmann representation, the causal Green’s function is given by

Gc(ω,ϕ) =
∑
n

|n〉 〈n|
ω −

(
En(ϕ)− εF

)
+ iηsgn

(
En(ϕ)− εF

) , (2.55)

with εF the Fermi level. Here |n〉 labels both the bound and unbound eigenstates of the

BdG Hamiltonian with eigenergies En. Strictly speaking, there should be an integral

over n for the continuum part, but for the sake of brevity we will omit it since it won’t

affect the generality of the calculations we will perform below. By using the relations

defined in Eq. (2.46) and (2.47), the winding number can then be written as

Nνν′ = − 1

8π2

∫
d2ϕdωTr

[
ενν
′Gc · ∂ϕνH · Gc · ∂ϕν′H · Gc

]
(2.56)

= − 1

8π2

∑
m,n

∫
d2ϕdωενν

′ 〈n| ∂ϕνH |m〉 〈m| ∂ϕν′H |n〉
D(ω)

,

with ενν
′
= −εν′ν a totally antisymmetric tensor and

D(ω)=
[
ω−
(
En(ϕ)−εF

)
+iηsgn

(
En(ϕ)−εF

)]2[
ω−
(
Em(ϕ)−εF

)
+iηsgn

(
Em(ϕ)−εF

)]
The integral over frequencies can be done by means of the residue theorem. The poles

of the integrand are simply identified as the frequencies where D(ωp) = 0. There is a

simple pole and one of second order with residues:

Res[ω(1)
p =Em − εF − iηsgn

(
Em(ϕ)− εF

)
] =− 1

8π2

∑
m,n

∫
d2ϕενν

′ 〈n|∂ϕνH|m〉 〈m|∂ϕν′H|n〉
[Em − En]2

Res[ω(2)
p = En − εF − iηsgn

(
En(ϕ)− εF

)
] =

1

8π2

∑
m,n

∫
d2ϕενν

′ 〈n| ∂ϕνH |m〉 〈m|∂ϕν′H|n〉
[Em − En]2

The integral is finite if and only if sgn
(
En(ϕ)− εF

)
6= sgn

(
Em(ϕ)− εF

)
and as long

as the spectrum is constrained to be in a finite region of energies. This is the case even

for the continuum spectrum since it is generically bounded below the bandwidth of the
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material. Suming up the contributions where En < εF & Em > εF and viceversa we

finally obtain

Nνν′ =
i

2π

∑
m,n

∫
d2ϕενν

′ 〈n| ∂ϕνH |m〉 〈m| ∂ϕν′H |n〉
[Em − En]2

θ(Em − εF )θ(εF − En)

=
1

2π

∑
nεocc

∫
d2ϕFnνν′(ϕ) =

∑
nεocc

Cn
νν′ = Cg. (2.57)

The winding number is then identified as the Chern number of the junction’s ground

state Cg, which includes contributions from both the bound part of the spectra and

the continuum part.

2.5. State-of-the-art and outlook

The theoretical prediction that stated that multiterminal Josephson junctions may

be considered as a novel platform for topological engineering [13] has triggered an enor-

mous amount of research in the field. One of the major advantages of these systems is

that, in principle, it is possible to increase the number of synthetic dimensions (phase

differences) by simply building junctions with more superconducting leads, opening the

possibility of studying higher-dimensional topological phases (characterized by higher

order Chern numbers) [49]. On the other hand, it is conceptually much easier to ha-

ve access to local geometrical properties of the quantum states in these devices than

in other solid-state platforms, since one can fix the effective quasimomenta by mani-

pulating the external fluxes of the junction. In this regard, experimental protocols to

measure the quantum geometric tensor of topological Josephson matter with microwave

spectroscopy have recently been proposed [50, 51].

The presence of a phase-averaged quantized transconductance or the existence of

Weyl singularities in the Andreev bound state spectrum of multiterminal Josephson

devices has not yet been experimentally observed. Nonetheless, several groups have al-

ready been able to develop mesoscopic Josephson junctions with three or four terminals

that exhibited superconducting phase coherent transport [52–56] so we are confident

that experiments in this direction will soon be performed. Numerous theoretical works

have primarily focused on the study of topological properties in four terminal archi-

tectures with conventional superconductors [50, 57–60]. Conversely, the possibility of

engineering non-trivial topological defects in the ABS band structure of three-terminal

devices has not been addressed as much [48, 61]. Reducing the amount of terminals

could be convenient from a practical point of view, since it provides more space for

experimental control gates. In the following chapters we will discuss possible ways of

inducing topological properties in trijunctions, which are formally equivalent to two-
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dimensional bulk materials. In Chapter 3 this will be done by driving a junction out-

of-equilibrium to a non-trivial Floquet topological phase. In Chapter 4 we will turn our

focus to a trijunction with an external magnetic flux threading its central scattering

region. This flux will act as an additional handle to tune the presence of Weyl singu-

larities in the ABS spectrum. Furthermore, we will analyze how the phase averaged

transconductance of this setup changes when the superconducting terminals are led to

a p-wave topological phase.
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Resumen del Caṕıtulo 2

El propósito de este caṕıtulo es mostrar que las multijunturas Josephson pueden

proveer una plataforma alternativa para diseñar sistemas topológicos de manera artifi-

cial. En primer lugar, se introducen algunas definiciones básicas que permiten establecer

un v́ınculo entre propiedades geométricas locales de estados cuánticos en un espacio de

Hilbert e invariantes topológicos globales. En concreto, en la Sección 2.2 se introducen

los conceptos de conexiones y curvaturas de Berry en un espacio de parámetros genérico

y su relación con el ı́ndice topológico de Chern. En la Sección 2.3, se revisa brevemente

su papel en la teoŕıa de los electrones de Bloch en un sólido cristalino y cómo esto

condujo a la clasificación topológica de los aisladores de banda. En la Sección 2.4, se

discute cómo es posible establecer un paralelismo entre los sistemas topológicos de

Bloch y las multijunturas Josephson. En particular, los estados ligados de Andreev en

estas plataformas desempeñarán el papel de las bandas de Bloch en un sólido cristalino

y las diferencias de fase relativas de los reservorios superconductores actuarán como un

espacio sintético de cuasi-momentos [13]. De de esta manera, se puede establecer una

analoǵıa formal entre dispositivos Josephson de N -terminales y materiales en N − 1

dimensiones. Notablemente, las propiedades geométricas y topológicas asociadas a los

estados de cuasipart́ıcula en estas junturas tienen consecuencias observables en las pro-

piedades de transporte de estos dispositivos. Más espećıficamente, es posible mostrar

que la curvatura de Berry asociada a los estados de cuasipart́ıcula actúa como una

fuente de corrientes anómalas (no locales) en la nanoestructura. Esto implica que al

aplicar un voltaje de forma adiabática entre dos terminales superconductoras se pueden

obtener transconductancias que, al ser promedidas en fase, se encuentren cuantizadas

en números enteros. Esta cuantización, derivada en primer lugar en la Ref. [13] y ex-

plicada en términos de los números de Chern de los niveles de Andreev [ver 2.4.1]

se generalizó posteriormente en nuestro trabajo [33, 34] con el fin de tener en cuenta

apropiadamente la contribución de la parte continua del espectro de la juntura [ver

la Subsección 2.4.2]. En la Sección 2.5 resumiremos el estado del arte actual en lo

concerniente tanto a investigaciones teóricas como experimentales en estos dispositi-

vos multiterminales y dejaremos asentado de esta manera el contexto para el trabajo

desarrollado en los Caṕıtulos 3 y 4.



Chapter 3

Floquet-Andreev states in

three-terminal Josephson junctions:

Engineering topology with a

periodic drive

3.1. Introduction and motivation

As previously discussed in Chapter 2, the band structure of the Andreev bound

states in N -terminal Josephson junctions built with conventional superconductors may

generically host topological singularities for N ≥ 4. This means that at least four

superconducting contacts (and correspondingly, three independent fluxes) are needed

to allow the existence of zero-energy Weyl points in the artificial reciprocal lattice space

defined by the N−1-independent superconducting phases of the device. It was recently

pointed out [48, 61] that trijunctions (N = 3) may also realize nontrivial topology when

adding a third magnetic flux piercing their central region, which naturally breaks the

time-reversal symmetry of the junction.

The question we address in this chapter is whether it is possible to induce topological

properties on a three-terminal device by introducing a time periodic driving in certain

parameters of the junction. When doing so, the time dimension enters the problem

as an extra cyclic parameter, providing a new handle to manipulate the geometrical

and topological properties of the system. The Floquet formalism provides for a Bloch-

like framework in time domain where it is possible to introduce stroboscopic steady

states of the system under consideration whose behavior is governed by an effective

time-independent Hamiltonian. These states, often called Floquet states, have well

determined quasienergies and hence well defined Berry connections and curvatures. By

appropriately choosing the drive frequency, amplitude and symmetry, periodic driving

29
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can be used to manipulate the topological properties of these states. This has been

the key idea for the development of Floquet topological insulators (FTIs) [8, 62, 63]

and the subsequent development of Floquet engineered topological states in cold atom

lattices, photonic crystals and other artificial setups.

The case of study in this chapter will be a three-terminal Josephson junction (3TJJ)

with a quantum dot in the central region which is led to an out-of-equilibrium state by

driving the superconducting phase differences periodically in time. We will be able to

show that the properties of the Floquet states in this driven junction can be mapped,

under certain conditions, to the ones of a well-known topological model: the Haldane

Chern insulator [64]. Even though some of these conditions may be considered as too

stringent (for example, neglecting Couloumb interactions in the quantum dot), our

results in this toy model might be considered as a proof of concept: driving a three-

terminal superconducting device, when breaking the correct symmetries, can lead to

non-trivial topology.

The chapter is organized as follows. In Sec. 3.2 we briefly discuss the basic concepts

of Floquet theory and give an intuitive interpretation of how the Floquet spectrum is

built. In Sec. 3.3 we introduce the Floquet representation of the Green’s functions and

the particular form adopted by the Dyson equations of motion in this basis. This last

section is rather technical, but provides for a more comprehensive understanding of the

implementation of this technique when performing nonequilibrium transport simula-

tions. We encourage the reader who is already familiarized with this formalism to skip

this part. In Sec. 3.4 we discuss the equilibrium properties of the three-terminal device

under consideration. In Sec. 3.5 we determine the Berry curvature of the ground state of

the device and discuss how it could be measured in an experimental setup with an adia-

batic driving protocol. We also perform numerical simulations to support this detection

method. In Sec. 3.6 we discuss the topological properties of the Floquet-Andreev states

when driving the junction out-of-equilibrium with a non-adiabatical time dependent

perturbation. We perform analytical approximations to understand the low-energy pro-

perties of the model and show how the Berry curvature of the Floquet-Andreev states

behaves as a function of the parameters of the driving. We reveal the presence of a

band-inversion mechanism which leads the system to a non-trivial topological state

and build a phase diagram of the Chern number of the Floquet engineered levels. Fi-

nally, in Sec. 3.7 we present some concluding remarks and a summary of our main

findings. The results of the present chapter were published in Ref. [33].

3.2. Floquet formalism in a nutshell

The Floquet-Bloch formalism provides a natural and useful frame to tackle out-

of-equilibrium problems with a periodic time dependence. When the Hamiltonian is
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time-dependent but periodic Ĥ(t) = Ĥ(t + T ), with T the characteristic period, the

Floquet theorem states that the solutions of the time-dependent Schrödinger equation

can be written as

ψα(t) = e−iεαt/~φα(t), (3.1)

where φα(t) = φα(t + T ) inherits the same time-translational symmetry of the Ha-

miltonian and εα is a real number identifying what is known as the quasienergy of

this state. The state φα(t) may be regarded as the eigenstate of the Floquet operator

ĤF (t) = Ĥ(t)− i~∂t with eigenvalue εα

ĤF (t)φα(t) = εαφα(t). (3.2)

Eq. (3.2) is often represented in frequency space by Fourier transforming the states

and the operators as

φα(t) =
∞∑

n=−∞

e−inΩtu(n)
α u(n)

α =
1

T

∫ T

0

φα(t)einΩtdt (3.3)

Ĥ(t) =
∞∑

n=−∞

e−inΩtĤ(n) Ĥ(n) =
1

T

∫ T

0

Ĥ(t)einΩtdt, (3.4)

where we introduced the natural frequency of the driven system Ω = 2π/T . By replacing

Eqs. (3.3) and (3.4) in Eq. (3.2) we obtain an infinite number of time-independent

coupled equations which can be written in a matrix form as

∞∑
m=−∞

(
Ĥ(n−m) −m~Ωδnm

)
u(m)
α =

∞∑
m=−∞

Ĥ
F

nmu
(m)
α = εαu

(n)
α , (3.5)

where Ĥ
F

nm stands for the matrix element of the Floquet operator in frequency space:

Ĥ
F

=



. . .
...

...
...

...
...

...

. . . Ĥ(0) + 2~ΩI Ĥ(−1) Ĥ(−2) Ĥ(−3) Ĥ(−4) . . .

. . . Ĥ(1) Ĥ(0) + ~ΩI Ĥ(−1) Ĥ(−2) Ĥ(−3) . . .

. . . Ĥ(2) Ĥ(1) Ĥ(0) Ĥ(−1) Ĥ(−2) . . .

. . . Ĥ(3) Ĥ(2) Ĥ(1) Ĥ(0) − ~ΩI Ĥ(−1) . . .

. . . Ĥ(4) Ĥ(3) Ĥ(2) Ĥ(1) Ĥ(0) − 2~ΩI . . .
...

...
...

...
...

...
. . .


.

(3.6)

Eq. (3.5) is the basis for most numerical studies, where the infinite dimensional

matrix is truncated at a sufficiently large order. The matrix representation of the Flo-

quet equation is also the starting point for the formulation of various perturbation
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theories. It also provides a simple picture to understand the problem at hand: it con-

ceptually maps to a “tight-binding” chain where the effective n-site bears the spectrum

of Ĥ(0) + n~Ω, that is to say, each site has its energy spectra shifted in multiples of

the driving frequency. We will often refer to the spectrum of Ĥ(0) + n~Ω as the n-th

replica of the system. The n-th and m-th replicas (or effective sites in the tight-binding

picture) are coupled via the Fourier component Ĥ(n−m) of the Hamiltonian.

3.3. Green’s function technique: from Wigner to

Floquet representation

The nonequilibrium Green’s function technique is one of the most widely employed

tools to describe quantum transport phenomena in mesoscopic systems [65, 66]. In this

section, we discuss the particular form taken by the time dependent Dyson equations of

motion when the system under consideration is periodically driven in time. In order to

do so, we will introduce the Floquet representation of the Green’s functions which will

be our choice of preference to perform numerical calculations and describe the physical

properties of the driven system.

The Green’s functions of a T -periodically-driven system depend on two independent

time variables, even in the steady state. During this thesis, we will be able to generically

write the Dyson equation for the Green’s functions as

Ǧ(t, t′) = ǧ(t− t′) +

∫
ǧ(t− t′′)V (t′′)Ǧ(t′′, t′)dt′′, (3.7)

where ǧ(t− t′) represents the bare Green’s function of an uncoupled part of the system

and V (t) the Hamiltonian terms that couple this disconnected part to the rest of the

system. Note that the bare Green’s functions are endowed with time translational

symmetry and we are assuming that all the time dependence of the problem can be

encoded in the coupling terms V (t). In order to take advantage of the discrete time

symmetry of the Hamiltonian, it is useful to introduce the Wigner transformation which

makes use of two different time variables: the relative time trel = t− t′ and the average

one tav = t+t′

2
. For an arbitrary Green’s function satisfying the periodicity condition

on each of its time arguments Ǧ(t, t′) = Ǧ(t+T, t′+T ), its invariance on tav → tav +T
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is also guaranteed. We can then write

Ǧ(t, t′) =

∫ ∞
−∞

dω

2π
e−iω(t−t′)G̃(ω, tav) (3.8)

=
∑
m

∫ ∞
−∞

dω

2π
e−iω(t−t′)e−imΩ

(t+t′)
2 G̃(m)(ω)

=
∑
m

∫ ∞
−∞

dω

2π
e−iω(t−t′)e−imΩtG̃(m)

(
ω +

mΩ

2

)
,

where in the last equality the change of variables ω → ω+ mΩ
2

has been made. Making

use of the fact that the integral over all frequencies can be done by summing integrals

over equal intervals as∫ ∞
−∞

dω

2π
e−iω(t−t′)G̃(m)

(
ω +

mΩ

2

)
=

∑
n

∫ (n+1)Ω

nΩ

dω

2π
e−iω(t−t′)G̃(m)

(
ω +

mΩ

2

)
=

∑
n

∫ Ω

0

dω

2π
e−i[ω+nΩ](t−t′)G̃(m)

(
ω +

mΩ

2
+ nΩ

)
,

we get

Ǧ(t, t′) =
∑
m,n

∫ Ω

0

dω

2π
e−i[ω+nΩ](t−t′)e−imΩtG̃(m)

(
ω +

mΩ

2
+ nΩ

)
=

∑
m,n

∫ Ω

0

dω

2π
e−i(ω+mΩ)tei(ω+nΩ)t′G̃(m−n)

(
ω +

(m+ n

2

)
Ω
)
, (3.9)

where in the last equality we changed the summation index m→ m− n. The Floquet

representation of the Green’s function is then defined in terms of the Wigner oscillating

modes as

Gmn(ω) = G̃(m−n)
(
ω +

(m+ n

2

)
Ω
)
. (3.10)

The Wigner oscillating modes of the Green’s function depend only on one index n,

G̃(n)(ω) =

∫ ∞
−∞

dtrel
1

T

∫ T

0

dtavǦ(t, t′)eiωtrel+inΩtav , (3.11)

and their frequencies aren’t restricted. On the other hand, in the Floquet representa-

tion, the range of ω is restricted to the “Floquet-Brillouin zone”, −Ω/2 < ω ≤ Ω/2, to

avoid overcounting. In fact, taking the definition given by Eq. (3.10)

Gmn(ω) =

∫ ∞
−∞

dtrel
1

T

∫ T

0

dtavǦ(t, t′)ei(ω+mΩ)te−i(ω+nΩ)t′ , (3.12)

it’s easy to check that Gmn(ω + lΩ) = Gm+l,n+l(ω). The advantage of the Floquet
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representation of the Green’s functions relies on the preservation of the multiplication

structure in time convolution products:

C(t, t′) =

∫
dt′′A(t, t′′)B(t′′, t′)

=

∫
dt′′
∑
m,l

∑
k,n

∫ Ω

0

dω

2π

∫ Ω

0

dω′

2π
e−i(ω+mΩ)tei(ω+lΩ−ω′−kΩ)t′′Aml(ω)ei(ω

′+nΩ)t′Bkn(ω′)

=
∑
m,n

∑
l

∫ Ω

0

dω

2π
e−i(ω+mΩ)tei(ω+nΩ)t′Aml(ω)Bln(ω)

=
∑
m,n

∫ Ω

0

dω

2π
e−i(ω+mΩ)tei(ω+nΩ)t′Cmn(ω), (3.13)

which means that

Cmn(ω) =
∑
l

Aml(ω)Bln(ω).

We are now in position to rewrite the Dyson equation (Eq. [3.7]), taking into conside-

ration the fact that a function that depends only on the relative time t− t′ is block dia-

gonal in the Floquet representation. For example, the unperturbed equilibrium Green’s

function can be written as

ǧ(t− t′) =

∫ ∞
−∞

dω

2π
e−iω(t−t′)g̃(ω) =

∑
m

∫ Ω

0

dω

2π
e−i[ω+mΩ](t−t′)g̃(ω +mΩ) (3.14)

=
∑
m,n

∫ Ω

0

dω

2π
e−i(ω+mΩ)tei(ω+nΩ)t′ g̃(ω +mΩ)δmn,

meaning that gmn(ω) = g̃(ω+mΩ)δmn. Expressing V (t′′) in its Fourier components as

V (t′′) =
∑

l e
−ilΩt′′V (l), Eq. (3.7) in Floquet representation takes the form

Gmn(ω) = gmn(ω) +
∑
l,k

gmk(ω)V (k−l)Gln(ω), (3.15)

that is to say, it can be written as a simple matrix product

G(ω) = g(ω) + g(ω)V G(ω), (3.16)

where Vkl = V (k−l) = 1
T

∫ T
0
V (t)ei(k−l)Ωtdt. In this way, the problem of finding the

Green’s function has been reduced to an algebraic expression with the matrices defined

in an infinite dimensional space. Note that if we write the Dyson equation (3.7) as

[i∂t −H(t)]Ǧ(t, t′) = δ(t− t′), (3.17)

with H(t) = H0 +V (t) and H0 satisfying (i∂t−H0)ǧ(t−t′) = δ(t−t′), then the Green’s
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function in Floquet representation satisfies

[ω −HF ]G(ω) = I, (3.18)

with HF
mn = (H0−mΩ)δmn+Vm−n the Floquet Hamiltonian. The poles of the Floquet

Green’s function will then naturally bear information on the quasienergy spectrum.

3.4. Case of study: a three-terminal Josephson jun-

ction with a quantum dot

The case of study in this section will be a three-terminal Josephson junction (3TJJ)

with a quantum dot bearing a single relevant level within the energy gap region of the

superconductor (see Fig. 3.1). Its Hamiltonian, neglecting Coulomb interactions, can

be written as

Ĥ(t) =
∑
kσν

ξkν ĉ
†
kσν ĉkσν −∆

∑
kν

(ĉ†k↑ν ĉ
†
−k↓ν + ĉ−k↓ν ĉk↑ν)

+ εd
∑
σ

d̂†σd̂σ +
∑
kσν

(
tνe
−iϕν(t)/2d̂†σ ĉkσν + tνe

iϕν(t)/2ĉ†kσν d̂σ

)
, (3.19)

where ξkν = εkν − µ measures the energy from the Fermi level µ and the supercon-

ducting phases have been gauged to the tunneling matrix elements between the leads

and the quantum dot with the transformation ĉkσν → e−iϕν(t)/2ĉkσν . For the sake of

simplicity, we have taken the BCS superconducting pairing potential as an equal cons-

tant in the three leads ∆kν = ∆. The tunneling matrix elements between the dot and

the superconducting contacts tν have also been approximated as independent of the

quasimomentum k. The Hamiltonian in Nambu representation has the form

Ĥ(t) =
∑
kν

Ψ̂†kνȞkνΨ̂kν + Ψ̂†dȞdΨ̂d +
∑
kν

(
Ψ̂†dV̌dν(t)Ψ̂kν + Ψ̂†kνV̌νd(t)Ψ̂d

)
, (3.20)

where

Ȟkν =

(
ξkν −∆

−∆ −ξkν

)
, Ȟd =

(
εd 0

0 −εd

)
, V̌dν(t) =

(
tνe
−iϕν (t)

2 0

0 −tνei
ϕν (t)

2

)
,

(3.21)

V̌νd(t) = V̌ †dν(t) and the Nambu spinors are defined as Ψ̂kν = (ĉk↑ν , ĉ
†
−k↓ν)

T and Ψ̂d =

(d̂↑, d̂
†
↓)
T . In equilibrium, the physical properties of the system depend on the differences

of superconducting phases, so we can safely take one of them to be zero. When leading

the system to an out-of-equilibrium state, we will keep one of the superconducting

phases at zero (as shown in Fig. 3.1), with the periodic time dependence of the other
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QD

Figure 3.1: General scheme of a three-terminal Josephson junction with a quantum dot. Two
of the superconducting phases are changed in time as ϕ1(t) and ϕ2(t).

phases generically written as ϕν(t) = ϕ0
ν + bν cos(Ωt + χν) with ν = 1, 2. We will

introduce this type of periodic driving for two different purposes: in Sec. 3.5 it will be

used to probe the equilibrium Berry curvature of the ground state of the junction and

in Sec. 3.6 to generate topologically non-trivial Floquet states.

3.4.1. Equilibrium properties: Andreev bound states

Before analyzing the time dependence of the problem, it is instructive to study its

equilibrium properties by taking ϕν(t) = ϕ0
ν . The Green’s function of the quantum dot

in Nambu representation can be obtained as

Ǧ
r/a
dd (ω) =

(
(ω ± iη)Ǐ − Ȟd − Σ̌

r/a
dd (ω)

)−1

, (3.22)

where the dot self-energy Σ̌
r/a
dd (ω) is originated from the hybridization with the super-

conducting leads and defined as

Σ̌
r/a
dd (ω) =

∑
k,ν

V̌dν ǧ
r/a
kk (ω)V̌νd, (3.23)

with ǧ
r/a
kk the bare Green’s function of the superconducting terminals

ǧ
r/a
kk (ω)=

(
(ω ± iη)Ǐ − Ȟkν

)−1
=

1

(ω ± iη)2 − ξ2
kν −∆2

(
ω ± iη + ξkν ∆

∆ ω ± iη − ξkν

)
.

(3.24)

Note that the Green’s function ǧ
r/a
kk has poles at ω = ±Ek with Ek =

√
ξ2
k + ∆2 the

quasiparticle energies in the superconductor. The summation over k in Eq. (3.23) can
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be performed by turning it into an integration over energies in the wide-band limit

∑
k

→ ρ(εF )

∫ ∞
−∞

dξ,

where we have defined the leads’ density of states ρ(ξ) and taken it constant and equal

to its value at the Fermi energy ρ(ξ) = ρ(εF ). Performing the integrals in the complex

plane by making use of the residue theorem we obtain that

ǧr/aνν (ω) =
∑
k

ǧ
r/a
kk =

πρ(εF )√
∆2 − (ω ± iη)2

(
−(ω ± iη) ∆

∆ −(ω ± iη)

)
. (3.25)

The electronic BCS density of states (DOS) in this wide-band limit is then given by

ρBCS(ω) = − 1

π
Im[ǧrνν(ω)]ee =

ρ(εF )|ω|√
ω2 −∆2

Θ(|ω| −∆), (3.26)

with Θ(x) the Heaviside step function. It correctly captures the quasiparticle gap of

2∆ and the inverse square root singularity as |ω| → ∆. For |ω| � ∆ it converges to the

normal density of states ρBCS(|ω| � ∆)→ ρ(εF ). Replacing Eq. (3.25) into Eq. (3.23),

the dot self-energy can be expressed as

Σ̌
r/a
dd (ω) =

∑
ν

Γν√
∆2 − (ω ± iη)2

(
−(ω ± iη) −∆e−iϕ

0
ν

−∆eiϕ
0
ν −(ω ± iη)

)
, (3.27)

where we defined the hybridization with each lead as Γν = πρ(εF )t2ν . By substituting

this particular form of the self-energy into Eq. (3.22) we obtain that the different

components of the dot’s Green’s function can be written as

[
Ǧ
r/a
dd (ω)

]
ee

=
1

D(ω ± iη)

[
(ω ± iη)

(
1 +

Γ√
∆2 − (ω ± iη)2

)
+ εd

]
(3.28)

[
Ǧ
r/a
dd (ω)

]
hh

=
1

D(ω ± iη)

[
(ω ± iη)

(
1 +

Γ√
∆2 − (ω ± iη)2

)
− εd

]
(3.29)[

Ǧ
r/a
dd (ω)

]
eh

= − 1

D(ω ± iη)

∆√
∆2 − (ω ± iη)2

∑
ν

Γνe
−iϕ0

ν (3.30)[
Ǧ
r/a
dd (ω)

]
he

= − 1

D(ω ± iη)

∆√
∆2 − (ω ± iη)2

∑
ν

Γνe
iϕ0
ν , (3.31)
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with Γ =
∑

ν Γν and

D(ω) = Det[Ǧ−1
dd (ω)] = ω2

(
1 +

Γ√
∆2 − ω2

)2

− ε2
d −

∆2

∆2 − ω2

∣∣∣∑
ν

Γνe
−iϕ0

ν

∣∣∣2. (3.32)

The presence of the off-diagonal terms [Eqs.(3.30) and (3.31)] reflects how the dot

inherits BCS-like superconducting correlations on account of the tunnel coupling to

the superconducting leads, a clear manifestation of the so-called proximity effect.

With these analytic expressions, we can study the dot’s spectral density for an

arbitrary set of parameters. The electronic and hole densities are easily obtained from

Eqs. (3.28) and (3.29):

ρedd(ω) = − 1

π
Im[Ǧr

dd(ω)]ee, ρhdd(ω) = − 1

π
Im[Ǧr

dd(ω)]hh. (3.33)

A finite value of εd breaks the particle-hole symmetry of the problem, making ρedd(ω) 6=
ρhdd(ω). For ω < ∆ the diagonal components of the dot’s Green’s function are entirely

real in the limit of η → 0 as long as D(ω) 6= 0. This means that the density of states

vanishes inside the gap except for certain values which correspond to the zeros of

Eq.(3.32). It is possible to show that there are two roots of this equation ±ω0(ϕ1, ϕ2)

with multiplicity 1. These discrete states, which have a determined dispersion relation

as a function of the phase differences (ϕ1, ϕ2), are the Andreev bound states (ABS) of

the junction. On the other hand, for |ω| > ∆ the spectral density reveals the presence

of a continuum of states. After some algebra, we can show that

ρedd(ω) =


W+δ(ω − ω0(ϕ1, ϕ2)) +W−δ(ω + ω0(ϕ1, ϕ2)) if |ω| < ∆

1
π

|ω|Γ√
ω2−∆2

[
(ω+εd)2+ 1

ω2−∆2

(
ω2Γ

2−∆2
∣∣∑
ν

Γνe−iϕ
0
ν

∣∣2)][
ω2−ε2d+ 1

ω2−∆2

(
∆2

∣∣∑
ν

Γνe−iϕ
0
ν

∣∣2−ω2Γ
2
)]2

+ 4ω4Γ
2

ω2−∆2

if |ω| > ∆,
(3.34)

where the weight factors of the Dirac delta functions W± depend on the phase differen-

ces, εd, Γν and ∆. The hole spectral density can be obtained as ρhdd(ω) = ρedd(−ω). One

can check that Eq. (3.34) obeys the right limits. As ∆ → 0, the dot density of states

converges to a Cauchy-Lorentz distribution located at εd and with a scale parameter

Γ:

ĺım
∆→0

ρedd(ω) =
1

π

Γ

(ω − εd)2 + Γ
2 ,

as expected from the hybridization of a single level with normal (metallic) leads. We

show in Fig. 3.2 the electronic density of states of the quantum dot for different values

of εd. As anticipated, electron-hole symmetry is clearly broken for εd 6= 0. It is also

possible to appreciate that as εd grows larger than ∆, a well defined lorentzian shaped

structure is built around ω = εd while the ABS tend to localize near the BCS-like



3.4 Case of study: a three-terminal Josephson junction with a quantum dot 39

singularity.

Figure 3.2: Electronic density of states of the quantum dot ρedd(ω) for different values of the
resonant energy εd. The parameters are such that Γ0 = Γ1 = Γ2 = ∆/3 and the poles of the
DOS are widened with η = 10−3. All the superconducting phase differences have been taken to
be zero.

3.4.2. Dispersion relation of the ABS and Dirac singularities

Some interesting properties of the ABS are worth noting. If particle hole-symmetry

is preserved (εd = 0) it is possible to have zero energy bound states. On the contrary,

if εd 6= 0 the band structure of the ABS will always remain gapped. As a matter of

fact, Eq. (3.32) has zero energy solutions ω0 = 0 whenever∣∣∣∑
ν

Γνe
−iϕ0

ν

∣∣∣ = |f(ϕ)| = 0, (3.35)

where ϕ = (ϕ0
1, ϕ

0
2) is a vector in the effective two dimensional Brillouin zone spanned

by the superconducting phase differences. From the general form of Eq. (3.35) it is

obvious that these points come in pairs: if ϕ = ϕD is a solution of f(ϕ) = 0, so is

ϕ = −ϕD. The dispersion relation of the ABS near the Fermi level can be obtained

by expanding Eq. (3.32) to lowest order in frequency. For εd = 0, we obtain that the

low-energy bound states of the junction behave as

ω0(ϕ) = ± |f(ϕ)|√(
1 + Γ

∆

)2

− 1
∆2 |f(ϕ)|2

. (3.36)

By taking ϕ = ±ϕD + φ it is straightforward to show that to lowest order in φ

ω0(φ) = ±|φ · (±va − ivb)|
1 + Γ/∆

, (3.37)

with va = −(Γ1 sin(ϕD
1 ),Γ2 sin(ϕD

2 )) and vb = (Γ1 cos(ϕD
1 ),Γ2 cos(ϕD

2 )). This expression

indicates that the ABS disperse linearly near these zeros in the form of diabolical Dirac
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Figure 3.3: (a) Graphical solution of Eq. (3.35) for isotropic couplings Γ0 = Γ1 = Γ2.(b)
Density plot of ρedd(ω) + ρhdd(ω) along the path ϕ1 = −ϕ2. The color scale is logarithmic. The
parameters are such that Γ0 = Γ1 = Γ2 = ∆/4 and εd = 0. (c) Zoom of panel (b) for low frequen-
cies. Dashed black lines correspond to the conic dispersion relation determined by Eq. (3.37).

cones. The positions of these cones are easy to find for isotropic couplings Γ0 = Γ1 = Γ2.

In that case, Eq. (3.35) is satisfied whenever the complex numbers in the summation

lie on the vertex of an equilateral triangle in the complex plane, as graphically shown

in Fig. 3.3(a). The two Dirac cones are then located along the diagonal path ϕ2 = −ϕ1

with the position of one of them being ϕD = (2π/3,−2π/3). In Fig. 3.3(b) we show

the dot’s spectral density along the aforementioned path, which reveals the dispersion

of the ABS and their zero energy crossings. In panel (c) we show a zoom of panel (b)

for low energies and plot the conic dispersion relation determined by Eq. (3.37).

Quite generally, the position of these zeros can be anywhere in the BZ and move

upon variation of the parameters Γν . The location of ϕD = (ϕD
1 , ϕ

D
2 ) is determined by

the following relations

ϕD1 = arctan

(
−Γ2

0 − Γ2
1 + Γ2

2

2Γ0Γ1

,

√
S(Γ0,Γ1,Γ2)

2Γ0Γ1

)
(3.38)

ϕD2 = arctan

(
−Γ2

0 + Γ2
1 − Γ2

2

2Γ0Γ2

,−
√
S(Γ0,Γ1,Γ2)

2Γ0Γ2

)
(3.39)

with

S(Γ0,Γ1,Γ2) = (Γ1 + Γ2 − Γ0)(Γ0 + Γ1 − Γ2)(Γ0 + Γ2 − Γ1)(Γ0 + Γ1 + Γ2)

and where the function arctan(x, y) gives the arc tangent of y/x taking into account

which quadrant the point (x, y) is in. There will be clearly two nonequivalent ze-

ro energy ABS whenever S(Γ0,Γ1,Γ2) > 0. The condition S(Γ0,Γ1,Γ2) = 0 signals

the merging of the two Dirac cones. Indeed, this happens when ϕD = −ϕD modu-

lo a “reciprocal lattice” vector G = 2π(p, q), which means that the merging point
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is simply given by ϕM = G/2. There are then four possible distinct merging points

with coordinates ϕM = π(p, q) and (p, q) = (0, 0), (1, 0), (0, 1), (1, 1). Replacing these

coordinates in Eq. (3.35) one finds that the merging of these zeros takes place when

Γ0+Γ1(−1)p+Γ2(−1)q = 0 which are exactly the conditions for S(Γ0,Γ1,Γ2) = 0. If the

parameters are such that S(Γ0,Γ1,Γ2) < 0 the Dirac cones cease to exist and the ABS

spectrum remains gapped, even for εd = 0. During this chapter we will concentrate on

the study of the junction for S(Γ0,Γ1,Γ2) > 0.

3.4.3. Large-gap limit and mapping to a honeycomb lattice

The low-energy physics of the problem can be further simplified by considering what

is known in the literature as the superconducting atomic limit [67, 68]. This limit can be

obtained by taking ∆→∞, or more precisely, the superconducting gap as the largest

energy scale of the system ∆ � Γν , εd. By keeping terms up to Γν/∆ in Eq. (3.32),

its roots can be analytically found. The ABS dispersion relation in this limit takes the

form

ω0(ϕ) = ±
√
ε2

∆ +
∣∣∣∑

ν

Γ∆νe−iϕ
0
ν

∣∣∣2, (3.40)

where

ε∆ =
εd

1 + Γ/∆
Γ∆ν =

Γν

1 + Γ/∆
. (3.41)

Within this approximation, the semi-infinite leads connected to the dot are effectively

replaced by a single superconducting site, so that the continuum of high-energy exci-

tations (the Bogoliubov quasiparticles) in the superconducting electrodes is neglected.

The hybridizations and dot energy are also renormalized as expressed in Eq. (3.41).

This limit, which is expected to correctly describe the low energy properties of the

hybridized quantum dot, may also be obtained by expanding the full frequency depen-

dence of the self-energy Σ̌dd(ω) up to first order in ω [see Eq. (3.27)]. By doing so, the

dot’s Green’s function becomes

Ǧ
r/a
dd (ω) ' Ǧeff

dd
r/a(ω) =

(
1 +

Γ

∆

)−1 [
(ω ± iη)Ǐ − Ȟeff

d

]−1
, (3.42)

where the effective Hamiltonian is such that

Ψ̂†dȞ
eff
d Ψ̂d = Ĥeff(ϕ) = ε∆

∑
σ

d†σdσ −
∑
ν

(
Γ∆νe

−iϕ0
νd†↑d

†
↓ + H.c.

)
, (3.43)

In Nambu representation, it takes the form of a simple 2× 2 matrix with
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Figure 3.4: Dispersion relation of the ABS in the large gap limit for εd = 0 [see Eq. (3.40)].
The arrows indicate the location of the two Dirac cones of the model.

Ȟeff
d = h(ϕ) · τ (3.44)

h(ϕ) = (−
∑
ν

Γ∆ν cos(ϕ0
ν),−

∑
ν

Γ∆ν sin(ϕ0
ν), ε∆) (3.45)

and τ = (τx, τy, τz) the vector with Pauli matrices acting on particle-hole space. Dia-

gonalizing Eq. (3.44) one recovers the eigenvalues given by Eq. (3.40). In this limit, the

Berry curvature of the lowest Andreev band can be simply obtained as in Eq. (2.20)

F eff
12 (ϕ) =

h

2|h|3 · ∂ϕ0
1
h× ∂ϕ0

2
h = −ε∆

Γ∆1Γ∆2 sin(ϕ0
1 − ϕ0

2)

2

(
ε2

∆ +
∣∣∣∑
ν

Γ∆νe−iϕ
0
ν

∣∣∣2)3/2
. (3.46)

Note that it is strictly zero when ε∆ = 0 since in this case both particle-hole and time

reversal symmetry are preserved. Notably, this model can be exactly mapped to the

description of a distorted honeycomb lattice in a tight-binding picture. Indeed, it is

possible to identify the superconducting phases as ϕ0
ν = k · δν with k the quasimo-

mentum of the crystalline structure and δν the vectors connecting a site with its three

nearest neighbours. The role of the two different sublattices (usually called A and B)

is taken by the electronic and hole degrees of freedom in Nambu representation. In this

way, the sublattice energy difference is simply given by 2ε∆ and the hopping amplitu-

des are controlled by the hybridization parameters Γ∆ν . We show in Fig. 3.4 the band

structure of the ABS in this infinite gap approximation when ε∆ = 0 and with isotropic

hybridizations, which can be easily mapped to the tight-binding model of graphene.
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3.5. Berry curvature tomography: a local protocol

The junction in equilibrium is topologically trivial: time-reversal symmetry ensures

that the ground state wavefunction satisfies ψg(ϕ) = ψ∗g(−ϕ) which means that the

Berry curvature is an odd function of the superconducting phases F g(ϕ) = −F g(−ϕ)

[see Eq. (3.46)] and hence integrates to zero over the entire Brillouin zone. Nonetheless,

if particle-hole symmetry is not present (εd 6= 0) then the Berry curvature could remain

finite. Eventhough the Chern number of the junction is trivial, a finite curvature still

has interesting consequences. In particular, it leads to nonlocal currents in the device

when adiabatically driving the flux of one of the superconducting terminals. In this

section we briefly discuss a local protocol to measure this quantity in multiterminal

Josephson junctions and apply it to our case of study. It is important to bare in mind

that accessing to local measurements of the Berry curvature in crystalline structures is

not an easy task, since the calculations of observable quantities usually involve averages

(integrals) over the BZ. In this way, Jospehson multiterminal devices offer a huge

advantage: performing local measurements by fixing the superconducting fluxes (and

thus selecting a specific point in the artificial BZ) is a much easier thing to do.

The synchronic detection protocol to measure the Berry curvature is based on

performing a periodic modulation in the phase difference of one of the superconductors

while keeping the other one constant. We take, without loss of generality, ϕ1 = ϕ0
1 and

ϕ2(t) = ϕ0
2 + b sin(Ωt). Assuming the amplitude of the driving field to be small b� 1

and the adiabatic postulate to hold for small driving frequencies, the current in lead

ν = 1 takes the form

〈Ĵ1(t)〉 ' 2e

~
∂εg
∂ϕ1

(ϕ(t))− 2eFg12

∣∣∣∣
ϕ0

ϕ̇2(t)

' 2e

~

(
∂εg
∂ϕ1

+
∂2εg

∂ϕ2∂ϕ1

b sin(Ωt)

)∣∣∣∣
ϕ0

− 2eFg12

∣∣∣∣
ϕ0

bΩ cos(Ωt) , (3.47)

where in the last equality we neglected terms of O(b2). Hence, the first order corrections

in b are in quadrature with each other. A synchronic filter of the current flowing into

the reservoir lead with the derivative of the driving signal can be performed, a method

reminiscent to typical working protocols of lock-in amplifiers. This would lead to a local

measurement of the Berry curvature, since

Ω

2π

∫ 2π
Ω

0

〈Ĵ1(t)〉 cos(Ωt)dt = −eFg12|ϕ0bΩ = eFg21|ϕ0bΩ, (3.48)

where in the last equality we used that Fg12(ϕ) = −Fg21(ϕ). Recall that the exact Berry

curvature of the junction’s ground state can be obtained in terms of the causal Green’s

function of the entire system Ǧc(ω) as
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Fg12(ϕ) =

∫ ∞
−∞

dω

4π
Tr
[
Ǧc−1∂ϕ1Ǧc · Ǧc−1∂ϕ2Ǧc · Ǧc−1∂ωǦc − 1↔ 2

]
, (3.49)

with the trace being in Nambu space. In our case, this expression for the Berry curvature

can be rewritten only in terms of the Green’s functions calculated at the links coupling

the dot with the superconducting leads, leading to

Fg12(ϕ) =
1

4π

∫
dωTr

[
∂ωǦcd1

∂V̌1d

∂ϕ1

Ǧcd2

∂V̌2d

∂ϕ2

+ ∂ωǦc21

∂V̌1d

∂ϕ1

Ǧcdd
∂V̌d2

∂ϕ2

+ ∂ωǦcdd
∂V̌d1

∂ϕ1

Ǧc12

∂V̌2d

∂ϕ2

+ ∂ωǦc2d
∂V̌d1

∂ϕ1

Ǧc1d
∂V̌d2

∂ϕ2

− 1↔ 2
]
.

(3.50)

In what follows, we will perform an explicit calculation of the out-of-equilibrium

current by making use of the Floquet representation of the Green’s functions and com-

pare its synchronic filter [Eq. (3.48)] with the exact Berry curvature of the ground state

of the junction [Eq. (3.50)] and with the one obtained in the infinite-gap approxima-

tion [Eq. (3.46)]. In general, the charge current flowing into a lead labeled by ν can be

expressed as

〈Ĵν(t)〉 = −e i
~
〈[Ĥ(t),

∑
kσ

ĉ†kνσ ĉkνσ]〉 (3.51)

= i
e

~
∑
kσ

(
tνe

i
ϕν (t)

2 〈ĉ†kνσ(t)d̂σ(t)〉 − tνe−i
ϕν (t)

2 〈d̂†σ(t)ĉkνσ(t)〉
)

Taking into account the definitions of the lesser Green’s functions in Nambu represen-

tation

Ǧ<
dν(t, t

′) = i
∑
k

(
〈ĉ†kν↑(t′)d̂↑(t)〉 〈ĉkν↓(t′)d̂↑(t)〉
〈ĉ†kν↑(t′)d̂†↓(t)〉 〈ĉkν↓(t′)d̂†↓(t)〉

)
(3.52)

Ǧ<
νd(t, t

′) = i
∑
k

(
〈d̂†↑(t′)ĉkν↑(t)〉 〈d̂↓(t′)ĉkν↑(t)〉
〈d̂†↑(t′)ĉ†kν↓(t)〉 〈d̂↓(t′)ĉ†kν↓(t)〉

)
,

Eq. (3.51) can be written in a more compact form [65, 69] as

〈Ĵν(t)〉 =
e

~
Tr
{
τz

(
V̌νd(t)Ǧ

<
dν(t, t)− V̌dν(t)Ǧ<

νd(, t, t)
)}

=
2e

~
<Tr

{
τz

(
V̌νd(t)Ǧ

<
dν(t, t)

)}
,

(3.53)

where in the last equality the fact that V̌dν(t) = V̌ †νd(t) and Ǧ<
νd(t, t) = −Ǧ<†

dν(t, t) has

been used.

Since the driving is periodic in time, so are the currents flowing into the reservoirs.

In general, the m oscillating mode of the current in lead ν, 〈Ĵmν 〉 = 1
T

∫ T
0
eimΩt〈Ĵν(t)〉dt
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can be obtained with the aid of the Green’s functions in Floquet representation as

〈Ĵmν 〉 =
e

h

∑
l

∫ ∞
−∞

Tr
{
τz

(
V̌νd,mlǦ

<
dν,l0(ω) + V̌ ∗νd,−mlǦ

<∗
dν,l0(ω)

)}
dω. (3.54)

In order to calculate Ǧ<
dν,mn(ω) we will make use of the Floquet-Dyson equation

(Eq. [3.16]) in matrix form. The block matrix elements of the unperturbed Green’s

functions of the dot and the superconducting leads in this representation are given by

ǧr,add,mn(ω) = δmn

(
1

ω+nΩ−εd±iη
0

0 1
ω+nΩ+εd±iη

)
(3.55)

ǧr,aνν,mn(ω) =
δmnρ(εF )π√

∆2
ν − (ω + nΩ± iη)2

(
−(ω + nΩ± iη) ∆ν

∆ν −(ω + nΩ± iη)

)

and the minor functions are simply ǧ<dd,mn(ω) = −δmnf(ω + nΩ)[ǧrdd,nn(ω)− ǧadd,nn(ω)]

and ǧ<νν,mn(ω) = −δmnf(ω+nΩ)[ǧrνν,nn(ω)−ǧaνν,nn(ω)] with f(ω) the Fermi distribution

function. The block matrix elements of the Floquet tunneling matrix from the quantum

dot to lead ν are

V̌dν,mn =

(
tν(−i)m−nJm−n( bν

2
)e−i(ϕ

0
ν/2+(m−n)χν) 0

0 −tν(i)m−nJm−n( bν
2

)ei(ϕ
0
ν/2−(m−n)χν)

)
,

where Jm−n( bν
2

) corresponds to the m−n-th Bessel function of the first kind. We have

generically written the driven phases as ϕν(t) = ϕ0
ν + bν cos(Ωt + χν) and used the

Anger-Jacobi expansion. Applying the Langreth rules [65], the equation of motion for

G<
dν(ω) is

G<
dν(ω) = Gr

dd(ω)Vdνg
<
νν(ω) +G<

dd(ω)Vdνg
a
νν(ω) (3.56)

= Gr
dd(ω)Vdνg

<
νν(ω) +Gr

dd(ω)Σ<
dd(ω)Ga

dd(ω)Vdνg
a
νν(ω), (3.57)

where the retarded propagator of the quantum dot is given by

Gr
dd(ω) =

[
[grdd(ω)]−1 −Σr

dd(ω)
]−1

. (3.58)

The dot minor self-energy is only due to the hybridization with the superconducting

terminals:

Σ<,r,a
dd (ω) =

∑
ν′

Vdν′g
<,r,a
ν′ν′ (ω)Vν′d. (3.59)

We are now able to compute the desired filter of the out-of-equilibrium current deve-

loped in the device when taking the driving amplitudes b1 = 0, b2 = b = 10−4 � 2π

and the polarization χ2 = −π/2 so that ϕ2(t) fluctuates in a sinusoidal form. In the
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(I.b) (II.b)

Figure 3.5: Upper panels show the dot spectral density in units of ∆ along ϕ0
1 = −ϕ0

2 for a
symmetric 3TJJ in equilibrium with hybridization parameters Γν = 0.0625∆ (I.a) and Γν =
0.36∆ (II.a). The dot energy was taken to be εd = 0.1∆ in both cases. Dashed lines indicate the
dispersion of Andreev levels captured by the large-gap limit [see Eq. (3.40)]. Lower panels show
the outcome of the filter of the cos(Ωt) component of the current flowing into the lead ν = 1
obtained using Keldysh formalism (open circles) and its corresponding comparison with both the
Berry curvature of the exact Hamiltonian Fg21 (solid black lines) and the one obtained within the
low-energy effective Hamiltonian Feff

21 (dashed lines).

spirit of the adiabatic approximation to be valid, the frequency of the driving protocol

will be chosen to be Ω = 10−2∆/h. In Fig. 3.5 results for a symmetric 3TJJ (Γν = Γ)

are shown. The dot spectral density ρedd(ω) + ρhdd(ω) = −(1/π)=Tr(Ǧr
dd) is depicted

for different values of Γ/∆ along the high-symmetry path ϕ0
1 = −ϕ0

2, finding a good

agreement with the bands of Ĥeff (indicated with dashed lines) for Γ = 0.0625∆ [Fig.

3.5 (I.a)]. As expected, this description turns out to be insufficient for Γ = 0.36∆ and

large energies [Fig. 3.5 (II.a)]. In both cases the dot energy is εd = 0.1∆. Lower panels

show the filter of the current flowing into the reservoir lead ν = 1 as obtained from

Eq. (3.48) and its comparison with both Fg21 [see Eq. (3.50)] and the low-energy ap-

proximation of this quantity given by the effective model F eff
21 [Eq. (3.46)]. We observe

that the synchronic protocol gives a precise information on the curvature of the ground

state, which is also well captured by the low-energy theory describing the Andreev

bands. This happens even when the hybridization with the states above the supercon-

ductor gap is relevant. We can comprehend this behavior by noticing that the Berry

curvature in this model is a low-energy localized quantity. In both cases, even though
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Figure 3.6: (a) Synchronic filter of the of the current flowing into the reservoir lead ν = 1 as
obtained from Eq. (3.47) using Keldysh formalism throughout the whole phase space. (b) Berry
curvature Feff

21 obtained within the low-energy effective Hamiltonian describing the infinite gap
limit [see Eq. (3.46)].

the integral over the whole phase space of the Berry curvature is zero, the current has

a geometrical Thouless contribution whenever the phases of the junction are near ϕD

and −ϕD.

This procedure can be done along the whole phase space, so as to obtain a complete

map of the Berry curvature performing the proposed transport measurement at each

point in the artificial BZ. In panel (a) of Fig. 3.6 we show the aforementioned filtered

current for an asymmetric junction with hybridizations Γ1 = 0.09∆, Γ2 = 0.25∆ and

Γ0 = 0.36∆ and compare the result with the Berry curvature of the low-energy model

in panel (b). The dashed line along the path ϕ0
1 = −ϕ0

2 is included as a visual aid: the

asymmetric hybridizations move the larger contributions to the curvature away from

this line. There is an excellent agreement between the exact ground-state curvature and

the one of the effective model, guaranteeing the validity of the approximation given

by Eq. (3.46). We can then conclude that the effect of the continuum states on the

geometrical properties of this model is negligible.

3.6. Inducing topology by driving: Floquet-Andreev

physics

Until now, we have mainly analyzed the equilibrium properties of the 3TJJ. As

discussed in the last section, the Berry curvature of the ground state wavefunction,

although generically non-zero, leads to a trivial topological state. In this section we will

show that by introducing a periodic driving that breaks time reversal symmetry (TRS)
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into the three terminal junction, the resulting Floquet states can become topologically

non-trivial. This can be engineered by introducing an “elliptically”polarized driving of

the form ϕν(t) = ϕ0
ν + Aν cos(Ωt+ χν) with χ1 − χ2 not a π-multiple.

We show in Fig. 3.7(a) the spectral density of the dot’s Floquet Green’s function

projected onto the zeroth replica

ρF,edd,00 + ρF,hdd,00 = − 1

π
=Tr[ǦF

dd,00]

for χ1 − χ2 = π/2 along the path ϕ0
1 = −ϕ0

2. We have chosen parameters such that

~Ω = 0.4∆, Aν=1,2 = A0 = 0.8, εd = 0, Γν = Γ = 0.0625∆. Within this regime, the

energy of the microwave field is larger than the bandwidth of the Andreev bands, so

that the coupling between Floquet replicas is non-resonant. On the other hand, the first

Floquet replicas of the ABS lie within the superconductor’s gap, so that the continuum

states renormalize only perturbatively the dispersion relation of the Floquet bands at

low energy.

Figure 3.7: (a) Spectral density of the dot’s Floquet Green’s function projected onto the zeroth
replica for χ1 − χ2 = π/2 along the path ϕ0

1 = −ϕ0
2. The parameters are such that ~Ω = 0.4∆,

A0 = 0.8, εd = 0 and Γν = Γ = 0.0625∆. The color scale is logarithmic. (b) Zoom of panel (a) at
low energies. The color scale is lineal and a projection onto the electronic (particle) component

has been made, so that we only show ρF,edd,00(ω).

The breaking of time reversal symmetry has removed the energy degeneracy at the

Dirac points, producing the appearance of a zero-energy gap in the Floquet spectrum.

This is clearly seen in panel (b), where we plot a zoom of panel (a) near the Fermi

level and where we only show a projection onto the electronic (particle) component of

the spectral density ρF,edd,00(ω). Interestingly, this effect cannot be modelled as a trivial

emergence of a global (phase independent) effective “mass” term in the Hamiltonian. As

a matter of fact, the electronic weight is inverted at the two anticrossings between the

Andreev-Floquet states [see panel (b)], a phenomenon which could only be captured

with a phase dependent “mass” term which changes sign across the Brillouin zone. In
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what follows, we will rely on analytical approximations to comprehend these low-energy

properties.

3.6.1. Berry curvature of the Floquet-Andreev states and band

inversion

Within the regime of study, where Γν � ∆, it seems reasonable to analyze the

low-energy behavior of the Floquet-Andreev states associated with the effective Ha-

miltonian defined in Eq. (3.43) when replacing ϕ0
ν → ϕν(t). The effective Floquet

Hamiltonian Heff,F
d written in Nambu representation has block matrix elements of the

form

Ȟeff,F
d,nm = Ȟeff

d
(n−m) − n~ΩǏδnm, (3.60)

where Ȟeff
d

(l) = Ω
2π

∫ Ω/2π

0
eilΩtȞeff

d (ϕ(t))dt so that

Ȟeff
d

(0) =

(
ε∆ −Γ∆0 − J0(A0)e−iϕ

0
ν
∑2

ν=1 Γ∆ν

−Γ∆0 − J0(A0)eiϕ
0
ν
∑2

ν=1 Γ∆ν −ε∆

)
(3.61)

and

Ȟeff
d

(l 6=0) =

(
0 −e−iϕ0

ν
∑2

ν=1 Γ∆ν(−i)lJl(A0)e−ilχν

−eiϕ0
ν
∑2

ν=1 Γ∆ν(i)
lJl(A0)e−ilχν 0

)
,

(3.62)

with Jl(x) standing for the l-th Bessel function of the first kind.

In the high-frequency regime (~Ω larger than the ABS bandwidth), a further ap-

proximation can be made. Standard Brillouin-Wigner perturbation theory in 1/~Ω

yields [70, 71], in this regime, to an approximate Hamiltonian for the projected zero

replica subspace of the form

ˇ̃
H0(ϕ) = Ȟeff

d
(0) +

[Ȟeff
d

(−1), Ȟeff
d

(1)]

~Ω
(3.63)

= Ȟeff
d

(0) +
4Γ∆1Γ∆2J 2

1 (A0) sin(ϕ0
1 − ϕ0

2)

~Ω
sin(χ1 − χ2)τz (3.64)

= h̃(ϕ) · τ , (3.65)

where

h̃(ϕ) = (−
∑
ν

Γ̃∆ν cos(ϕ0
ν),−

∑
ν

Γ̃∆ν sin(ϕ0
ν), ε̃∆(ϕ)). (3.66)

This Hamiltonian resembles the undriven one [see Eq. (3.45)] but with renormalized
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parameters which depend on the symmetry of the driving, its amplitude and frequency:

Γ̃∆0 = Γ∆0

Γ̃∆ν=1,2 = Γ∆ν=1,2J0(A0)

ε̃∆(ϕ) = ε∆ + teff sin(ϕ0
1 − ϕ0

2) sin(χ1 − χ2), (3.67)

with

teff =
4Γ∆1Γ∆2J 2

1 (A0)

~Ω
. (3.68)

The dispersion relation of the low-energy Floquet-Andreev states under this approxi-

mation is given by

ω̃0(ϕ) = ±
√
ε̃∆(ϕ)2 +

∣∣∣∑
ν

Γ̃∆νe−iϕ
0
ν

∣∣∣2. (3.69)

It is evident that the Dirac points in the symmetric juction (Γ∆ν = Γ∆) are displaced

from their original position along the path ϕ0
2 = −ϕ0

1 and with a location given by

cos(ϕD1 ) = −1/2J0(A0). This simple model also describes the inverted electronic weight

seen in Fig. 3.7(b) along the path ϕ0
2 = −ϕ0

1 . For εd = 0 (or equivalently, ε∆ = 0),

A0 = 0.8 and χ1 − χ2 = π/2 the effective “mass” term [Eq. (3.67)] is negative for

π/2 < ϕ0
1 < π and positive for −π < ϕ0

1 < −π/2.

The effective Berry curvature of the low-energy Floquet-Andreev states can be

analytically obtained to be

F̃F12(ϕ) =
1

2|h̃(ϕ)|3
h̃(ϕ) · (∂ϕ0

1
h̃(ϕ)× ∂ϕ0

2
h̃(ϕ))

=
−ε∆Γ̃∆1Γ̃∆2 sin(ϕ0

1 − ϕ0
2)− teff sin(χ1 − χ2)K(ϕ)

2

(
ε̃∆(ϕ)2 +

∣∣∣∑
ν

Γ̃∆νe−iϕ
0
ν

∣∣∣2)3/2
(3.70)

with

K(ϕ) = Γ̃∆1Γ̃∆2 sin2(ϕ0
1 − ϕ0

2) + cos(ϕ0
1 − ϕ0

2)
(

Γ̃2
∆1 + Γ̃2

∆2

+ 2Γ̃∆1Γ̃∆2 cos(ϕ0
1 − ϕ0

2) + Γ̃∆0Γ̃∆1 cos(ϕ0
1) + Γ̃∆0Γ̃∆2 cos(ϕ0

2)
)
.

This expression shows that when χ1−χ2 is a π-multiple, the Berry curvature remains an

odd function of the superconducting phases and hence integrates to a zero topological

index. We can also appreciate that when ε∆ = 0 and χ1 − χ2 6= nπ (with n ∈ Z) the

curvature is generically non-zero and an even function of ϕ, indicating the opening

of a non-trivial gap in the Floquet spectrum of the junction, even for an infinitesimal

amplitude of the driving field A0.

In order to check the validity of these last approximations, we show in the upper
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panels of Fig. 3.8 density plots of ρF,edd,00 − ρF,hdd,00 = − 1
π
=[τzǦ

F
dd,00] along the path ϕ0

1 =

−ϕ0
2 for χ1−χ2 = π/2 (I.a) and χ1−χ2 = −π/2 (II.a). The rest of the parameters are

the same as in Fig. 3.7. Dashed black lines correspond to the analytical approximation of

the dispersion relation of the Floquet-Andreev states, obtained in Eq. (3.69). Evidently,

the low-energy spectrum is well captured by the effective Hamiltonian within this

regime of parameters. In the lower panels we show the Berry curvature of the effective

Floquet states [Eq. (3.70)] for χ1 − χ2 = π/2 (I.b) and for χ1 − χ2 = π/2 (II.b). The

chirality of the driving field determines the sign of the Berry curvature (negative for

the former and positive for the later) and will then allow to control the sign of the

corresponding topological index.

Figure 3.8: In the upper panels we show density plots of ρF,edd,00 − ρF,hdd,00 = − 1
π=[τzǦ

F
dd,00]

along the path ϕ0
1 = −ϕ0

2 for χ1 − χ2 = π/2 (I.a) and χ1 − χ2 = −π/2 (II.a). Dashed black lines
correspond to the analytical approximation of the dispersion relation of the Floquet-Andreev
states [see Eq. (3.69)]. The parameters are such that ~Ω = 0.4∆, A0 = 0.8, εd = 0 and Γν =
Γ = 0.0625∆. In the lower panels we show the Berry curvature of the effective Floquet states
[Eq. (3.70)] for χ1 − χ2 = π/2 (I.b) and for χ1 − χ2 = π/2 (II.b).

When particle-hole symmetry is initially broken in the undriven Hamiltonian (εd 6=
0), a finite value of the amplitude of the driving field is needed to close the gap at the

Fermi level. In Fig. 3.9 we include a small detuning of the resonant level from the Fermi

energy εd = 5× 10−3∆ and keep χ1 − χ2 = π/2. The density plot of ρF,edd,00 − ρF,hdd,00 for

A0 = 0 [panel (I.a)] shows the unperturbed gap of the ABS (2ε∆). The lowest occupied

ABS posses a large hole-like component near both valleys and the corresponding Berry

curvature (plotted along the path ϕ0
2 = −ϕ0

1 in panel (I.b)) is an odd function of
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Figure 3.9: In the upper panels we show density plots of ρF,edd,00−ρ
F,h
dd,00 = − 1

π=[τzǦ
F
dd,00] along

the path ϕ0
1 = −ϕ0

2 for χ1 − χ2 = π/2 and εd = 5× 10−3∆ for different driving amplitudes:(I.a)
A0 = 0, (II.a) A0 = 0.6 and (III.a) A0 = 1.1. Dashed black lines correspond to the analytical
approximation of the Floquet-ABS dispersion relation [Eq. (3.69)]. In all figures we have taken
~Ω = 0.4∆ and Γν = Γ = 0.0625∆. In the lower panels we show the corresponding Berry
curvature of the effective Floquet states [Eq. (3.70)].

the superconducting phases. A finite value of the driving field amplitude A0 = 0.6 is

included in panel (II.a), which makes the gap of one of the two valleys to diminish

while it increases the other one as expected from Eq. (3.67). This value is still not

large enough to close the gap, so even though the Berry curvature of the Floquet

states [panel (II.b)] is not symmetrically distributed (it enlarges near the gap closing

point and decreases at the other valley) it should still integrate to a trivial topological

index. In panel (III.a) the driving amplitude A0 = 1.1 is larger than the one needed to

close the gap. When the gap reopens, a phenomenon known as band inversion takes

place. The “mass” term has changed its sign in one the valleys and the lower Floquet-

Andreev state has now a large electron-like component near this point. In crystalline

solids, this phenomenon usually refers to a weight-inversion of a spin-orbital degree

of freedom in the system’s eigenfunctions and it is used as an indicator of topological

phase transitions. In the context of Josephson junctions, it should be understood as an

inversion of the electronic and hole-like weights in the Nambu spinors near the Fermi

level. The corresponding Berry curvature [panel (III.b)] is negative at both valleys once

the band inversion occurs.

3.6.2. Topological phase diagram

The phenomenology discussed in the last section can be synthesized by building

the topological phase diagram of the driven junction, that is to say, by computing
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the topological index associated to the Floquet-Andreev states for small hybridizations

(Γν � ∆)

CF =
1

2π

∫ π

−π
dϕ0

1

∫ π

−π
dϕ0

2F eff,F
12 (ϕ), (3.71)

with F eff,F
12 (ϕ) the exact Berry curvature of the effective Floquet Hamiltonian [Eq. (3.60)].

For small driving amplitudes and frequencies larger than the ABS bandwidth, this cur-

vature is well approximated by F eff,F
12 (ϕ) ' F̃F12(ϕ) [Eq. (3.70)]. This last expression

becomes an ill-defined quantity whenever the gap of the Floquet spectrum closes:

∣∣∣∑
ν

Γ̃∆νe
−iϕ0

ν

∣∣∣∣∣∣∣∣
ϕ=ϕD

= 0 and ε̃∆(ϕD) = 0, (3.72)

since in that case, the denominator in Eq. (3.70) becomes zero. Assuming that there

are two nonequivalent points in the BZ where the first equality holds (ϕD and −ϕD),

we expect to have a topological transition whenever

ε∆

teff sin(ϕD1 − ϕD2 )
= ± sin(χ1 − χ2), (3.73)

where we have used the condition given by Eq. (3.72) and the definition of ε̃∆(ϕ) [see

Eq. (3.67)]. In Fig. 3.10 we show the Chern numbers of the Floquet ABS spectrum

computed as in Eq. (3.71) as a function of the quotient defined in Eq. (3.73) and the

phase difference of the driving χ1−χ2. We have kept a small driving amplitude A0 = 0.6

and changed εd continuously from negative to positive values to build this diagram.

We plotted with solid black lines the functions ± sin(χ1 − χ2) which correctly capture

the topological transitions.

Figure 3.10: Chern numbers of the Floquet-Andreev states computed as in Eq. (3.71) as a
function of the quotient defined in Eq. (3.73) and the phase difference of the driving χ1 − χ2.

Interestingly, this phase diagram emulates the one of a well-known topological mo-
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del: the Haldane Chern insulator [64]. This paradigmatic toy model was introduced

by Duncan Haldane to emulate the physics of a Hall-insulator in a honeycomb lattice

without the presence of an external magnetic field. In this two dimensional lattice mo-

del, time-reversal symmetry is broken by introducing next-nearest neighbour complex

hoppings in the honeycomb array that produce staggered magnetic fluxes that sum

up to zero in one unit cell (so there is no net magnetic field threading the system).

Spatial inversion symmetry is also broken by including an energy-offset between the

two sublattices of the honeycomb lattice (the A and B sites). Notably, the low-energy

Hamiltonian of the driven three-terminal junction [Eq. (3.63)] behaves precisely as

the bulk bands of this model with renormalized hopping amplitudes. The breaking of

spatial inversion is here translated to the breaking of particle-hole symmetry, which

generates the gap 2ε∆. On the other hand, the phase difference of the driving χ1 − χ2

plays the role of the staggered flux in the Haldane model.

3.7. Conclusions

In this Chapter we have studied the properties of the Andreev bound state spectrum

of a three-terminal Josephson junction where the superconducting leads are coupled via

a quantum dot with only one relevant level near the Fermi energy. Interestingly, in the

limit of large superconducting gaps, the ABS can be mapped to a generalized graphene

with flexible tunable parameters and with the presence of a continuum spectrum of

quasi-particles. We have proposed a protocol to perform local measurements of the

Berry curvature of the ground-state wavefunction of the device for each particular point

of the generalized Brillouin zone spanned by the superconducting phase differences.

The protocol can in principle be applied to a generic multiterminal junction. The Berry

curvature [Eq. (3.50)] is numerically obtained with the Feynman propagator of the BdG

Hamiltonian and compared with a low-energy effective model of the ABS spectrum.

We found a good agreement between both since the Berry field of this particular model

is localized at energies close to zero. On the other hand, we have put forward a way

of inducing topological properties in the junction by introducing a time-dependent

periodic driving in the superconducting phases that breaks time reversal symmetry.

We have revealed the presence of a band-inversion mechanism in the particle-hole

space of the Floquet ABS spectrum that leads the system to a non-trivial topological

state. For driving frequencies larger than the bandwidth of the ABS it was analytically

shown that the Floquet-Andreev states bear non-trivial Haldane-like Chern numbers.

In this sense, the model constitutes an artificial realization of a Haldane-like model

in a very accessible solid state setup. We would like to emphasize that the generation

of Floquet-Andreev states is now within experimental reach (the Floquet spectrum of

ABS was recently measured in a two-terminal Josephson junction irradiated with a
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circularly polarized laser [72]). In this regard we believe that our proposal could be

experimentally achievable and that it could open up new avenues to design far from

equilibrium topological quantum states in Josephson junctions.
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Resumen del Caṕıtulo 3

En este caṕıtulo nos preguntamos si es posible inducir propiedades topológicas en

un dispositivo con tres terminales superconductoras al introducir en ciertos parámetros

de la juntura una perturbación que depende del tiempo en forma periódica. En estas

circunstancias, la dimensión temporal entra en el problema como un nuevo parámetro

ćıclico y provee una nueva perilla para manipular las propiedas geométricas y topológi-

cas del sistema. El formalismo de Floquet provee de un marco formal en el dominio

temporal donde es posible definir estados estroboscópicos cuyo comportamiento está

gobernado por un hamiltoniano efectivo independiente del tiempo. Estos estados, co-

nocidos como estados de Floquet, tienen cuasienerǵıas bien definidas y por tanto,

conexiones y curvaturas de Berry bien determinadas. Eligiendo apropiadamente la fre-

cuencia de la perturbación, su amplitud y simetŕıa, es posible manipular las propiedades

topológicas de estos estados a voluntad. Esta ha sido la idea clave para la concepción

de los aislantes topológicos de Floquet y su posterior realización en redes de átomos

fŕıos, cristales fotónicos y otros dispositivos artificiales. El caso concreto de estudio en

este caṕıtulo es una trijuntura Josephson con un punto cuántico en su región central

forzada a un estado fuera de equilibrio al perturbar las diferencias de fase de los su-

perconductores de forma periódica en el tiempo. Mostraremos que las propiedades de

los estados de Floquet en esta juntura pueden ser mapeadas, bajo ciertas condiciones,

a las de un modelo topológico paradigmático: el aislador de Chern de Haldane [64].

El caṕıtulo se encuentra organizado de la siguiente manera. En la Sección 3.2 dis-

cutimos brevemente los conceptos básicos de la teoŕıa de Floquet y proveemos una

interpretación intuitiva de cómo se construye el espectro de Floquet. En la Sección 3.3

introducimos la representación de Floquet de las funciones de Green y la forma par-

ticular que adquieren las ecuaciones de Dyson en esta base. Esta última sección es

relativamente técnica, pero es presentada para que el lector comprenda más cabalmen-

te la implementación de esta técnica cuando se realizan simulaciones de transporte

fuera del equilibrio. En la Sección 3.4 analizamos las propiedades de equilibrio de la

trijuntura Josephson en consideración. En la Sección 3.5 determinamos la curvatura

de Berry del estado fundamental del dispositivo y discutimos cómo puede ser medida

experimentalmente. Se realizan a su vez simulaciones numéricas que respaldan este

método de detección. En la Sección 3.6 estudiamos las propiedades topológicas de los

estados de Floquet-Andreev que emergen en la juntura al ser forzada a un estado fuera

de equilibrio con una perturación periódica. Realizamos aproximaciones anaĺıticas para

comprender las propiedades de baja enerǵıa del modelo y motramos cómo se comporta

la curvatura de Berry de los estados de Floquet-Andreev en función de los parámetros

de la perturbación. Revelamos la presencia de un mecanismo de inversión de banda que

lleva al sistema a un estado topológico no trivial y construimos un diagrama de fase con
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los números de Chern de los estados de Floquet. Finalemente, en la Sección 3.7 pre-

sentamos algunos comentarios finales y un resumen de nuestros principales hallazgos.

Los resultados de este caṕıtulo fueron publicados en la Ref. [33].



Chapter 4

A three-terminal Josephson

junction with Majorana bound

states

4.1. Introduction and motivation

As shown in Chapters 2 and 3, multiterminal superconducting devices built with

conventional s-wave superconductors can exhibit topologically non trivial properties

both in equilibrium or in an out-of-equilibrium Floquet picture. The question we ad-

dress in this chapter is whether multiterminal setups built with topological supercon-

ductors can also develop a quantized averaged transconductance and, if so, what is the

effective tunneling charge revealed by this magnitude.

Topological superconductors are a class of superconducting materials which sup-

port gapless excitations on their boundaries known as Majorana bound states [4].

These modes are topologically protected spin-polarized Bogoliubov quasiparticles with

equal electronic and hole-like weights, so that they can be interpreted as being their

own antiparticle. In superconducting devices, they appear at exactly zero energy and

are separated from other conventional quasiparticle excitations by a finite gap (this is

why they are also known as Majorana zero modes). Interestingly, their exchange statis-

tics is neither fermionic nor bosonic: they are non-Abelian anyons. It is this particular

property the one that makes them promising potential building blocks for topological

quantum computers and, consequently, the one that has triggered an intense experi-

mental race for detecting and manipulating them.

The present chapter is organized as follows. In Sec. 4.2 we will present one of the

simplest platforms capable of hosting Majorana bound states: the Kitaev chain of

spinless fermions with p-wave superconductivity. We will also show how the properties

of this toy model could emerge in a realistic solid-state device: a semiconducting wire

58
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with Rashba spin-orbit coupling subject to an external Zeeman field and proximitized

with an s-wave superconductor. In this hybrid heterostructure the parameters can

be externally controlled in such a way that it is possible to cover both trivial and

topological superconducting regimes, going through a topological phase transition in

between. In Sec. 4.3 we will use this particular model to describe the superconducting

terminals of a three terminal Josephson device threaded by an external magnetic flux

in its central scattering region. The phase averaged transconductance of this setup will

be calculated by using Eq. (2.54), which relates this transport property to the winding

number of the BdG Green’s function of the junction. In this way, we can build up

an entire topological phase diagram of the multiterminal junction. We are interested

in analyzing the behavior of this magnitude by continuously changing the parameters

such that the superconducting terminals are led from the trivial regime all the way up

to the Majorana regime. As already stated in the previous chapters, we expect that

in the conventional s-wave pairing regime (and whenever the spectrum is gapped), the

system should bear a quantized transconductance in units of 4e2/h. This outcome can

be simply thought as a non-trivial adiabatic charge pumping between leads, say ν and

ν ′, product of the existence of Weyl sources in the spectrum. For vanishing voltage V ,

the transconductance results in

Gνν′ =
1

V

∆QP

∆TV
= nνν′

2e

h
q?, (4.1)

where the pumping period ∆TV is nothing but the Josephson period h/2eV and the

phase-averaged pumped charge ∆QP over this period is an integer multiple (nνν′ εZ)

of the effective charge of the Cooper pair q? = 2e. On the other hand, the effective

tunneling charge in the topological superconducting regime is expected to be q? = e

(as in the case of the 4π-periodic fractional Josephson effect in two-terminal junctions

with Majoranas [73–76]). Indeed, there is a lifting of spin-degeneracy of the low energy

Andreev levels of these junctions, so that their crossings should only change the trans-

conductance in units of 2e2/h. In Subsec. 4.3.1 we will show that the results of our

numerical calculations support this expected phenomenology. The spectral density of

the trijunction as a function of the model parameters is discussed Subsec. 4.3.2. This

will allow us to understand the transconductance results in terms of the emergence and

evolution of Weyl singularities in the Andreev bound state spectrum. In Subsec. 4.3.3,

we introduce a low energy model of the junction that is able to reproduce the results of

the numerical calculations when the wires are in the Majorana regime. In Subsec. 4.3.4

we discuss a very useful theoretical tool to calculate the winding number of the Joseph-

son junction when the wires are in the trivial (s-wave dominated) regime. Finally, in

Sec. 4.4 we present some concluding remarks. The results of the present chapter were

published in Ref. [34].
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4.2. A recipe for Majoranas

4.2.1. The Kitaev model

In a seminal work [77], Alexei Kitaev provided for the first simple toy model that

allows for the emergence of spatially isolated Majorana fermions. The tight-binding

Hamiltonian consists of a one dimensional wire of spinless fermions with p-wave super-

conductivity that can be written as

ĤK = −µ
N∑
j=1

(
ĉ†j ĉj −

1

2

)
−

N−1∑
j=1

(
tĉ†j ĉj+1 + ∆ĉj ĉj+1 + H.c.

)
. (4.2)

Here µ stands for the chemical potential, t for the hopping amplitude between neigh-

bouring sites and ∆ for the superconducting gap. We will first study the properties of

the chain with open boundary conditions by rewriting the Hamiltonian in the Majorana

basis, defined as

ĉj =
1

2

(
γ̂Aj + iγ̂Bj

)
, ĉ†j =

1

2

(
γ̂Aj − iγ̂Bj

)
. (4.3)

This can be seen as the decomposition of the fermionic operator ĉj in its real and

imaginary parts. The above Majorana operators satisfy the following commutation

relations

{γ̂αi , γ̂βj } = 2δαβδij, γ̂αj = γ̂α†j , γ̂αj = γ̂α†j
2 = 1, (4.4)

with α, β = A,B. In this basis, Eq. (4.2) takes the form

ĤK = −iµ
2

N∑
j=1

γ̂Aj γ̂
B
j +

i

2

N−1∑
j=1

[
(t−∆)γ̂Bj γ̂

A
j+1 − (t+ ∆)γ̂Aj γ̂

B
j+1

]
. (4.5)

A couple of easy-limits can be analyzed in this system. The first trivial one occurs

Figure 4.1: One dimensional Kitaev chain. The fermion operators at each site j are described
in terms of a pair of Majorana fermions γ̂Aj (red circles) and γ̂Bj (blue circles). (a) Trivial phase:
the Majoranas are locally coupled forming an ordinary fermion. (b) Topological phase: Majoranas
of neighbouring sites are coupled but locally uncoupled, leaving two unpaired quasiparticles at
the ends of the chain.
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when t = ∆ = 0. In this case, the Hamiltonian just represents a chain of paired

Majorana fermions at each site which are coupled together with a strength µ/2 to form

an ordinary fermion, as sketched in Fig. 4.1(a). Another simple limit takes place when

µ = 0 and ∆ = −t. In this case, the Hamiltonian reduces to

ĤK = it
N−1∑
j=1

γ̂Bj γ̂
A
j+1, (4.6)

which describes a situation like the one depicted in Fig. 4.1(b): Majoranas on each

site are decoupled while Majoranas on adjacent sites become coupled with a strength

t. Notably, the quasiparticles operators at the ends of the wire, γ̂A1 and γ̂BN , are now

missing in the Hamiltonian description. By defining a new set of fermionic operators

f̂j =
1

2
(γ̂Bj + iγ̂Aj+1), f̂ †j =

1

2
(γ̂Bj − iγ̂Aj+1), (4.7)

Eq. (4.6) can be rewritten as

ĤK = 2t
N−1∑
j=1

(
f̂ †j f̂j −

1

2

)
. (4.8)

These new fermionic operators evidently diagonalize the Hamiltonian: occupying such

states has an energy cost of t = ∆ and emptying them results in an energy gain of

t = −∆. Since originally we had N fermionic degrees of freedom (and in Eq. (4.8) there

are only N − 1), we are still missing one fermionic mode. One can easily check that

this mode can be formed in a highly non-local way with the unpaired Majoranas at

the ends of the chain

f̂0 =
1

2
(γ̂BN + iγ̂A1 ), f̂ †0 =

1

2
(γ̂BN − iγ̂A1 ). (4.9)

Since this operator is absent from Eq. (4.8), it is a zero energy eigenstate of the problem.

This state can be therefore filled or emptied at zero energy cost, leading to a two-fold

ground state degeneracy between states with an even or an odd number of fermions

in the superconductor. This fermion parity degeneracy is a rather peculiar feature of

topological superconductivity, since in conventional superconductors the ground state

is a sea of Cooper pairs with a fixed even number of electrons. We have analyzed

the limits corresponding to the fully dimerized situations depicted in Fig. 4.1, but the

qualitative properties of the trivial and non-trivial phases remain when detuning the

parameters from the ones used above. Indeed, one can show that Majorana zero modes

survive for a finite value of µ as long as |µ| < 2t. For a non-zero µ, the Majoranas are

not strictly localized at the first and last sites of the chain: their wavefunctions spread
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over a certain length, exponentially decaying into the bulk of the wire.

The bulk properties of the model can be analyzed for an arbitrary set of parame-

ters by imposing periodic boundary conditions on Eq. (4.2). Fourier transforming the

fermionic operators as

ĉj =
1√
N

∑
k

eikj ĉk,

the Hamiltonian takes the form

ĤK =
∑
k

ξk

(
ĉ†kĉk −

1

2

)
+
∑
k

(
∆kĉ

†
kĉ
†
−k + ∆∗kĉ−kĉk

)
, (4.10)

with ξk = −(µ+2t cos(k)), ∆k = i∆ sin(k). Note that the pairing ∆k is an odd function

of the quasimomentum, a signature of p-wave superconductivity. By introducing the

Nambu spinor Ψ̂k = (ĉk, ĉ
†
−k)

T , Eq. (4.10) can be written in matrix form as

ĤK =
1

2

∑
k

Ψ̂†kH(k)Ψ̂k, (4.11)

with

H(k) =

(
ξk 2∆k

2∆∗k −ξk

)
. (4.12)

The excitation spectrum is readily obtained as

Ek,± = ±1

2

√
ξ2
k + 4|∆k|2 = ±1

2

√
(µ+ 2t cos(k))2 + 4∆2 sin(k)2. (4.13)

For ∆ 6= 0, the gap of the excitation spectrum is almost always non-zero, except when

both terms inside the square root vanish simultaneously. The first term is zero at the

Fermi wavevectors ±kF , where µ+2t cos(kF ) = 0. The pairing term, on the other hand,

vanishes for k = 0 and k = ±π. This means that the gap closes whenever the Fermi

wavector is at the center or at the edges of the Brillouin zone. These conditions take

place when the chemical potential is tuned to be µ = −2t or µ = +2t, respectively. This

gap closing signals the topological phase transition where Majorana fermions cease to

exist. For µ → −∞ the system is adiabatically connected to a trivial vaccum and for

µ→∞ to a completely filled band.

4.2.2. Nanowire with Rashba spin-orbit coupling and Zeeman

interaction: a solid-state implementation

Refs. [73, 74] are probably the most influential theoretical proposals to engineer to-

pological superconductivity in one dimension. We here focus on the model introduced

in Ref. [73], which basically needs three main ingredients: induced s-wave supercon-
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ductivity in a one-dimensional semiconducting wire, Rashba spin-orbit coupling and an

external Zeeman field. The Bogoliubov-de Gennes Hamiltonian describing the system

is given by

Ĥ =
1

2

∫
dxΨ̂†(x)

[(
−~2∂2

x

2m∗
− µ

)
τzσ0 + i~αSO∂xτzσz +Bxτ0σx + ∆τxσ0

]
Ψ̂(x),

(4.14)

where the spinor is given by Ψ̂(x) = (ψ↑(x), ψ↓(x), ψ†↓(x),−ψ†↑(x))T , with ψ↑,(↓)(x) the

electronic annihilation operator of spin up (down) at position x. The Pauli matrices

τx,y,z (σx,y,z) and the identity τ0 (σ0) act in particle-hole (spin) space. Here m∗ stands

for the effective mass of the semiconductor, µ is the chemical potential, αSO determines

the strength of the spin orbit coupling field (chosen to be in the z-direction), Bx is the

Zeeman field (chosen along the x-direction) and ∆ is the proximity induced supercon-

ducting gap. The bulk spectrum of the wire can be easily obtained by expressing the

fermionic fields in momentum space as

ψσ(x) =
1√
2π~

∫
eipx/~φσ(p)dp.

By doing so, the Hamiltonian takes the form

Ĥ =
1

2

∫
dpΦ̂†(p)h(p)Φ̂(p), (4.15)

with

h(p) =

(
p2

2m∗
− µ

)
τzσ0 − αSOpτzσz +Bxτ0σx + ∆τxσ0 (4.16)

and

Φ̂(p) = (φ↑(p), φ↓(p), φ
†
↓(−p),−φ†↑(−p))T =

1√
2π~

∫
e−ipx/~Ψ̂(x)dx. (4.17)

Via a straightforward eigenvalue calculation, the spectrum of h(p) is found to be

E2
±(p) =

(
p2

2m
− µ

)2

+ α2
SOp

2 + ∆2 +B2
x ± 2

√(
p2

2m
− µ

)2

(B2
x + α2

SOp
2) + ∆2B2

x.

(4.18)

It is instructive to start analyzing this problem by first considering the case without

superconducting correlations ∆ = 0. Under this assumption, the spectrum reduces to

a couple of electronic bands described by

ε±(p) =
p2

2m
− µ±

√
α2

SOp
2 +B2

x. (4.19)
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The corresponding eigenstates are given by

φ+(p) = cos(θp/2)φ↑(p) + sin(θp/2)φ↓(p) (4.20)

φ−(p) = sin(θp/2)φ↑(p)− cos(θp/2)φ↓(p),

where

cos(θp) = − αSOp√
B2
x + α2

SOp
2

sin(θp) =
Bx√

B2
x + α2

SOp
2
. (4.21)

The bandstructure is depicted in Fig. 4.2 for different values of the magnetic field

and µ = 0. The color scale indicates the projection of the corresponding eigenspinors

along the z-direction (the quantization axis of the Rashba spin-orbit field). One can

easily check that the spin texture of the eigenstates can be entirely described by the

parameters defined in Eq. (4.21), since

〈φ±(p)|σz|φ±(p)〉 = ± cos(θp) 〈φ±(p)|σx|φ±(p)〉 = ± sin(θp). (4.22)

In Fig. 4.2(a) we show the dispersion relation in the absence of a magnetic field

Bx = 0. It consists on two shifted parabolas for the spin down and spin up electrons

along the direction of the spin-orbit field. Since the system is time-reversal symmetric,

there is Kramers degeneracy at any given energy. In Fig. 4.2(b) a small Zeeman field

perpendicular to the Rashba axis is switched on, opening a gap of magnitude 2Bx

at p = 0. Generically, if the chemical potential is placed inside that gap (|µ| < Bx),

the system will host only one pair of Fermi points. Whenever this occurs, a sort of

“spinless”superconductivity could be induced by the proximity effect, since there is

only one effective spin texture within those energies (with a spin direction that de-

pends on momentum). The dependence of the spin direction with momentum is indeed

crucial because s-wave superconducting correlations will only be able to pair up the

components of the spins which are anti-parallel. In Fig. 4.2(c) the magnetic field is

further increased, enforcing the eigenspinors within each band to be even more aligned

or anti-aligned along the magnetic field direction.

With the aim of gaining some insight into how superconducting correlations affect

the bandstructure described above, it is useful to rewrite Eq. (4.15) in the basis that

diagonalizes the system for ∆ = 0. By doing so, the Hamiltonian takes the form

Ĥ =

∫
dp
[
ε+(p)φ†+(p)φ+(p) + ε−(p)φ†−(p)φ−(p)

]
+

∫
dp∆s

(
φ†+(p)φ†−(−p) + φ−(−p)φ+(p)

)
+

∫
dp

∆p

2

(
φ†+(p)φ†+(−p) + φ†−(p)φ†−(−p) + h.c.

)
, (4.23)
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Figure 4.2: Band structure of the spin-orbit coupled nanowire with an external magnetic field
Bx and µ = 0 [see Eq. (4.19)]. The color scale indicates the projection of the corresponding
eigenspinors along the z-direction (the quantization axis of the Rashba spin-orbit field). (a)
Bx = 0. The parabolas are spin-split in the two polarizations given by the spin-orbit field. (b)
Small Bx compared to αSOpF , with pF the Fermi momentum. The magnetic field opens a gap
at p = 0 lifting the spin-degeneracy. The Fermi points are marked as ±pF . (c) Bx > αSOpF , the
eigenspinors increase their alignment along the magnetic field quantization axis.

with

∆s =
Bx∆√

B2
x + α2

SOp
2

∆p = − αSOp∆√
B2
x + α2

SOp
2
, (4.24)

and where ε±(p) have been previously defined in Eq. (4.19). In this new basis, it

becomes clear that superconducting correlations can lead to the emergence of both

s-wave pairing (the interband terms ∆s) and p-wave pairing (the intraband terms ∆p)

in the nanowire. In the limit of large Zeeman splitting Bx � αSOpF and |µ| < Bx (see

Fig. 4.2(c)), the low energy physics can be well described by the φ− fields (recall that

the gap with the high-energy band increases as 2Bx). Within this regime the φ+ fields

can be dropped out of the problem and the Hamiltonian can be approximated as

Ĥ ≈
∫
dp

[(
p2

2m
− µ−Bx

)
φ†−(p)φ−(p)− αSOp∆

Bx

(
φ†−(p)φ†−(−p) + φ−(−p)φ−(p)

)]
,

(4.25)

which nicely emulates the continuum limit of the Kitaev spinless chain. A finite nano-

wire in the large magnetic field regime should then be able to host Majorana bound

states at its ends.

For an arbitrary set of parameters, the entire BdG spectrum can be studied by

analyzing Eq. (4.18). Recall that within this formalism the number of bands is doubled,

but there are still only two independent solutions (particle–hole symmetry forces the

positive and negative energy solutions to be identical, as explained in Appendix A). By

direct inspection, one can show that for any finite ∆, the spectrum is always gapped
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except for a single gap closing point occurring at p = 0 for a critical field Bc such that

B2
x = B2

c = µ2 + ∆2. (4.26)

The closing and reopening of this gap actually indicates the existence of a topological

phase transition between a trivial superconductor (|Bx| <
√
µ2 + ∆2) and a topological

superconductor (|Bx| >
√
µ2 + ∆2) [73, 78]. For completeness, we show in Fig. 4.3 how

the BdG spectrum with a finite value of ∆ evolves as a function of the mangetic field

Bx. We have chosen parameters such that αSOpF � Bc. In the upper panels µ = 0 and

in the lower panels µ = 3.2 ∆. At Bx = Bc the low momentum gap closes signaling the

topological phase transition.

Figure 4.3: Bogoliubov de Gennes spectrum described by Eq. (4.18) and a finite BCS pairing
∆ 6= 0. In the upper panels µ = 0 and in the lower panels µ = 3.2 ∆. The magnetic field is
increased from left to right. The critical field for each choice of the chemical potential Bc =√
µ2 + ∆2 signals the gap closing point at p = 0.

4.3. A three-terminal junction with a central flux

The case of study in this section will be a three-terminal Josephson junction threa-

ded by an external magnetic flux through its central scattering region, as the one

illustrated in Fig. 4.4. We are interested in studying how the phase averaged trans-

conductance of this device evolves when changing the terminals from being in a trivial

superconducting state to a topological one. The Hamiltonian of the Josephson tri-

junction is given by Ĥ =
∑3

ν=1 Ĥν +ĤT where Ĥν is the Hamiltonian of the lead ν and

ĤT describes the Josephson tunneling. We will use a spatially discretized version of
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Figure 4.4: Scheme of a Josephson tri-junction threaded by an external magnetic flux Φ. The
superconducting leads (with phases ϕν) have Rashba spin-orbit coupling and can be driven into
a topological (Majorana) regime by an in plane magnetic field Bx.

the continuum model described in Subsec. 4.2.2 with N →∞ lattice sites to describe

the leads:

Ĥν =
1

2

N−1∑
j=0

Ψ̂ν†
j HνΨ̂

ν
j +

1

2

N−2∑
j=0

[
Ψ̂ν†
j TνΨ̂

ν
j+1 + Ψ̂ν†

j+1T
†
ν Ψ̂ν

j

]
, (4.27)

with the four component spinor in site j defined as Ψ̂ν
j = (cνj↑, c

ν
j↓, c

ν†
j↓,−cν†j↑)T in the

BdG representation. In this expression, the matrices acting on the spinor fields are

defined as

Hν = (2t− µ)τzσ0 +Bxτ0σx + ∆τxσ0 ,

Tν = −tτzσ0 + iατzσz, (4.28)

where t is the hopping matrix element, µ is the chemical potential, ∆ is the proximity

induced superconducting order parameter, α is the spin orbit-coupling strength and Bx

the Zeeman field. In terms of the original continuous model, t = ~2

2m∗d2 and α = ~αso
2d

,

with d the lattice spacing. The junction’s tunneling Hamiltonian ĤT couples the leads

only through their end site, as pictured in Fig. 4.4. To simplify the notation we redefine

Ψ̂1
N−1 ≡ Ψ̂1, Ψ̂2

0 ≡ Ψ̂2 and Ψ̂3
N−1 ≡ Ψ̂3 and then write

ĤT =
1

2

∑
ν≤ν′

[
Ψ̂ν†Tνν′Ψ̂ν′ + Ψ̂ν′†T †νν′Ψ̂ν

]
, (4.29)

Tνν′ =
(

Γνν′e
i(τz⊗σ0)[

ϕν−ϕν′
2

−δν1δν2Φ] + δνν′U
)
τz ⊗ σ0,

with T †νν′ = Tν′ν . The dimensionless parameter Φ describes a magnetic flux threading

the junction (in units of the normal flux quantum Φ0 = h/e) which has been included

entirely in the link between terminals 1 and 2. We have also added an on-site surface

energy U . In order to select reasonable parameters, we first choose the lattice spacing

to be d = 2 nm and the effective mass m∗ ' 0.02me (based on the one of InAs),
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Figure 4.5: Density of states ρνν(ω) at the end of each uncoupled nanowire (Γνν′ = 0) as a

function of the in-plane Zeeman field Bx (expressed in units of the critical field Bc =
√
µ2 + ∆2).

The Hamiltonian’s parameters are the ones described in the main text. For Bx > Bc a well
developed zero energy peak emerges, signaling the presence of the Majorana bound state.

which yields the nearest-neighbour hopping t = 0.425 eV. We estimate α ' 10 meV,

consistent with the measurements of Refs. [79, 80] of a spin-orbit interaction length

lSO ≈ 100 nm. In the calculations we refer the energy scale to the superconducting gap

∆ = 0.2 meV. The chemical potential is chosen to be near the bottom of the leads’ band

µ = 3.2∆, where the continuum model works the best. We have also taken U = −t
with the purpose of shifting the energy of the states living at the edge of each chain

closer to the Fermi level. By doing so, we increase the probability of finding zero energy

crossings in the Andreev level spectrum. This fine tuning will be relevant to find finite

transconductances only in the topologically trivial phase of the wires but is completely

irrelevant in the Majorana phase. We show in Fig. 4.5 the density of states at the end of

each uncoupled nanowire (Γνν′ = 0) as a function of the in-plane Zeeman field Bx. The

parameters of the nanowires’ Hamiltonian are the ones chosen above. This magnitude

is obtained as

ρνν(ω) = − 1

π
ImTr[ǧrνν(ω)], (4.30)

where ǧrνν(ω) is the retarded Green’s function of the last site of lead ν and with the trace

acting in both particle-hole and spin spaces. These Green’s functions are calculated by

using a standard decimation procedure, as discussed in Appendix 4.5. The local density

of states reveals the closing and reopening of the gap of the leads at the critical field

Bx = Bc in a similar fashion as what was obtained for the continuum model (see

lower panels of Fig. 4.3). For magnetic fields Bx > Bc a well-defined zero energy peaks

develops, signaling the presence of the Majorana bound states living at the end of each

wire.



4.3 A three-terminal junction with a central flux 69

4.3.1. Phase averaged transconductance

The phase averaged transconductance of this multiterminal device can be computed

as already discussed in Sec. 2.4.2. Within this model, the expression obtained in terms

of the winding number of the entire BdG Green’s function of the system [see Eqs. (2.53)

and (2.54)] can be further manipulated so as to be written only as a function of the

projected junction’s Green function involving the end sites of the nanowires

GJ(ω) = (g−1(ω)− T )−1, (4.31)

where T is the tunneling Hamiltonian as defined in Eq. (4.29) and g(ω) is a 12 × 12

block diagonal matrix representing the Green’s function of the uncoupled end sites of

the terminals [see Eq. (4.46) in Sec. 4.5]. The averaged transconductance of the model

is found to be

Gνν′ = −2e2

h

1

8π2

∫ 2π

0

d2ϕ

∫
dω (4.32)

× TrJ

[
∂ϕν′T · GcJ · ∂ϕνT · ∂ωGcJ − ν ′ ↔ ν

]
,

where GcJ stands for the causal (time-ordered) Green’s function of the junction and the

trace TrJ acts locally on the junction’s states.

+2

-2 -1

+1

Figure 4.6: (a) Zero temperature average transconductance G12 obtained from Eq. (4.32)
as a function of the external flux Φ and the in-plane Zeeman field Bx (in units of the critical

field Bc =
√

∆2 + µ2). (b) G12 as a function of the external flux Φ for different values of Bx.
Notice that the effective pumped charge q? changes from 2e to e when Bx becomes larger that
Bc (p-wave or Majorana phase).

Figure 4.6 summarizes the main result of the present chapter: in panel (a) we show

a color map of the transconductance at zero temperature obtained from Eq. (4.32) as

a function of the external flux Φ and the in-plane Zeeman field Bx and in panel (b)



4.3 A three-terminal junction with a central flux 70

representative cuts of this color map for fixed Bx. For simplicity, all the leads have

been chosen to be coupled with the same tunneling amplitude Γνν′ = 100∆.

For Bx = 0 the transconductance jumps between quantized values of ±4e2/h and

zero, indicating the presence of four spin-degenerate zero energy Weyl points that

develop in the junction’s spectrum as a function of the external flux. The fluxes where

these singularities emerge are denoted as Φ
(i)
c for i = 1, 2, 3, 4 and marked with arrows

in Fig. 4.6(b). As Bx increases, the quantization does not persist at all flux values (see

for example the functional dependence of the transconductance at Bx = 0.5Bc in panel

(b)). This can only be due to the presence of band overlaps in the spectrum that close

the gap at the Fermi level, as we shall show next in Subsec. 4.3.2. At this point, we would

like to emphasize that in this entire region Bx < Bc the independent contributions to

the transconductance of both the ABS and the continuum spectrum are non trivial and

that our method adds them up to give the correct value. The most striking result shown

in Fig. 4.6 is manifested for Bx > Bc, where the transconductance only takes quantized

values of ±2e2/h. For these fields, Majorana degrees of freedom emerge at the ends of

the nanowires (see Fig. 4.5), with an effectively spinless superconductivity which causes

the pumped charge q? to be the one of the single electron. As already anticipated, this

is clearly reflected in the exact calculation of the phase averaged transconductance.

4.3.2. Andreev bound states

Bx = Bc Bx = 2 Bc

Bx=0.5 BcBx=0

Figure 4.7: (Color online) Andreev subgap spectrum along the path ϕ2 = −ϕ1 as a function
of the Zeeman field Bx for µ = 3.2∆ and spin orbit coupling α = 50∆. The central magnetic flux

was taken to be Φ
(1)
c = 0.53.
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In order to better understand these results, we show in Fig. 4.7 the spectral density

of the tri-junction A(ω) = −1/π Im[Tr(GrJ(ω))] along the path ϕ2 = −ϕ1 for different

values of Bx, where GrJ(ω) stands for the retarded junction Green’s function. The

external magnetic flux was taken to be Φ
(1)
c = 0.53, which corresponds to the first

critical flux where a Weyl point appears in the ABS spectrum at zero magnetic field.

As Bx increases, the spin degeneracy is lifted and the ABS overlap making the

transconductance to be not quantized. At the critical field Bc =
√

∆2 + µ2 the super-

conducting gap closes and for Bx > Bc a zero energy flat band emerges. The existence

of this dispersionless state can be traced, as discussed below, to the fact that in the

p-wave regime, Majorana modes γ̂ν develop at the end of each lead ν. Only two disper-

sive ABS coexist inside the gap with the Majorana band. Notice that in this 3-terminal

setup, no further requirement beyond thermal occupation is needed in order to observe

the 2e2/h quantization since for any flux aside from the critical ones the two ABS never

touch in the Majorana phase.

Bx=0 Bx=0.5 Bc

Bx = Bc
Bx = 1.5 Bc

Figure 4.8: Andreev subgap spectrum along ϕ2 for ϕ1 = 2π as a function of the Zeeman field
Bx for µ = 3.2∆ and spin orbit coupling α = 50∆. The central magnetic flux was taken to be
Φ = 0.

In Fig. 4.8 we show the spectral density along a different path (ϕ1 = 2π) as a

function of the Zeeman field for no external flux (Φ = 0). Here, it becomes clear that

the jump in the transconductance from −2e2/h to 2e2/h for Bx > Bc can be traced

back to the emergence of a pseudo-spin 1 Dirac-Weyl point, as it is apparent in the

figure for Bx = 1.5Bc. In this condition, when the external magnetic flux is turned

on, it breaks the degeneracy between the two ABS, making them detach from the zero
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energy (Majorana) solution.

We notice that there are situations where the ABS are not detached from the

continuum but they merge into it in the form of resonances (see Figs. 4.7 and 4.8)—

this is so even in the Majorana regime (not shown). These mergings do not change

the Green’s function winding number since when two states become degenerate the

Chern number of each one may change but their sum remains constant [81]. Hence, all

changes in the quantized phase averaged transconductance presented in the topological

phase diagram of Fig. 4.6 are due to the occurrence of crossings or Weyl points in the

Andreev spectrum at zero energy.

4.3.3. Low energy model for the Kitaev regime

For Bx � Bc, i.e. deep into the Kitaev regime, a simple low energy model helps to

describe and analyze the results. We first consider the degrees of freedom at the edge

of each chain as spinless fermions, so that the tunneling Hamiltonian takes the form

Heff
T (ϕ1, ϕ2) = Γ12e

i(ϕ1−ϕ2
2
−Φ)ĉ†1ĉ2 + Γ23e

i
ϕ2
2 ĉ†2ĉ3 + Γ31e

−iϕ1
2 ĉ†3ĉ1 + h.c.,

where ĉν annihilates a fermion at lead ν. We can further project this Hamiltonian into

the low energy Majorana basis by considering that ĉ1 ∼ u1γ̂1/2, ĉ2 ∼ iu2γ̂2/2 and

ĉ3 ∼ u3γ̂3/2 (with uν real Majorana wavefunctions at lead ν) so that

Heff
T (ϕ1, ϕ2) ' it12γ̂1γ̂2 + it23γ̂2γ̂3 + it13γ̂1γ̂3, (4.33)

with t12 = Γ̃12 cos((ϕ1 − ϕ2)/2 − Φ), t23 = −Γ̃23 cos(ϕ2/2), t13 = Γ̃13 sin(ϕ1/2) and

Γ̃ij = Γijuiuj/2. By defining a fermion operator as f̂ = (γ̂1 + iγ̂2)/2 and a spinor field

F̂ = (f̂ ,− γ̂3√
2
,−f̂ †), this effective Hamiltonian can be rewritten as

Heff
T = F̂ †b · SF̂ , (4.34)

with b = (t23, t13, t12) and S = (Sx, Sy, Sz) a vector of the spin 1 matrices

Sx =
1√
2

0 1 0

1 0 1

0 1 0

 Sy =
1√
2

0 −i 0

i 0 −i
0 i 0

 Sz =

1 0 0

0 0 0

0 0 −1

 . (4.35)

This Hamiltonian possess two particle-hole symmetric eigenvectors |ψ±〉 with energies

E± = ±|b| = ±
√
t212 + t213 + t223, which correspond to a finite energy fermion (two

Majorana degrees of freedom are paired up), and one zero-energy solution (E0 = 0,

the flat band) that is nothing but an “unpaired”Majorana mode living in the junction.

The eigenstates become triply degenerate at zero energy only at the specific values
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of the superconducting phases and fluxes which make t12 = t23 = t13 = 0, namely

ϕ1 = 2n1π, ϕ2 = (2m2 + 1)π and Φ = lπ with n1, n2, l ∈ Z. When these parameters

are tuned, the gap between the ± states closes in the form of a spin-1 Dirac Weyl

point. This low energy Hamiltonian is then able to account for what we observe in the

complete spectral density of the junction in the last panel of Fig. 4.8 (Bx = 1.5Bc).

Having expressed the Hamiltonian in terms of the spin-1 representation of the SU(2)

generators, it is possible to compute the Berry curvature and Chern numbers of the

model by only using the effective field b. As shown in Ref. [82], the Chern numbers of

these type of three band models can be obtained as

C± = ∓ 1

2π

∫
b̂ · (∂ϕ1 b̂× ∂ϕ2 b̂)dϕ1dϕ2, (4.36)

where b̂ = b/|b| and C± are the topological indexes of the corresponding ± states1. The

Chern number of the zero energy flat band is strictly zero (C0 = 0). Even though the

effective Hamiltonian is 4π periodic, the Berry field is 2π periodic, so when integrated

over the original Brillouin zone it is expected to give a quantized number. We find

that the Chern number of the occupied band changes from −1 to +1 when varying the

external magnetic flux as

C− = sign[sin(Φ)]. (4.37)

This behavior emulates what we have obtained for Bx > Bc in Fig. 4.6, so we can

conclude that the phase averaged transconductance G12 = −2e2

h
C− can be well appro-

ximated by this simple model.

4.3.4. Topological Hamiltonian as a useful tool: contributions

from the ABS and the continuum states.

It was recently stated that, under quite general assumptions, all the topological

information of the total G(ω) of a system is encoded in the the so called “topological

Hamiltonian”defined as Htop ≡ −G−1(ω = 0) [83, 84]. Notice that in the absence of

states at the Fermi level this is a well defined hermitian operator, since the self energy

Σ(ω = 0) has no imaginary part. The key idea is that the entire G(ω) can be smoothly

deformed to Geff(ω) = [ω+G−1(ω = 0)]−1 preserving its topology. In this case, it is easy

to prove that the winding number of the Green’s function in a given parameter space

(ϕ1, ϕ2) can be calculated with the Chern numbers associated to each of the eigenstates

|ψn〉 of Htop as

N12 =
∑
nεocc

Cn12, (4.38)

1Note that there is a factor 2 difference in Eq. (4.36) compared to the expression derived for
two-level systems [see Eq. (2.21)].
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where the sum runs over all occupied states and

Cn
12 =

1

2π

∫ 2π

0

dϕ1

∫ 2π

0

dϕ2

[
i〈∂ϕ1ψn|∂ϕ2ψn〉 − (ϕ1↔ϕ2)

]
. (4.39)

This theoretical tool provides a much simpler way of obtaining the topological inva-

riants without the need of an integral over frequency space [see Eq. (4.32)].

In the case of Josephson junctions, the eigenstates resulting from diagonalizing

HJ
top ≡ −G−1

J (ω = 0) should then reflect the topological nature of both the Andreev

subgap structure and the continuum states above the superconducting gap, as we shall

show below. There is only one caveat: the method is only applicable in our system

for in plane magnetic fields below the critical value Bx < Bc, since for larger fields

–after the topological transition– an unpaired Majorana emerges at zero energy (the

“flat band”). In this case, the Green’s function is singular at ω = 0 and hence, not

invertible.

Figure 4.9: Upper panels show the spectral density of the three terminal Josephson junction
in the spin degenerate case (Bx = 0) along the path ϕ2 = −ϕ1 for different fluxes threading
the central scattering region between the leads (a) Φ = 0, (b) Φ = 0.3 and (c) Φ = 0.53.
Lower panels (d), (e) and (f) show the eigenvalues of HJ

top(ϕ) = −G−1
J (ω = 0) for this same

path with the same corresponding fluxes. Solid lines indicate the bands topologically connected
with the Andreev bound states and dashed lines indicate the eigenvalues bearing the topological
information of the continuum states.

In the upper panels of Fig. 4.9 we present the spectral density of the trijunction

A(ω) = −1/π Im[Tr(GrJ(ω))] along the path ϕ2 = −ϕ1 for different values of the flu-

xes threading the central scattering region between the superconducting leads. The
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in plane magnetic field was chosen to be zero (Bx = 0) so that the eigenenergies are

spin degenerate. The lower panels show the outcome of diagonalizing the topological

Hamiltonian for the corresponding fluxes. Six particle-hole symmetric and spin dege-

nerate bands are present. The eigenvalues in solid lines, which are closer to the Fermi

level, should possess the topological information of the Andreev subgap states, while

the dashed eigenvalues should represent the continuum states. Note that even though

the energy scale is very different to the original one, the touching of the lowest ABS

with the continuum at ϕ1 = ϕ2 = 0 and zero external flux Φ = 0 [see Figs. (a) and

(d)] is accurately described, as well as the closing of the gap between the ABS at the

first critical flux Φ = Φ
(1)
c = 0.53 [see Figs. (c) and (f)].

Figure 4.10: Chern numbers C12 of the Andreev bound states (ABS) and the continuum
states. The lower panel shows the sum of both contributions.

In Fig. 4.10 we show the Chern numbers of these bands as a function of the external

flux Φ. The Chern associated to the ABS (upper panel in Fig. 4.10) is obtained from

the band closer to the Fermi level, while the one related to the continuum (middle

panel in Fig. 4.10) is just the sum of the Cherns of the two lower bands in Fig. 4.9.

All of them are spin degenerate and, as a result, they lead to a simple factor 2 in



4.4 Conclusions 76

their respective topological invariants. The sum of this contributions (lower panel in

Fig. 4.10) is precisely the winding number of the full frequency dependent Green’s

function obtained in the main text, revealing the validity of the method. Notice also

that the contribution from the ABS agree well with the calculation of Ref. [48].

This same procedure can be done for every 0 < Bx < Bc, where the spin degene-

racy is lifted. The topological Hamiltonian HJ
top possesses in this case twelve different

particle-hole symmetric eigenvalues. In this regime, the contribution from the conti-

nuum states and the Andreev levels cannot be separated, since the gap closing makes

one of the ABS merge with the continuum. Nonetheless, the sum of all contributions

up to the Fermi level correctly recovers the phase diagram presented in Fig. 4.6(a) for

0 < Bx < Bc.

4.4. Conclusions

By expressing the phased average transconductance of a multi-terminal JJ in terms

of the Green’s function of the junction, we have calculated the topological phase dia-

gram of a 3-terminal junction that completely describes the transition of the super-

conducting terminals from the trivial to the Majorana regime within a simple spinful

model. In the former case we found that transconductance is quantized in units of

4e2/h, whenever the ABS spectrum is gapped, while in the latter it is in units of

2e2/h. This is consistent with a change of the pumped charge over a Josephson period

from 2e to e. Notably, in our odd-terminal setup this occurs under thermal occupation

conditions—this is not the case in 4-terminal JJ, see [85].

As mentioned above, the Green’s function formalism used to calculate the winding

number turns out to be essential to properly account for the contribution of both the

Andreev subgap levels and the continuum states which are, in general, unavoidably

mixed. In addition, this method possesses several important advantages. On the one

hand, it can in principle incorporate the effect of interactions, provided a good appro-

ximation for the single particle Green’s function is obtained. On the the other hand,

the method could easily incorporate microscopic details of the junction through more

realistic calculations of the junction’s Green’s functions that might be relevant for a

proper comparison with experimental data.
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4.5. Appendix A: Boundary Green’s functions of

the uncoupled leads by decimation.

The spinful boundary Green’s function of each one of the leads is obtained by a

numerical decimation procedure applied to the Hamiltonian

Ĥ=
1

2

N−1∑
j=0

Ψ̂†jHΨ̂j +
1

2

N−2∑
j=0

[
Ψ̂†jT Ψ̂j+1 + Ψ̂†j+1T

†Ψ̂j

]
, (4.40)

where the four component spinor in site j is defined as Ψ̂j = (cj↑, cj↓, c
†
j↓,−c†j↑)T in the

BdG representation and

H = (2t− µ)τz ⊗ σ0 +Bxτ0 ⊗ σx + ∆τx ⊗ σ0 ,

T = −tτz ⊗ σ0 + iατz ⊗ σz. (4.41)

where t is the hopping matrix element, α the spin orbit-coupling and Bx the Zeeman

field. The Pauli matrices τa (σa) and the identity τ0 (σ0) act in particle-hole (spin)

space.

The decimation procedure iteratively eliminates at each step of the Green’s fun-

ctions equations of motion of even sites of the chain, eventually encapsulating nume-

rous sites through a recursion relation using renormalized parameters. Assuming the

initial undressed Green’s functions of the left boundary gL0 (ω), the bulk gB0 (ω) and the

right boundary gR0 (ω) are all the same and equal to (ω − H)−1, at step n ≥ 1 of the

decimation they take the form

gLn (ω) =
[
(gLn−1(ω))−1 − Tn−1g

B
n−1(ω)T †n−1

]−1

, (4.42)

gBn (ω) =
[
(gBn−1(ω))−1 − Σn−1(ω)

]−1
, (4.43)

gRn (ω) =
[
(gRn−1(ω))−1 − T †n−1g

B
n−1(ω)Tn−1

]−1

, (4.44)

where the renormalized hoppings are given by

Tn = Tn−1g
B
n−1(ω)Tn−1,

T †n = T †n−1g
B
n−1(ω)T †n−1 (4.45)

and Σn−1(ω) = Tn−1g
B
n−1(ω)T †n−1 + T †n−1g

B
n−1(ω)Tn−1. The initial tunneling is just the

undressed one Tn=0 = T [see Eq. (4.41)]. For sufficiently large n, each of these Green’s

functions accurately represent the left and right boundary of a semi-infinite chain

(gL(ω) and gR(ω) generally not equal in topological systems) and the bulk of an infinite

one (gB(ω)).
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These boundary Green’s functions are used to construct the three terminal junction

Green’s function (see Fig. 4.4) as Gr/aJ (ω) = (g−1(ω±iη)−T )−1, where the supraindexes

r/a stand for retarded and advanced respectively, g(ω) is a 12×12 block diagonal matrix

of the form

g(ω) =

 g11(ω) 0 0

0 g22(ω) 0

0 0 g33(ω)

 , (4.46)

and T is the tunneling between the leads as described in Eq. (4.29). In Eq. (4.46)

each gνν(ω) represents the Green’s function at the end site of lead ν which is obtained

after the decimation procedure converges. We have taken g11(ω) = g33(ω) = gR(ω) and

g22(ω) = gL(ω). The Feynman Green’s function used to calculate the winding number

is then defined as

GcJ(ω) = GrJ(ω) + f(ω)
(
GaJ(ω)− GrJ(ω)

)
, (4.47)

with f(ω) the Fermi-Dirac distribution function.
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Resumen del Caṕıtulo 4

En este caṕıtulo estudiamos las propiedades de multijunturas Josephson compuestas

de superconductores topológicos. En particular, nos preguntamos si las transconduc-

tancias de estos dispositivos pueden revelar la existencia de una fraccionalización en

la carga efectiva transportada entre terminales. Los superconductores topológicos son

una clase de materiales superconductores que poseen excitaciones de enerǵıa cero loca-

lizadas en sus bordes, conocidas como cuasipart́ıculas de Majorana. Estos modos son

Bogoliubones polarizados en esṕın con igual peso en su componente electrónica y en

su componente de hueco, de manera tal que pueden ser interpretados como su propia

antipart́ıcula. En dispositivos superconductores, estas cuasipart́ıculas tienen enerǵıa

exactamente igual a cero y están separadas de otras excitaciones convencionales por

una brecha de enerǵıa finita (es por eso que también son conocidas como modos cero de

Majorana). En la Sección 4.2 se presenta una de las plataformas más sencillas capaces

de albergar estados ligados de Majorana: la cadena unidimensional de Kitaev, donde

fermiones sin esṕın se aparean con correlaciones superconductoras de tipo p. Asimismo,

se muestra cómo las propiedades de este modelo de juguete se pueden simular de forma

efectiva en un dispositivo de estado sólido realista, en donde se inducen correlaciones

superconductoras por efecto de proximidad en un cable semiconductor con acoplamien-

to esṕın-órbita de tipo Rashba al que se le aplica un campo Zeeman externo. En esta

heterostructura h́ıbrida, los parámetros pueden ser controlados externamente de ma-

nera tal que es posible sintonizar al sistema tanto en el régimen de superconductor

topológico como en el régimen trivial, pasando por una transición de fase topológica

entre los dos estados. En la Sección 4.3 usaremos este modelo particular para descri-

bir las terminales superconductoras de una trijuntura Josephson que es sometida a

un flujo magnético externo en su región central. La transconductancia promediada en

fase en este dispositivo es calculada usando el invariante topológico presentado en el

Caṕıtulo 2. Se analiza el comportamiento de esta magnitud al cambiar continuamen-

te los parámetros de manera tal que los reservorios evolucionan desde un régimen s

convencional hasta un régimen topológico con fermiones de Majorana en sus extremos.

En la Subsección 4.3.1 mostramos resultados numéricos que indican que en el régimen

no-topológico de los reservorios la transconductancia presenta valores cuantizados en

unidades de 4e2/h mientras que en el régimen con Majoranas la cuantización es en uni-

dades de 2e2/h. Esta fenomenoloǵıa es consistente con el hecho de que, en presencia de

Majoranas, los grados de libertad de baja enerǵıa se encuentran polarizados en esṕın.

En la Subsección 4.3.2 se analiza la densidad espectral de la trijuntura en función de los

parámetros del modelo, permitiendo de esta manera comprender los resultados de las

transconductancias en términos de la aparición y evolución de singularidades de Weyl

en el espectro de niveles de Andreev. En la Subsección 4.3.3 se introduce un modelo
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de baja enerǵıa de la juntura que es capaz de reproducir los resultados de las simu-

laciones numéricas cuando las terminales se encuentran en el régimen con Majoranas.

En la Subsección 4.3.4 presentamos una herramienta teórica muy útil para obtener el

invariante topológico de la juntura Josephson cuando los reservorios se encuentran en

el régimen trivial (dominado por las correlaciones de tipo s). Finalmente, en la Sec-

ción 4.4 presentamos las conclusiones y algunos comentarios finales. Los resultados de

este caṕıtulo fueron publicados en la Ref. [34].



Chapter 5

Superconducting correlations at the

edge of a quantum Hall insulator

5.1. Introduction and motivation

Until now our study has been mainly focused on how to engineer topological pro-

perties of Bogoliubov quasiparticle states living at the central scattering region of

multi-terminal superconducting junctions. In these Josephson devices, the geometrical

properties of the Bogoliubons (defined in an artificial parameter space spanned by the

superconducting phase differences of the reservoirs) may lead to unusual transport pro-

perties between different terminals. From this chapter forward, we will take a different

approach by studying transport properties of junctions between an already non-trivial

topological material and a superconductor. In particular, we will be interested in na-

nostructures where the edges of a quantum Hall topological insulator are proximitized

with superconducting materials. The realization of hybrid structures where these two

effects coexist has recently become an active field of research. As a matter of fact, the

possibility of marrying superconductivity with the quantum Hall effect may bring to

the table a plethora of novel physical phenomena: from the emergence of Andreev edge

states [86, 87] and edge state mediated crossed Andreev conversion [20, 88] to realiza-

tions of non-Abelian anyons [89, 90] and chiral Majorana fermions [91, 92]. From an

experimental point of view, the coexistence of these two effects can be achieved for

magnetic fields which are small enough so as not to break the superconducting pairing

completely but high enough so as to be able to set the normal part of the sample deep

into the quantum Hall regime (low filling fractions). Although challenging, this has

been shown to be feasible in a series of recent experiments [18, 19, 22–24, 93, 94] where

superconducting correlations were successfully induced at the edges of integer quantum

Hall samples, paving the way to a new generation of such promising hybrid devices.

The purpose of the present chapter is to introduce the basic physics taking place

81
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at the interface between these two well-known states of matter. In Sec. 5.2 we will

show how the conventional edge states of a quantum Hall sample emerge in a finite

nanoribbon geometry and discuss how this picture is modified when contacting the

edge of such samples with an s-wave superconductor. Electronic and hole-like degrees

of freedom in the QH region are effectively coupled via the Andreev reflection mecha-

nism, generating new hybrid electron-hole states known as chiral Andreev edge states

(CAES). In Sec. 5.2.2 we will show how the presence of these CAES could be detected

in a multiterminal setup with both normal and superconducting leads. In Sec. 5.3 we

will go one step further and analyze how an equilibrium supercurrent of Cooper pairs

may develop in a Josephson junction setup where two superconductors are bridged by

a QH sample. The qualitative features of the Andreev bound state spectrum in these

sort of devices are presented in Subsec. 5.3.1. In Subsec. 5.3.2 we will discuss how the

modulations of the equilibrium critical current when varying the external magnetic flux

through the junction could give valuable information on the mechanisms that build up

the supercurrent. In particular, when the transport of Cooper pairs is mediated by chi-

ral edge states, the critical supercurrent bears periodic modulations with the normal

flux quatum Φ0 as opposed to conventional Josephson junctions where the periodicity

is dictated by the superconducting flux quantum Φs
0 = Φ0/2. We will briefly discuss in

Subsec. 5.3.3 the supercurrent profiles that were observed in recent experiments and

give a phenomenological argument to explain why they differed from what is expected

from theory.

5.2. Chiral Andreev edge states

Consider a geometry as the one sketched in Fig. 5.1, where a quantum Hall ribbon

(infinite along the x direction) is attached to a superconducting contact at coordinate

y = 0. The total Hamiltonian is modelled as

Ĥ = ĤQH + ĤSC + ĤT , (5.1)

with ĤQH describing the QH sample, ĤSC the superconductor and ĤT the tunneling

between them. The QH ribbon is described as a discretized two-dimensional electron

gas, with a tight-binding Hamiltonian given by

ĤQH =
∑
rσ

(4t− µ)ĉ†r,σ ĉr,σ (5.2)

− t
∑
rσ

(
e
−i 2πΦ

Φ0

y
a0 ĉ†r,σ ĉr+a0x̂,σ

+ ĉ†r,σ ĉr+a0ŷ,σ
+ H.c.

)
,
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Figure 5.1: Schematic diagram of a quantum Hall ribbon attached to a superconducting
terminal with s-wave pairing ∆. The contact between both samples is modelled with a tunnel
coupling tqhsc across the interface. We will assume the QH sample to be infinite in the upper-
half of the y-plane and the superconducting sample as infinite in the lower-half of the y-plane.
Translational symmetry is imposed along the x-direction.

where ĉ†rσ creates an electron at the QH sample site r = xx̂ + yŷ, a0 is the lattice

spacing and Φ = −Bza
2
0 is the flux per plaquette. Here t represents a hopping amplitude

between neighbouring sites of the square lattice and µ is the chemical potential. The

orbital effect of the magnetic field has been included via the Peierls substitution, with

a Landau gauge where A = Bzyx̂ so that∇×A = B = −Bzẑ. For simplicity, we have

disregarded the Zeeman splitting between the two spin-species (which could remain a

good approximation for sufficiently small gyromagnetic ratios). The superconducting

terminal is also modeled as a square lattice with a Hamiltonian given by

ĤSC =
∑
rσ

(4t− µ)ŝ†r,σŝr,σ − t
∑
rσ

(
ŝ†r,σŝr+a0x̂,σ

(5.3)

+ ŝ†r,σŝr+a0ŷ,σ
+ H.c.

)
−∆

∑
r

(
ŝ†r,↑ŝ

†
r,↓ + ŝr,↓ŝr,↑

)
,

where s†rσ creates an electron with spin σ at site r in the superconducting terminal

and with ∆ representing the BCS pairing gap. Taking advantage of the translatio-

nal invariance along the x direction, we can simplify Eqs. (5.2) and (5.3) by Fourier

transforming the fermionic operators as

ĉrσ =
1√
Nx

∑
kx

ĉkx,y,σe
ikxx, ŝrσ =

1√
Nx

∑
kx

ŝkx,y,σe
ikxx, (5.4)

with Nx the number of sites along the x-direction. When doing so, the aforementioned

equations take the form

ĤQH =
∑
kx

ĤQH
kx
, ĤSC =

∑
kx

ĤSC
kx , (5.5)
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with

ĤQH
kx

=
∑
y,σ

[
4t− µ− 2t cos

(
kxa0 −

2πΦ

Φ0

y

a0

)]
ĉ†kx,y,σ ĉkx,y,σ

− t
∑
y,σ

(
ĉ†kx,y+a0,σ

ĉkx,y,σ + H.c.
)

(5.6)

and

ĤSC
kx =

∑
y,σ

[4t− µ− 2t cos (kxa0)] ŝ†kx,y,σŝkx,y,σ

− t
∑
y,σ

(
ŝ†kx,y+a0,σ

ŝkx,y,σ + H.c.
)
−∆

∑
y

(
ŝ†kx,y,↑ŝ

†
−kx,y,↓ + H.c.

)
. (5.7)

In this Fourier transformed basis, the Hamiltonian describing the tunneling between

the QH sample and the superconductor can be written as

ĤT = −tqhsc

∑
kx,σ

(
ĉ†kx,0,σŝkx,−a0,σ

+ H.c.
)
. (5.8)

We are particularly interested in obtaining the local retarded Green’s functions for

both the electronic and hole-like degrees of freedom of the QH sample

Gre,σ(kx, y, ω) = −i
∫
d(t− t′)eiω(t−t′)θ(t− t′)〈{ĉkx,y,σ(t), ĉ†kx,y,σ(t′)}〉

Grh,σ(kx, y, ω) = −i
∫
d(t− t′)eiω(t−t′)θ(t− t′)〈{ĉ†−kx,y,σ(t), ĉ−kx,y,σ(t′)}〉 (5.9)

which, in turn, will allow us to calculate the corresponding electronic and hole-like

spectral densities at site y of the ribbon as

ρe,σ(kx, y, ω) = − 1

π
Im[Gre,σ(kx, y, ω)], ρh,σ(kx, y, ω) = − 1

π
Im[Grh,σ(kx, y, ω)]. (5.10)

The propagators in Eq. (5.9) are obtained by means of a standard decimation procedure

which recursively uses the Dyson’s equations of motion in the system sites. We show

in Fig. 5.2 both particle and hole-like spectral densities near the interface between the

Hall sample and the superconductor. We have chosen parameters such that a0 = 1,

t = 1, µ = 1, Φ/Φ0 = 0.08 and ∆ = 0.1. In order to avoid spurious modulations

due to the presence of nodes of the wavefunctions at the system sites, we are actually

presenting averages over a few sites

ρeedge(kx, ω) =
a0

ym

∑
σ

y=ym∑
y=0

ρe,σ(kx, y, ω) ρhedge(kx, ω) =
a0

ym

∑
σ

y=ym∑
y=0

ρh,σ(kx, y, ω),

(5.11)
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Figure 5.2: Upper panels show the spectral densities ρeedge(kx, ω) (I.a), ρhedge(kx, ω) (I.b) and

ρeedge(kx, ω) + ρhedge(kx, ω) (I.c) as a function of the frequency ω and the quasimomentum kx for
tqhsc = 0. Lower panels show the same magnitudes for a finite coupling tqhsc = 1. We have chosen
parameters such that t = 1, µ = 1, Φ/Φ0 = 0.08 and ∆ = 0.1.

with ym = 3a0. In the upper panels the superconducting terminal is detached from

the Hall ribbon (tqhsc = 0) and in the lower panels a finite hopping amplitude is tur-

ned on (tqhsc = 1). In Fig. 5.2(I.a) we can appreciate the presence of well-developed

edge states emerging from the Landau levels in the bulk of the sample. These edge

modes disperse as a function of quasimomentum with a positive drift velocity, in co-

rrespondence with the direction of the magnetic field chosen as in Fig. 5.1. Within

these range of parameters there is only one Landau level below the Fermi level and

hence the filling fraction is ν = 2 (accounting for both spin species). In panel (I.b)

we show the hole-like spectral density, which can be obtained by changing ω → −ω
and kx → −kx in panel (I.a). Note that the hole-like states bear the same sign of

the drift velocity that the particle-like states, preserving the chirality imposed by the

external magnetic field. When coupling the QH sample with the superconductor (lower

panels) we can clearly see the presence of the continuum spectra above the supercon-

ducting gap |ω| > ∆. Most importantly, we can appreciate that the edge states with

energies below the superconducting gap (|ω| < ∆) are strongly modified: the weights

in Figs. 5.1(II.a) and (II.b) reveal that these modes are now hybrid electron-hole

Bogoliubov states. The hybrid nature of this distinctive type of edge state is rooted in

the proximity effect: the conventional edge states living at the boundary of the Hall
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region acquire superconducting correlations via successive Andreev reflections at the

interface with the anomalous contact [86, 87, 95], ultimately leading to the emergence

of these propagating Bogoliubons, dubbed chiral Andreev edge states (CAES).

5.2.1. A simple low-energy model

In the absence of the superconducting terminal, we can describe the electron and

hole modes in Fig. 5.1(I.c) with a low-energy Hamiltonian that in the continuum limit

reads

Ĥedge = −i~vd
∫
dxΨ̂†(x)τ0∂xΨ̂(x)− ~vdk0

∫
dxΨ̂†(x)τzΨ̂(x), (5.12)

where we have introduced the spinor field Ψ̂(x) =
(
ψ̂↑(x), ψ̂†↓(x)

)T
and we made use

of the Pauli matrices τi. Defining the Fourier transformed fields as

ψ̂σ(kx) =
1√
2π

∫
dxe−ikxxψ̂σ(x), (5.13)

the Hamiltonian can be written as

Ĥedge =

∫
dkxΨ̂

†(kx)Ȟedge(kx)Ψ̂(kx) = ~vd
∫
dkxΨ̂

†(kx)(kxτ0 − k0τz)Ψ̂(kx), (5.14)

where

Ψ̂(kx) =
(
ψ̂↑(kx), ψ̂

†
↓(−kx)

)T
. (5.15)

The eigenstates of Eq. (5.12) are then plane waves that have purely electron or hole-

like character with eigenenergies given by ε∓(kx) = ~vd(kx ∓ k0), respectively. Here vd

stands for the drift velocity and 2k0 for the difference between the wavevectors of both

states at the Fermi level [see Fig. 5.1(I.c)].

If we approximate the self energy of the system in the presence of a superconducting

reservoir as [96]

Σ̌(ω) ' −πρ(εF )t2qhsc

ωτ0 + ∆τx√
∆2 − ω2

, (5.16)

with ρ(εF ) the density of states of the reservoir at the Fermi level in the normal state,

then the retarded Green’s function of the coupled system would read

Ǧr(ω) =
[
(ω + iη)− Ȟedge − Σ̌(ω + iη)

]−1
. (5.17)

Eq. (5.16) is of course a very rough approximation of the self energy (we are completely

neglecting its kx dependence). Nonetheless, it will be useful to gain some insight into

the low-energy physics of the problem. Expanding the self energy up to first order in
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Figure 5.3: Dispersion relation of the chiral Andreev edge states Ψ∓kx in the continuum low-
energy model.

ω,

Ǧr(ω) '
(

1 +
πρ(εF )t2qhsc

|∆|

)−1 [
(ω + iη)− Ȟeff

edge

]−1
, (5.18)

we obtain an effective Hamiltonian that in Fourier space can be written as

Ĥeff
edge =

∫
dkxΨ̂

†(kx)
[
~ṽd(kxτ0 − k0τz) + ∆̃τx

]
Ψ̂(kx). (5.19)

We have here defined

ṽd =
vd

1 + Γ
|∆|

and ∆̃ =
∆

1 + |∆|
Γ

, (5.20)

with Γ = πρ(εF )t2qhsc. We can interpret ṽd as a renormalized drift velocity and ∆̃ as an

induced superconducting pairing at the edge of the QH ribbon. In the experimentally

relevant range of parameters Γ� |∆| so we expect to have ṽd � vd. This phenomelogy

is observed in Fig. 5.2(II.c), where we clearly see that the drift velocity of the CAES is

lower than that of the edge modes along the vacuum edge [Fig. 5.2(I.c)]. When seeking

for solutions to the effective stationary Schrödinger equation

[−i~ṽd∂x − ~ṽdk0τz + ∆̃τx]Ψ
∓
kx

(x) = EkxΨ
∓
kx

(x), (5.21)

we find that the eigenspinors can be parametrized as

Ψ−kx(x) =
1√
2π
eikxx

(
cos(θ/2)

sin(θ/2)

)
Ψ+
kx

(x) =
1√
2π
eikxx

(
sin(θ/2)

− cos(θ/2)

)
, (5.22)
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where

cos(θ) =
~ṽdk0√

∆̃2 + (~ṽdk0)2

and sin(θ) =
−∆̃√

∆̃2 + (~ṽdk0)2

. (5.23)

The corresponding eigenenergies are found to be ε̃∓(kx) = ~ṽd
(
kx ∓ k̃0

)
, with k̃0 =√

k2
0 + (∆̃/~ṽd)2 (see Fig. 5.3).

5.2.2. Transport signatures in a multiterminal setup

We can use the simplified model discussed in Subsec. 5.2.1 to study the scattering

problem of a superconductor attached to a Hall sample at x > 0. When matching the

solutions of incident electronic-like states at the Fermi level at x = 0, one finds that

the scattering state for positive coordinates can be written as a superposition of the

eigenstates found in Eq. (5.22) with opposite quasimomenta

Ψ>(x) = cos(θ/2)Ψ−
k̃0

(x) + sin(θ/2)Ψ+

−k̃0
(x) (5.24)

=
1√
2π

[
eik̃0x cos2(θ/2) + e−ik̃0x sin2(θ/2)

](1

0

)
− i√

2π
sin(θ) sin(k̃0x)

(
0

1

)
.

In the last equality we have made explicit the fact that as the state propagates along

the x-coordinate, it alternates its electron-hole character in an oscillatory fashion. In

this sense, one can intuitively regard the superconducting terminal as an electron-hole

interferometer. The probability of finding a hole-like state at coordinate x is readily

obtained as

Ph(x) = sin2(θ) sin2(k̃0x) =
∆̃2

∆̃2 + (~ṽdk0)2
sin2(k̃0x), (5.25)

while the probability of finding an electronic-like state is simply Pe(x) = 1−Ph(x). The-

se magnitudes oscillate in space with a frequency given by the difference of wavevectors

of the hybridized edge states at the Fermi level 2k̃0.

Bearing this in mind, one can envision a quite straightforward transport experi-

ment to measure the presence of CAES. The setup is depicted in Fig. 5.4: two normal

terminals (P and Q) are attached to the QH sample, placing a superconducting con-

tact of length lS in between them. An electron-like current can be injected in contact

P by applying a small bias voltage between the two lateral normal contacts. When

these chiral electrons arrive at the superconductor, they will decompose into a pair of

CAES and alternate their electron-hole nature until they exit the interference region.

The expectation value of the charge of the carriers that arrive at terminal Q is then
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expected to be given by

q = e[Pe(lS)− Ph(lS)] = e
(~ṽdk0)2 + ∆̃2 cos(2k̃0lS)

∆̃2 + (~ṽdk0)2
, (5.26)

The hybrid nature of the chiral modes could then be naturally revealed by measuring

the charge current flowing into the drain contact. Its magnitude and sign can be con-

trolled by slightly modifying the difference between the Fermi wavevectors 2k̃0. This

may be done by changing the Fermi energy of the QH region with a gate voltage or by

modulating the external magnetic field.

5.2.3. Conductance: numerical results

We here provide for an explicit calculation of the conductance between the afore-

mentioned lateral normal contacts as a function of the magnetic flux threading the

sample. We will rely on the tight-binding formulation made in Sec. 5.2 to describe the

finite nanostructure depicted in Fig. 5.4 as a square lattice. The normal contacts are

modelled as part of the Hall sample (same hopping amplitudes and external magnetic

field), ensuring a perfect matching of the edge modes at the interface. Leaving the

superconducting terminal grounded and applying bias voltages VP and VQ in the nor-

mal contacts we find that, in linear response theory, the currents in Q and P can be

obtained as

IQ =
2e2

h

[
TQPee (VQ − VP ) + TQPhe (VQ + VP )

]
(5.27)

IP =
2e2

h

[
T PQee (VP − VQ) + T PQhe (VQ + VP )

]
, (5.28)

Figure 5.4: Schematic diagram of the proposed transport setup: two normal terminals (P and
Q) are attached to a finite QH sample, placing a superconducting contact of length lS in between
them. Arrows indicate how electrons (red) are converted into holes (blue) at the interface with
the SC terminal.
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with

Tαα
′

ee = Tr
[
ΓαeeGrΓα

′

eeGa
]

(5.29)

Tαα
′

he = Tr
[
ΓαhhGrΓα

′

eeGa
]
. (5.30)

Here Tαα
′

ee (Tαα
′

he ) stands for the transmission coefficient of an electron from lead α′ as

an electron (hole) to lead α and Gr (Ga) is the retarded (advanced) Green’s function

of the sample. We used a Nambu spinor basis as a way of keeping track of electronic

and hole sectors so that the spatial elements of the retarded propagator are written as

[
Grr,r′(ω)

]ij
=−i

∫
d(t− t′)θ(t− t′)eiω(t−t′)〈{Ψ̂i(r, t), Ψ̂†j(r′, t′)}〉, (5.31)

with Ψ̂†(r, t) = (c†r,↑, cr,↓). The elements of the advanced Green’s function may be

obtained in a similar fashion. The coupling matrices of each lead α = P,Q are defined

as Γα = i(Σr
α−Σa

α) where Σr
α and Σa

α are the retarded and advanced self energies of the

α-th terminal [97]. In Eqs. (5.29) and (5.30) all these frequency dependent quantities

are evaluated at ω = 0. We note that T PQhe is strictly zero in Eq. (5.30): the direction of

the magnetic field makes the carriers to move anticlockwise so there is no chance that

injecting an electronic state at lead Q will result in a hole-like state at lead P (this

trajectory misses the interference at the superconductor). On the other hand, in this

quantum Hall geometry, T PQee is expected to be quantized with the number of occupied

edge channels (modulo a factor 2 of spin-degeneracy which has been already accounted

for in Eqs. (5.29) and (5.30)).

We will consider the case where the drain terminal is grounded VQ = 0, and define

the conductance between both terminals as

G = − IQ
VP

=
2e2

h

[
TQPee − TQPhe

]
. (5.32)

We show in Fig. 5.5 this numerically obtained magnitude as a function of the external

flux per plaquette for an uncoupled superconducting terminal (tqhsc = 0) and for a

coupled terminal (tqhsc = 1) with two different contact widths (lS = 100a0 and lS =

50a0). The lattice parameters are the ones described in Sec. 5.2 and µ = 1.

In the absence of the superconducting contact, the conductance shows well-defined

steps which reflect how the filling fraction ν of the QH sample is modified when changing

the external magnetic field. In this case, the setup reduces to a two-terminal device (P

and Q) and the electronic transmissions per spin are TQPee = T PQee = ν/2 while TQPhe =

0. When the superconducting terminal is attached to the sample, the conductance

oscillates between positive and negative values: a clear manifestation of the presence

of an electron-hole conversion mechanism taking place at the anomalous contact which
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Figure 5.5: Conductance between both lateral normal contacts defined as in Eq. (5.32) as a
function of the flux per plaquette Φ/Φ0 in the QH region. We present results for three different
situations: zero coupling to the superconductor (without SC) and finite coupling. In the former
case, we show conductances for two different contact widths (lS = 100 a0 and lS = 50 a0).
The inset shows the spectral density at the edge of a translationally invariant QH/SC interface
evaluated at the Fermi level ρeedge(kx, 0) + ρhedge(kx, 0). We plot this magnitude as a function of
the external flux per plaquette in the range where ν = 2, so there are only two spin-degenerate
CAES.

makes TQPhe generically non zero. For filling fractions ν > 2 (Φ/Φ0 . 0.06) several edge

channels with different drift velocities and unequal coupling to the superconducting

terminal are involved in the transport properties, making the conductance oscillations

to lack of a well-defined period. On the other hand, for ν = 2, there are only two

(spin-degenerate) chiral Andreev edge states at the interface with the superconducting

reservoir (see Fig. 5.2) making the oscillatory pattern much simpler. The inset shows

the spectral density (for these range of parameters) at the edge of a translationally

invariant QH/SC interface evaluated at the Fermi level ρeedge(kx, 0) + ρhedge(kx, 0). We

can clearly see that the Fermi wavevectors of the CAES (k̃0 and −k̃0) evolve linearly

as a function of the external flux, which is why the conductance oscillates with a well-

defined period when changing Φ/Φ0 ∝ 2k̃0. We also notice that the frequency of the

oscillations is twice as fast for ls = 100 a0 than for lS = 50 a0, in accordance with was

expected from Eq. (5.26).

To better illustrate these phenomena, we calculate the conductance to an arbitrary

point r in the sample (where an auxiliary grounded weakly coupled lead is added). In
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this way, it is possible to build-up a complete image of the hybrid electron-hole nature

of the scattering states. These are shown in Fig. 5.6 for different values of the external

magnetic flux, indicated by a corresponding symbol in the conductance shown in the

left panel. In all panels we see how electron-like states injected at lead P decompose into

Figure 5.6: Density plots of the conductance from the injector lead P to arbitrary points in
the QH sample. Each one of them is calculated for a different value of the external magnetic flux,
indicated by a corresponding symbol in the conductance shown in the left panel. The color scale
is in arbitrary units, with red being positive, white zero and blue negative. The position of the
normal contacts P and Q is delimited with grey lines and the region where the superconducting
terminal is attached is indicated with a black one.

a pair of CAES when approaching the superconducting contact, generating a beating

pattern between the electron and hole components of the wavefunction as a function of

the position. In the upper panel the flux is fined tuned to a value where the conductance

is G = 2e2/h, which means that there is no net current flowing into the superconductor

and that a pure electron-like state exits the interference region. In the middle panel,

the conductance is strictly zero: we have chosen a flux which produces a charge neutral

Bogoliubon at the end of the QH/SC interface (with equal electronic and hole-like

weights). In the lower panel the conductance G ' −2e2

h
which means that a hole drains

out of the system at lead Q, while a Cooper pair is created in the superconducting

reservoir.

In a recent experiment [24], interference of chiral Andreev edge states was measured

in a very similar setup. Strongly fluctuating resistance oscillations between positive and

negative values were observed, indicating the presence of an electron-hole conversion

mechanism taking place at the interface with a SC contact. The interference pattern

measured in Ref. [24] was considerably more irregular than what was presented in the

present section, probably due to disorder effects and the presence of vortices which can

make the induced superconducting pairing position dependent ∆̃(x) [98].
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5.3. SC-QH-SC Josephson junctions

Having presented the basic phenomenology taking place at the interface between a

quantum Hall insulator and a superconductor, we can go one step further and analyze

how an equilibrium supercurrent may develop in a Josephson junction device as the

one sketched in Fig. 5.7, where two superconducting terminals with a phase difference

ϕ are attached to a finite QH sample. The bulk of the QH region is insulating, so the

Figure 5.7: Scheme of a Josephson junction where two superconducting terminals are bridged
by a quantum Hall sample. Arrows indicate how electrons (red) are converted into holes (blue) in
an alternating form, eventually allowing for the transport of Cooper pairs between the reservoirs.

transport of Cooper pairs in this phase-biased junction can only be mediated by the

quantum Hall edge states. If an electronic-state approaches the left contact along the

top of the sample (red arrow) with an energy |E| < ∆, then we know that it must be

converted to a hybrid electron-hole mode which propagates along the QH/SC interface

to the bottom of the sample. Here, it has a finite amplitude of coupling to the bottom

QH edge state as a hole, which then flows along a distance L to the right contact (blue

arrow). The loop is completed by the hole conversion into the hybrid chiral Andreev

edge states at that contact and by its subsequent coupling to the original electronic state

at the top right corner. This mechanism allows to shuttle one Cooper pair between both

superconductors, coupling in the process the single-particle edge states separated by

the wide of the superconducting contacts W . Note that it involves the entire perimeter

of the Hall bar, so we expect the current to be suppressed as W or L grow bigger.

5.3.1. Andreev bound states

The finite electron-hole motion described above leads to the formation of Andreev

bound states, a discrete set of Bogoliubov quasiparticle states with energies below the

superconducting gap that bear a certain dispersion relation as a function of the phase

difference of the superconducting reservoirs. We can relay on a tight-binding description

of the Josephson nanostructure depicted in Fig. 5.7 to analyze the behavior of the ABS

as a function of the external magnetic field. The device of interest can be described
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with the following Hamiltonian

Ĥ = ĤQH + ĤSC + ĤT , (5.33)

where ĤQH was defined in Eq. (5.2), ĤSC stands for the Hamiltonian of the supercon-

ducting reservoirs defined in Eq. (5.3) and ĤT for their respective tunnel coupling to

the QH region. The coupling between the Hall sample and the reservoirs is described

as

ĤT = −tqhsc

∑
σ

∑
rR

∑
rL

(
ĉ†rR,σŝrR+a0x̂,σ + e−iϕ/2ĉ†rL,σŝrL−a0x̂,σ + H.c.

)
, (5.34)

where rR = −L
2
x̂+yŷ and rL = L

2
x̂+yŷ are the rightmost and leftmost sites of the QH

region (note that the origin of coordinates is chosen to be exactly at the middle of the

junction). The superconducting phase difference ϕ has been gauged to the tunneling

matrix elements between the left SC terminal and the QH sample.

We have numerically obtained the local retarded Green’s functions of the Hall region

in Nambu representation [see Eq. (5.31)] and calculated the total spectral density of

the junction as

ρJ(ω) = − 1

π

∑
r∈QH

ImTr[Grr,r(ω)], (5.35)

where the trace acts in particle-hole space. A small square lattice with L = W = 64 a0

has been used. The results are shown in Fig. 5.8 for Φ/Φ0 = 0 [panel (a)] and Φ/Φ0 =

0.08 [panels (b) and (c)]. The rest of the parameters are the same as the ones used

in Sec. 5.2. In the absence of an external magnetic field, we obtain the typical bound

states of a long ballistic junction [99, 100]. In this scenario, the normal region has

extended states along its bulk so Andreev reflection processes can take place along the

entire extension of the junction. The quasiparticle states that disperse the most in the

spectral density of panel (a) are the ones that emerge from scattering processes at the

Fermi level. Electrons that hit the superconducting interfaces with normal incidence

are backscattered as holes, generating bound states that essentially disperse linearly

with the phase φ with a group velocity given by ~vF/2L, where vF stands for the Fermi

velocity. In Fig. 5.8(b) a strong magnetic field is turned on and the parameters are

such that there is only one spin-degenerate Landau level occupied. Being this the case,

the bulk of the sample is completely insulating and the transport of Cooper pairs can

only be mediated by the quantum Hall edge states. The Andreev bound state spectrum

consists on an almost equidistant set of quasiparticle levels that have a very small group

velocity compared to the main one of panel (a). In panel (c) we show a zoom of these

states at small energies. We can gain some insight into the main qualitative features

of the ABS observed in this high magnetic field limit by appealing to the continuum
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Figure 5.8: Total spectral density ρJ(ω) of the junction as a function of the phase difference
ϕ. (a) The external magnetic flux has been taken to be strictly zero. (b) The flux per plaquette
is Φ/Φ0 = 0.08 as in Fig. 5.2. (c) Zoom of panel (b) for lower energies.

model used in Subsec. 5.2.1. If we define a coordinate s that runs along the perimeter

of the QH sample, we can write a low-energy Hamiltonian of the junction as

ĤJ =

∫ W

0

dsΨ̂†(s)[−i~ṽd∂s − ~ṽdk0τz + ∆̃τx]Ψ̂(s)

+

∫ W+L

W

dsΨ̂†(s)vd

[
−i~∂s − ~k0τz +

e

c

BzW

2
τz

]
Ψ̂(s) (5.36)

+

∫ 2W+L

W+L

dsΨ̂†(s)[−i~ṽd∂s − ~ṽdk0τz + ∆̃(cosϕτx + sinϕτy)]Ψ̂(s)

+

∫ 2W+2L

2W+L

dsΨ̂†(s)vd

[
−i~∂s − ~k0τz +

e

c

BzW

2
τz

]
Ψ̂(s). (5.37)

The superconductors are attached at the intervals s ∈ [0,W ] and s ∈ [W +L, 2W +L]

and the phase difference is included solely in one of the superconducting reservoirs.

The presence of the external magnetic flux has been incorporated via the minimal

coupling of the linear momentum with the vector potential. We have kept the gauge

where A = Bzyx̂ so that the vector potential is present only on the intervals that are

along the vacuum edges. The eigenstates of the problem must be single-valued, so we

must ask for the condition

ΨE(2W + 2L) = UE(2W + 2L, 0)ΨE(0), (5.38)

where UE(2W + 2L, 0) propagates a state with energy E from coordinate s = 0 to

s = 2W + 2L. Integrating the stationary Schrödinger equation along the perimeter of

the sample we find that

UE(2W + 2L, 0) = e
iE
(

2W
~ṽd

+ 2L
~vd

)
e
i
(
π

Φg
Φ0

+k0L
)
τze
−i
(

∆̃
~ṽd

τx cosϕ+ ∆̃
~ṽd

τy sinϕ−k0τz
)
W

× e
i
(
π

Φg
Φ0

+k0L
)
τze
−i
(

∆̃
~ṽd

τx−k0τz
)
W
, (5.39)
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where Φg = −BzLW is the total flux enclosed by the edge state. The eigenenergies of

the system are then determined by the secular equation

det[I− UE(2W + 2L, 0)] = 0. (5.40)

This equation leads to an infinite set of equidistant levels: if En(ϕ,Φg) is a solution so

is En(ϕ,Φg) +nε0, with ε0 = 1
2W
hṽd

+ 2L
hvd

. The existence of infinite solutions is a pathology

of the continuum model that we used to describe the chiral states, which naturally

ceases to be valid for energies of the order of ∆. By solving Eq. (5.40) we find that

the entire set of ABS within this model can be described by shifting the particle-hole

symmetric pair

E±(ϕ,Φg) = ± ε0

2π
arc cos

[(
cos2(k̃0W )− k2

0

k̃2
0

sin2(k̃0W )

)
cos

(
2k0L+ 2π

Φg

Φ0

)

− ∆̃2

(~ṽdk̃0)2
cos(ϕ) sin2(k̃0W )− k0

k̃0

sin(2k̃0W ) sin

(
2k0L+ 2π

Φg

Φ0

)]
(5.41)

in multiples of ε0, where k̃0 =
√
k2

0 + (∆̃/~ṽd)2. Note that the bandwidth of the ABS

is of the order of ε0 and hence decreases with the entire perimeter of the Hall sample.

This is why the ABS are much less dispersive in this case than when the transport

is bulk dominated [compare panel (a) and (b) of Fig. 5.8]. If we change the total

flux enclosed by the one-dimensional chiral channel by a flux quantum we find that

E±(ϕ,Φg + Φ0) ≈ E±(ϕ,Φg) (assuming that vd and k0 are approximately independent

of the flux for such small variations of Φg). This periodicity is a very peculiar feature

of chiral edge mediated transport and, as discussed in the next subsection, will also

be reflected in the Josephson supercurrent flowing through the junction. In the limit

where ∆̃ = ∆ = 0, Eq. (5.41) recovers the uncoupled electronic (−) and hole-likes

modes (+) of a chiral ring of perimeter Λ = 2(W + L)

E±n (Φg) =
hvd
Λ

(n± Φg

Φ0

)± ~vdk0, (5.42)

which we plot in Fig. 5.9. When imposing periodic boundary conditions along the

coordinate s that runs along the perimeter of the sample, the quasimomenta of the

edges states get quantized as kns = 2πn
Λ

.
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Figure 5.9: Schematic plot of the energy levels associated to electronic and hole-like modes
that stem from a chiral state with drift velocity vd moving along the edge of a sample with
perimeter Λ. The arrows indicate how the levels move when changing the flux enclosed by the
edge state in a flux quanta Φ0.

5.3.2. Supercurrent and Fraunhofern patterns

The current-phase relation of a Josephson junction is intrinsically endowed with

valuable information on the mechanisms that build up the supercurrent. The critical

current Jc, defined as the maximum current in the current-phase relation, also provides

relevant details on the physical processes that occur in the junction. In this subsection,

we will show how this magnitude behaves as function of the external flux threading the

setup depicted in Fig. 5.8 and how it could give direct evidence of chiral edge-mediated

transport in such devices.

Before analyzing our results, it will be useful to briefly review how the critical cu-

rrent of more conventional Josephson junctions is expected to behave when threading

the region between superconductors with an out-of-plane magnetic field Bz. In gene-

ral, this magnitude depends on the total flux threading the junction in an oscillatory

manner, building a beating pattern which is generically dubbed Fraunhofer pattern. In

the presence of a magnetic field, the phase difference between superconductors ϕ is no

longer a gauge-invariant quantity so it must be replaced by its gauge-invariant form,

which can be defined locally as [101]

δ(y) = ϕ− 4π

Φ0

∫ L/2

−L/2
dxA(x, y) = ϕ− 4π

Φ0

BzyL. (5.43)

We have here used the gauge where A = Bzyx̂ and the integration of the vector

potential is performed at each fixed coordinate y along the length of the junction (the

geometry is the same as in Fig. 5.7). The simplest scenario is to assume the existence of a

local supercurrent density J (y, δ(y)) [102] in the sample, so that the total supercurrent
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can be obtained as

J(ϕ,Bz) =

∫ W/2

−W/2
dyJ

(
y, ϕ− 4π

Φ0

BzyL

)
. (5.44)

This is actually a very strong assumption which is strictly non-valid in our quantum

Hall setup, where the mechanism that transfers Cooper pairs is highly non-local. If

we take Eq. (5.44) as valid, it can be further manipulated by considering the tunnel

limit (weakly coupled superconductors), where the current-phase relationship is expec-

ted to assume a sinusoidal relationship. In that case, the current density behaves as

J (y, δ(y)) = Jc(y) sin[δ(y)], with a spatially dependent critical current density Jc(y).

If the junction is ±y symmetric, so that Jc(y) is an even function of y, we may decouple

the coordinate and phase dependence

J(ϕ,Bz) =

∫ W/2

−W/2
Jc(y) cos

(
4π

Φ0

BzyL

)
sin(ϕ), (5.45)

which leads to the critical current

Jc(Bz) =

∣∣∣∣∣
∫ W/2

−W/2
Jc(y) cos

(
4π

Φ0

BzyL

) ∣∣∣∣∣. (5.46)

For the simplest case of a spatially homogeneous Jc(y), this expression reduces to the

well-known pattern [101]

Jc(Bz) = Jc(0)

∣∣∣∣∣sin(2πΦg/Φ0)

2πΦg/Φ0

∣∣∣∣∣, (5.47)

where Φg = BzWL is the total geometrical flux threading the junction. The origin of

the name Fraunhofer actually derives from this simple case because of the analogy of

Eq. (5.47) to the Fraunhofer diffraction pattern observed when light passes through

a narrow slit [see Fig. 5.10(a)]. Deviations from this result are known to occur in

devices with inhomogeneities, such as non-uniform magnetic susceptibilites [103], or

when the magnetic field amplitude is enough to lead the system to a semiclassical

regime, where electrons and holes deflect their paths in cyclotron orbits extending

across the junction [104]. Within this scenario, irregular critical current profiles bearing

aperiodic modulations or significantly enhanced or suppressed lobes are expected to

occur. Under those circumstances, the transport properties are strongly dependent on

the junction’s geometry.

Another well-known critical current profile can be derived from Eq. (5.46) when

considering the supercurrent density to be localized near the edges of the sample

Jc(y) = J0[δ(y − W/2) + δ(y + W/2)]. This emulates the situation of a supercon-
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Figure 5.10: (a) Fraunhofer pattern of a Josephson junction with an homogeneous Jc(y). (b)
SQUID-like Fraunhofer pattern.

ducting quantum interference device (SQUID), where two Josephson Junctions are

settled parallel to one another in a loop with an external magnetic field. The maxi-

mum supercurrent in that case behaves as

Jc(Bz) = Jc(0)| cos(2πΦg/Φ0)|, (5.48)

depicted in Fig. 5.10(b). Both Eqs. (5.47) and (5.48) reflect the presence of modulations

with a main periodicity which is determined by the superconducting flux quantum

Φs
0 = Φ0/2. Interestingly, when the supercurrent is carried by chiral edge states, a

periodic pattern is also expected but with modulations which are essentially determined

by the normal flux quantum Φ0 [105–108]. As already anticipated, this result cannot

be derived by assuming the existence of a local supercurrent density (see the arrows in

Fig. 5.7 where and electron on top of the sample can only be effectively backscattered

as hole on the bottom of the sample).

In what follows, we will numerically obtain the Fraunhofer patterns of a SC-QH-SC

Josepshon junction within our tight-binding description of the device. The zero tempe-

rature supercurrent flowing from the left superconductor to the Hall bar in equilibrium

cab be obtained as

〈ĴL〉 = −i e
~
tqhsc

∑
rL

∑
σ

[
e−iϕ/2〈ĉ†rL,σ(t)ŝrL−a0x̂,σ(t)〉 − eiϕ/2〈ŝ†rL−a0x̂,σ

(t)crL,σ(t)〉
]
.

(5.49)

By using the definition of the lesser Green’s functions [65]∫
dω

2π
e−iω(t−t′)G<rLσ,rL−a0x̂σ

(ω) = i〈ŝ†rL−a0x̂,σ
(t′)ĉrL,σ(t)〉∫

dω

2π
e−iω(t−t′)G<rL−a0x̂σ,rLσ

(ω) = i〈ĉ†rL,σ(t′)ŝrL−a0x̂,σ
(t)〉, (5.50)
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Eq. (5.49) can be rewritten as

〈ĴL〉 = − e
h
tqhsc

∑
rL

∑
σ

∫
dω
[
e−iϕ/2G<rL−a0x̂σ,rLσ

(ω)− eiϕ/2G<rLσ,rL−a0x̂σ
(ω)
]
. (5.51)

In equilibrium, these propagators satisfy a simple relation with the retarded (r) and

advanced (a) Green’s functions

G<(ω) = f(ω) [Ga(ω)− Gr(ω)] , (5.52)

with f(ω) the Fermi-Dirac distribution, which is taken here to be a Heaviside function

at zero temperature, f(ω) = Θ(−ω). The critical currents are then obtained by finding

the maximum value of the current phase relationship

Jc(δBz) = maxϕ|〈JL(ϕ,Φg + δBzAg)〉| , (5.53)

where Ag = LW is the total geometrical area of the sample (we have chosen L = W =

64 a0). The parameters of the lattice are the same as the ones used to calculate the

Andreev bound state spectra in Subsec. 5.3.1. The results are shown in Fig. 5.11 for two

different situations. In (a) the external magnetic flux is initially set to zero Φg = 0 so

there are extended channels all over the sample. For small variations of the geometrical

flux δΦg = δBzAg, the critical current oscillates approximately as what is expected for

a uniform supercurrent density [panel (a) in Fig. 5.10]. As the flux is increased, the

periodicity is much more irregular, not only because we are not in the tunnel coupling

regime but also because of inhomogeneities in the current distribution due to finite size

effects in our sample. In (b) we set the initial external flux to Φg = −0.08Φ0
Ag
a2

0
so as

to set the sample deep into the quantum Hall regime where only one spin-degenerate

Landau level is occupied. We here plot the maximum supercurrent as a function of the

δΦ = δBzAph where Aph = (L−2lB)(W−2lB) is the approximate physical area enclosed

by the edge state, which has a typical size of lB ' 1.4 a0 for these set of parameters. Note

that the supercurrent is diminished by a couple of orders of magnitude in comparison

with panel (a). We can also appreciate the development of well-defined peaks with a

periodicity given by the normal flux quantum Φ0. From a scattering point of view, the

processes that transfer Cooper pairs from one terminal to the other do not enclose a

net flux: an electron flowing on top of the sample accumulates a magnetic phase which

is exactly the opposite of the one accumulated by a returning hole at the bottom of

the sample (see Fig. 5.7). In this sense, the periodicity of the critical current with the

normal flux quantum can only be due to the periodicity of the edge state spectrum

with this magnitude [see Eq. (5.42)]. This result was already predicted in Ref. [105],

where the supercurrent in a similar setup was obtained for weakly coupled terminals.
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Figure 5.11: Critical current profiles obtained from Eq. (5.53). In (a) the initial magnetic
flux is set to zero and we plot Jc as a function of the geometrical flux variations δΦg = δBzAg.

In (b) the initial magnetic flux is set to Φg = −0.08Φ0
Ag

a20
. In this last case we plot the critical

supercurrent as a function of δΦ = δBzAph where Aph = (L− 2lB)(W − 2lB) is the approximate
physical area enclosed by the edge state, which has a typical size of lB ' 1.4 a0.

These modulations can also be understood as a consequence of the Andreev bound state

spectrum periodicity discussed in Sec. 5.3.1 (recall that these bound quasiparticles are

responsible for carrying most of the supercurrent in the device).

5.3.3. Band-bending and flux-periodicity of the critical cu-

rrent

In Ref. [19], a supercurrent in a graphene-based quantum Hall Josephson junction

was experimentally observed. Nonetheless, the profile and periodicity of the Fraunho-

fer patterns differed from the results we discussed earlier. As a matter of fact, the

interference pattern of the critical supercurrent had a periodicity closer to the super-

conducting flux quantum Φs
0 = Φ0/2 and looked quite similar to what is expected for a

SQUID [see Fig. 5.10(b)]. It was argued that this behavior was due to the presence of

spurious counter-propagating states emerging at the edge of the sample. The existence

of these states could be explained by the presence of a potential profile as the one sket-

ched in the right hand side of Fig. 5.12. Such a profile can in principle induce a band

bending of the Landau levels near the edge (sketched with solid blue lines) so there

is a range of energies where states with positive and negative drift velocities could be

localized near the edges.

We can numerically simulate this situation by introducing a phenomenological po-

tential that decreases the on-site energies of the lattice sites near the vacuum edge. We

use a profile as the one sketched on the right hand side of Fig. 5.12 with the minimum
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Figure 5.12: Left panel shows an infinite square-box potential V (y) that emulates a vacuum
edge at y = W/2 (we plot only positive coordinates since we always take V (y) = V (−y)). On
the right panel the potential is locally decreased up to an energy −δ near the edges producing a
band-bending effect in the Landau levels.

of the potential energy at −δ = −0.8. The on-site energies are increased linearly up

to zero over a range of four lattice sites. The rest of the parameters are the same as

the ones used in the former sections (t = 1, tqhsc = 1,∆ = 0.1,Φg = −0.08Φ0
Ag
a2

0
). In

Fig. 5.13 we show the critical current profiles obtained for two different values of the

chemical potential. In panel I(a) µ = 0.3, which corresponds to a filling that leaves the

bulk states of the first Landau level unoccupied and only two counter-propagating edge

states living near the edges [see panel I(b)]. Since the band-bending effect is included

solely along the y-coordinate, there are no propagating states along the SC interface

at the Fermi level. This being the case, the supercurrent can only flow independently

along the top and bottom of the sample. Electrons and holes are backscattered via the

counter-propagating states along the vacuum edges, generating a SQUID-like Fraunho-

fer pattern with a periodicity of Φ0/2. In panel I(b) µ = 1.2, which corresponds to

a filling where the first Landau level is occupied and, due to band-bending, also two

edge-states with opposite velocities emerging from the second Landau level. Under

these circumstances, there are two different types of processes contributing to the su-

percurrent. Cooper pairs can flow independently along the top and bottom edges but

there is also the possibility that the Cooper pairs are transferred by the chiral mecha-

nism sketched in Fig. 5.7. Consequently, the critical current reflects a beating pattern

with two different main frequencies Φ0/2 and Φ0. In the experiment of Ref. [19] only

beating patterns as the ones in Fig. 5.13 I(a) were observed, probably due to finite

temperature effects. Indeed, the chiral processes that contribute to the supercurrent

are suppressed exponentially with temperature approximately as ∼ e
− kBTΛ

hvd with Λ the

perimeter of the sample. On the other hand, the processes in which the supercurrent

flows independently along each edge are only supressed as ∼ e
− kBT2L

hvd with L the length
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Figure 5.13: Critical current profiles as a function of the variations of the flux enclosed by the
edge states when band bending effects are included. In Fig. I(a) the chemical potential is chosen
to be µ = 0.3 and in II(a) µ = 1.2. In the right panels we show the electronic spectral density
at the edge of a translationally invariant quantum Hall ribbon with the same lattice parameters
as the ones used in the corresponding left panels.

of the junction. Bearing this in mind, the chiral transfer of Cooper pairs could only be

observed in samples where where the parameters are such that kBT � hvd
Λ

.
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Resumen del Caṕıtulo 5

Hasta ahora, nuestro estudio se ha centrado principalmente en cómo modificar o

diseñar propiedades topológicas en los estados de Bogoliubov de multijunturas Jo-

sephson. A partir de este caṕıtulo, adoptaremos un enfoque diferente al estudiar las

propiedades de transporte en junturas entre un material que presenta propiedades to-

pológicas per se con un superconductor. En particular, estudiaremos nanoestructuras

en donde los bordes de un aislante Hall cuántico se encuentran en contacto con mate-

riales superconductores. El desarrollo de estructuras h́ıbridas donde estos dos efectos

coexisten es un campo de investigación muy activo en la actualidad. Desde un punto

de vista experimental, la coexistencia de estos dos efectos se puede lograr utilizando

campos magnéticos lo suficientemente pequeños como para no romper completamente

el apareamiento superconductor pero lo suficientemente altos como para establecer la

parte normal de la muestra en el régimen Hall cuántico (fracciones de llenado bajas).

Si bien esta es una hazaña desafiante, una serie de experimentos recientes [18, 19, 22–

24, 93, 94] han demostrado que estos reǵımenes son factibles de alcanzar, logrando

inducir exitosamente superconductividad en los bordes de muestras Hall.

El presente caṕıtulo tiene como objetivo introducir la f́ısica básica que tiene lugar

en la interfaz entre estos dos estados paradigmáticos de la materia. En la Sección 5.2 se

muestra cómo emergen los estados de borde convencionales en una cinta semi-infinita

de una muestra en el régimen Hall cuántico. Se discute cómo esta imagen se ve modifi-

cada cuando se pone en contacto el borde de dichas muestras con un superconductor de

tipo s. En la región Hall, los grados de libertad de electrón y hueco se aparean de forma

efectiva a través del mecanismo de reflexión de Andreev, generando estados h́ıbridos

de electrón-hueco conocidos como estados quirales de Andreev. En la Sección 5.2.2

se muestra cómo la presencia de estos Bogoliubones propagantes puede ser detectada

en experimentos de transporte realizados en un dispositivo multiterminal compuesto

de terminales normales y superconductoras. En la Sección 5.3 se estudia cómo una

supercorriente de equilibrio de pares de Cooper se puede desarrollar en una juntura

Josephson donde dos superconductores se acoplan a través de la muestra Hall. En la

Subsección 5.3.1 se discuten las caracteŕısticas cualitativas del espectro de estados liga-

dos de Andreev en estos dispositivos. Posteriormente, en la Subsección 5.3.2, se analiza

cómo las modulaciones de la corriente cŕıtica de equilibrio al variar el flujo magnéti-

co en la muestra Hall pueden brindar información valiosa acerca de los mecanismos

que generan la supercorriente. En particular, se muestra que cuando el transporte de

pares de Cooper es mediado por estados de borde, la supercorriente cŕıtica posee mo-

dulaciones periódicas con el cuanto de flujo normal Φ0, una caracteŕıstica distintiva

del transporte quiral. Finalmente, en la Subsección 5.3.3 se discutirán brevemente los

perfiles de supercorriente observados en experimentos recientes y se brindará un argu-
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mento fenomenológico para explicar por qué los mismos difeŕıan de lo esperado por la

teoŕıa.



Chapter 6

Nonequilibrium edge transport in

quantum Hall based Josephson

junctions

“One may notice that while experimentalists like to measure

the voltage resulting from the passage of a fixed current, theo-

rists prefer to ask about the current that will be generated by

a given voltage.”

— D. J. Thouless.

6.1. Introduction

Several theoretical works have studied the mechanisms by means of which an equili-

brium supercurrent flow can be established in Josephson junctions bridged by one-way

edge states [105–109]. As already argued in Sec. 5.3 of Chapter 5, the insulating nature

of the bulk of the sample and the breaking of time-reversal symmetry cause the trans-

fer of Cooper pairs to be realized via hybrid electron-hole edge modes that propagate

chirally along the perimeter of the Hall bar [86, 94]. In this scenario, the Fraunhofer

patterns—which reveal the behavior of the critical supercurrent as a function of the

magnetic field threading the sample— are theoretically predicted to present periodic

oscillations as a function of the normal flux quantum Φ0 = hc/e [105–107], a clear

hallmark of chiral edge mediated transport.

While much has been said about the equilibrium properties of these Hall based

junctions, their response to inherently out-of-equilibrium transport experiments still

remains a largely unexplored field. Our main aim in this chapter is to partially fill this

gap by analyzing the transport properties of a voltage driven superconductor (SC)-QH-

106
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Figure 6.1: Schematic setup: Two superconductors are coupled to a sample in the quantum
Hall regime and a voltage bias Vb is applied between them. The chiral nature of the edge states
ensures that both the electrons and holes, depicted with arrows, flow with the same drift velocity
along the perimeter of the Hall bar.

SC Josephson junction such as the one depicted in Fig. 6.1. The time-averaged current

of voltage biased Josephson junctions is typically endowed with a rich subharmonic

gap structure due to the presence of multiple Andreev reflection (MAR) processes

that allow the transfer of quasi-particles from one terminal to the other [69, 110–112].

These signatures in the current-voltage characteristic have been widely employed as

a spectroscopy of the junction itself in a variety of superconducting devices involving

single-level quantum dots [113–115], molecules [116], spin-split superconductors [117],

and even topological excitations [118–120].

In this chapter, we theoretically investigate the current-voltage characteristic in our

proposed QH setup as a function of the flux variations in the Hall bar and show how it

could be used to unveil the presence of chiral edge mediated transport in the sample.

We find that the time-averaged dc current of the device exhibits a series of distinctive

resonances which are periodic with the superconducting flux quantum Φs
0 = Φ0/2,

as opposed to the nondissipative equilibrium Josephson supercurrent. We interpret

the appearance of this enhanced quasiparticle current within a Floquet multi-barrier

picture of the resonant MAR processes. For voltages larger than the pairing gap, these

peaks disperse linearly with the flux enclosed by the edge state due to resonant Cooper

pair transfer between the superconducting leads, providing direct information on the

drift velocity of the chiral channel.

The present chapter is organized as follows. In Sec. 6.2 we introduce the low-energy

effective model which is used to describe the leads, the chiral edge state and their

respective coupling. We include a discussion on the normal transmission of the jun-

ction, which allows for its characterization in terms of the microscopic parameters of

the model. We also discuss the Floquet-Keldysh Green’s function technique which is

employed to calculate the two-terminal out of equilibrium current when the terminals
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are superconducting. In Sec. 6.3 we present the numerically obtained current-voltage

characteristic of this hybrid device and the interpretation of the results. In Sec. 6.4 we

analyze the main differences in the behavior of the time-averaged current when edge

channels of both left and right chirality are present in the sample, modeling a typi-

cal Aharonov-Bohm configuration. In this setup, the chiral symmetry is broken when

coupling the edge modes with the superconducting leads, allowing for backscattering

to occur and thus changing drastically the flux dependence of the current-voltage cha-

racteristic. In Sec. 6.5 we summarize our main results and present some concluding

remarks. The results of this chapter were published in Ref. [121].

6.2. Model and methods

6.2.1. Hamiltonian approach

The model is depicted in Fig. 6.1, where two BCS superconductors are coupled to

a QH sample and a bias voltage Vb = VL − VR is applied between them. We refer to

VR and VL as the corresponding voltage of the right and left leads, respectively. Each

superconducting terminal ν is modeled with a time-dependent Hamiltonian given by

Ĥν =
∑
kσ

(ξk − eVν)ĉ†kνσ ĉkνσ −∆
∑
k

(
ĉ†kν↑ĉ

†
−kν↓e

i 2eVνt
~ + H.c.

)
, (6.1)

where ξk = εk − µ and ∆ is the superconducting pairing amplitude, which is assumed

to be the same in both leads. We have made use of the fact that the Cooper pair phase

of each condensate acquires a time dependence due to the voltage drive, determined

by the Josephson relation ϕ̇ν = 2eVν/~.

We will focus on a regime where the magnetic field in the central region B = −Bz ẑ

is high enough to reach the extreme quantum limit. This being the case, the first Landau

level is occupied and hence one chiral electronic and one hole like edge state of both spin

species bridge both terminals. The central region is then described with a low-energy

effective Hamiltonian as

Ĥch =
∑
σ

∫ Λ

0

~vdψ̂†σ(s)

(
−i∂s −

2π

Φ0

A

)
ψ̂σ(s) ds ,

=
∑
nσ

ε0

(
n− Φ

Φ0

)
ψ̂†nσψ̂nσ , (6.2)

where s is the coordinate along the edge of the sample,−i~∂s is its canonical momentum

and the vector potential A = Aŝ has been chosen in a gauge such that it remains

parallel to the edge. The perimeter of the sample is identified with the variable Λ,

and Φ0 = hc/e is the normal flux quantum. The second equality is simply obtained
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by expanding these fermionic fields in a plane wave basis ψ̂σ(s) = 1√
Λ

∑
n e

in 2πs
Λ ψ̂nσ

imposing periodic boundary conditions such that ψ̂σ(0) = ψ̂σ(Λ). Here ε0 = hvd/Λ

is the energy difference between consecutive levels of the isolated edge channel. The

total flux enclosed by the edge state is given by Φ =
∫ Λ

0
A · ds. Within this model,

Φ = 0 should be interpreted as a reference flux which is large enough to reach the

quantum Hall limit and where a chiral edge Hall mode is pinned at the Fermi energy.

In the simplified model described by Eq. (6.2) we have neglected the Zeeman splitting

between both occupied spin flavors. As we shall discuss in Sec. 6.5, taking into account

this effect does not lead to significant changes in our main results.

The tunneling Hamiltonian that couples the leads with the Hall sample is given by

ĤT = −γ
∑
kσ

[
ψ̂†σ(0)ĉkLσ + ψ̂†σ(sR)ĉkRσ + H.c.

]
, (6.3)

where γ is the tunneling amplitude and sR indicates the coordinate where the right

superconducting terminal is attached. The total Hamiltonian is then given by

Ĥ =
∑
ν

Ĥν + Ĥch + ĤT . (6.4)

From hereon we use a symmetric bias such that VL = Vb/2 and VR = −Vb/2.

For technical reasons, it is convenient to perform a gauge transformation Û(t) by

means of which the time dependence of the leads is transferred to the tunneling matrix

elements between the superconductors and the Hall sample. In particular, the time

dependent part of the Hamiltonian can be solely included in the hopping to the left

lead by taking the following transformation

Û(t) = exp

[
−i
∑
kνσ

eVνt

~
c†kνσckνσ

]
× exp

[
i
eVbt

2~
∑
σ

∫ Λ

0

ψ̂†σ(s)ψ̂σ(s)ds

]
. (6.5)

The total Hamiltonian transforms as
ˆ̃
H = Û(t)ĤÛ †(t)− i~Û dÛ†

dt
, effectively generating

the leads to behave as time independent

ˆ̃
Hν =

∑
kσ

ξkĉ
†
kνσ ĉkνσ −∆

∑
k

(
ĉ†kν↑ĉ

†
−kν↓ + H.c.

)
, (6.6)

and the coupling Hamiltonian as time dependent

ˆ̃
HT = −γ

∑
kσ

[
ψ̂†σ(0)ei

eVbt

~ ĉkLσ + ψ̂†σ(sR)ĉkRσ + H.c.
]
, (6.7)
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while adding a diagonal energy to the chiral Hamiltonian

ˆ̃
Hch = Ĥch −

eVb
2

∑
σ

∫ Λ

0

ψ̂†σ(s)ψ̂σ(s) ds . (6.8)

6.2.2. Normal transmission of the model

In this section we briefly discuss the transmission in the setup of Fig. 6.1 with

normal leads (∆ = 0). This allows for a characterization of the transparency of the

junction that will also prove to be useful when analyzing the transport properties when

∆ 6= 0. Since in the normal case we are dealing with a stationary situation (there is no

time dependence arising from the superconductivity), we will keep in this section the

ungauged Hamiltonian defined by Eqs. (6.1)-(6.3). Considering that we are interested

in energy scales eVb . 2∆, which are small compared with the variation of the leads’

normal density of states, we take ρ(ω) = ρ(εF ).

The transmission between the left and right lead can then be expressed in terms of

the device Green’s functions as [97]

T (ω) = Γ0Gr0α(ω)ΓαGaα0(ω) , (6.9)

where Gr0α (Gaα0) is the retarded (advanced) Green’s function of the edge state that

propagates from the site located at s = 0 (sR = Λα/2π) to the one at sR = Λα/2π

(s = 0). Here the angle α measures the position of the right lead relative to the left

one and Γ0 = Γα = 2πρ(εF )γ2. The non-local propagators in Eq. (6.9) can be written

in terms of the uncoupled Green’s functions of the system by means of the equations

of motion as

Gr0α(ω) =
gr0α(ω)

1− γ2D1(ω)− γ4D2(ω)
, (6.10)

where

D1(ω) = gr00(ω)grLL(ω) + grαα(ω)grRR(ω) , (6.11)

and

D2(ω)=grLL(ω)grRR(ω)[gr0α(ω)grα0(ω)− gr00(ω)grαα(ω)] . (6.12)

In this limit, the retarded propagators of the left and right leads are simply given

by grLL = grRR = −iπρ(εF ). On the other hand, the required bare propagators of the

central QH region may be obtained as

gr00(ω) = grαα(ω) =
1

Λ

∑
n

1

ω + iη − ε0(n− Φ
Φ0

)
(6.13)

=
π

Λε0

cot

(
π
ω + iη

ε0

+ π
Φ

Φ0

)
,
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Figure 6.2: (a) Normal transmission of the junction as a function of energy. The flux is
chosen to be an integer number of flux quanta Φ/Φ0 ∈ Z. Each curve has a different value of
Γ = πρ(εF )γ2/Λ. (b) Transmission as a function of Γ for ω = ε0/2 and the same flux quanta as
in (a).

while the non-local ones are

gr0α(ω) =
1

Λ

∑
n

e−inα

ω + iη − ε0(n− Φ
Φ0

)
(6.14)

=
π

Λε0

e
i(π−α)

(
ω+iη
ε0

+ Φ
Φ0

)
csc

(
π
ω + iη

ε0

+ π
Φ

Φ0

)
.

The Green’s function grα0(ω) is obtained by changing α → 2π − α in Eq. (6.14). Re-

placing these expressions in Eq. (6.9) we finally obtain that the normal transmission

between the leads in terms of the microscopic parameters of the model is given by

T (ω) =
8ε̃2

0

8ε̃2
0 + (ε̃2

0 − 1)2
{

1− cos
[
2π
(

Φ
Φ0

+ ω
ε0

)]} , (6.15)

where we have defined ε̃0 = ε0/πΓ with Γ = πρ(εF )γ2/Λ.

It is worth pointing out that this transmission is completely independent of the

distance between the contacts, an expected result for chiral transport. Note that there
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is perfect transmission T (ωn) = 1 for all energies matching the eigenenergies of the

uncoupled QH state ωn = ε0(n−Φ/Φ0) with n ∈ Z. There is also a particular value of

Γ = ε0/π (ε̃0 = 1) where the transmission becomes perfect for all energies and fluxes. It

can be shown that this value corresponds to the one that produces a perfect matching

between the chiral edge state and each lead (see Appendix 6.6). This condition can

be thought of as a Z = 0 barrier strength in a Blonder-Tinkham-Klapwijk (BTK)

model of the junction [122], and will then translate into a condition of perfect Andreev

reflection when the leads are considered as superconducting. In Fig. 6.2 we show a plot

of the transmission as a function of energy for different hybridizations and Φ/Φ0 ∈ Z
[Fig. 6.2(a)] and its behavior as a function of Γ for a fixed energy ω = ε0/2 [Fig. 6.2(b)].

It is clearly seen that the transmission bears a maximum at Γ = ε0/π and the tunneling

regime is recovered for Γ� ε0/π or Γ� ε0/π.

6.2.3. Calculation of the time averaged dc current

We here discuss the methods for the calculation of the out of equilibrium current in

the Hall device when the leads are taken to be superconductors. From now on we will

then work with the gauged transformed Hamiltonian defined by Eqs. (6.6)-(6.8). The

time-dependent charge current flowing from the left lead to the Hall bar is obtained by

means of the Heisenberg equation of motion as

J(t) = e〈 ˙̂
NL〉 = i

e

~
〈[ ˆ̃
H(t),

∑
kσ

ĉ†kLσ ĉkLσ]〉 (6.16)

= i
γe

~
∑
kσ

(
e−i

eVbt

~ 〈ĉ†kLσψ̂σ(0)〉 − ei
eVbt

~ 〈ψ̂†σ(0)ĉkLσ〉
)
,

where the averaged quantities 〈. . . 〉 can be represented in terms of the non-equilibrium

Keldysh Green’s functions. In order to do so, it is practical to make use of the Nambu

notation by introducing the spinors describing the QH edge state Ψ̂(s) = (ψ̂↑(s), ψ̂
†
↓(s))

T

and the superconducting leads χ̂kν = (ĉkν↑, ĉ
†
−kν↓)

T . In this way, the current may be

expressed in terms of 2× 2 matrices as

J(t) = −2e

~
ReTr

[
τzV̌L0(t)Ǧ<

0L(t, t)
]
, (6.17)

where τz is the Pauli matrix acting in particle-hole space, V̌L0(t) = −γe−i eVbτzt~ τz and

the lesser Green’s function matrix elements are [Ǧ<
0L]αβ(t, t) = i

∑
k>0〈χ̂†βkLΨ̂α(0)〉.

Even though time translation invariance is lost due to the voltage drive, the perio-

dicity of the Hamiltonian in the period defined by the bias voltage T = 2π~/eVb allows

for the description of the Green’s functions within the Floquet formalism [see Sec. 3.3
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in Chapter 3]. In this case, all the Nambu two-time propagators can be expressed as

Ǧ(t, t′) =
∑
mn

∫ Ω

0

dω

2π
e−i(ω+mΩ)tei(ω+nΩ)t′Ǧmn(ω) , (6.18)

with Ω = 2π/T . Here Ǧmn refers to the corresponding 2 × 2 block of the Floquet

Green’s function G(ω), which in principle has an infinite dimensional representation.

After some analytical manipulations, we can finally obtain through this method the

average dc current JDC = 1
T

∫ T
0
J(t) dt as

JDC = −2e

h
Re
∑
mn

∫ Ω

0

dωTr
[
τzV̌

nm

L0 Ǧ
<mn
0L (ω)

]
. (6.19)

The block components of the hopping in Floquet space are here defined as

V̌nmL0 =
1

T

∫ T

0

ei(n−m)ΩtV̌L0(t) dt (6.20)

= V̌− δm,n+1 + V̌+ δm,n−1 ,

with V̌± = ∓γ
2
(τ0±τz). The block elements of the lesser Green’s function Ǧ<mn

0L (ω) can

be easily obtained by applying the Langreth rules in the Floquet-Dyson equations of

motion [65]. All that is eventually needed are the uncoupled Green’s functions of the

chiral edge state and the superconducting leads which, within our model, have closed

analytical expressions. We refer the reader to Appendix 6.7 for technical details of the

calculation of the Floquet Green’s functions.

6.3. Current-voltage characteristics

We here discuss the main results of this chapter, namely, the transport simulations

of the voltage biased Josephson junction. From here on we will focus on the zero-

temperature limit. In Fig. 6.3 we show the time-averaged dc current as obtained by

numerically evaluating Eq. (6.19) when varying the bias voltage Vb in the case where

there is an integer number of fluxes threading the sample Φ/Φ0 ∈ Z. Each of the cur-

ves has a different hybridization Γ = πρ(εF )γ2/Λ expressed as a fraction of the level

spacing ε0 [see Eq. (6.2)], which is here fixed at ε0 = 0.3 ∆. This choice of parameters

is consistent with the typical orders of magnitude in experiments done with graphene

and MoRe contacts [19, 123], where vd ∼ 106 m/s, Λ ∼ 10µm and the pairing gap

∆ ' 1.3 meV. In the lower x axis the voltage is normalized to ε0, and in the upper

axis it is normalized to the superconducting gap ∆, so as to properly compare both

scales. We have checked that the current-voltage characteristic is completely indepen-

dent of the angle α appearing in the nonlocal propagators. This is a consequence of the
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Figure 6.3: Current-voltage characteristics for an integer number of flux quanta threading the
sample Φ/Φ0 ∈ Z and different hybridization parameters Γ = πρ(εF )γ2/Λ expressed as a fraction
of the level spacing ε0 = 0.3 ∆.

coherent and chiral quasiparticle transport, which makes the differential conductance

of the junction independent of the distance between the superconducting contacts. As

a matter of fact, it can be shown that the distance between leads plays the role of

a superconducting phase difference ϕ0 = 2(π − α)Φ/Φ0, which fixes a time origin in

the two-terminal out of equilibrium setup and hence becomes irrelevant for the time

averaged dc current.

For low hybridizations a rich subgap structure is apparent from the Fig. 6.3, where

a series of resonances occur each time the bias eVb becomes a multiple (or harmonic) of

the level spacing ε0. As Γ grows larger, these features wash out until the current-voltage

characteristic reaches a completely transparent limit for Γ = ε0/π. For hybridizations

such that Γ � ε0/π or Γ � ε0/π the tunneling regime is recovered, in accordance

with the behavior of the normal transmission of the junction (see Fig. 6.2). Although

not shown, we have also verified that in the limit ε0 � ∆ we obtain the well known

transport results of voltage-biased junctions with single-level quantum dots [112–114].

In the opposite limit, ε0 � ∆, the dc current becomes rather featureless as a function

of voltage but preserves a periodic structure with the superconducting flux quantum.

The results shown in Fig. 6.3 are quite different from the well-known current-voltage

characteristic of other Josephson junctions, where resonant features are expected to be

present at bias voltages which are subharmonics of the pairing gap eVb = 2∆/n [69,
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Figure 6.4: Time averaged current JDC as a function of the bias voltage Vb and the number
of fluxes enclosed by the edge state Φ/Φ0. Each color map has been calculated with a different
hybridization Γ of the edge modes with the leads: (a) Γ = ε0/30, (b) Γ = ε0/10, (c) Γ = ε0/6
and (d) Γ = ε0/π. In (a), we highlight with white dashed lines the bias voltages corresponding
to eVb = ∆ and eVb = 2∆.

112, 118, 119]. In our case, the subgap structure provides more information on the

discreteness of the chiral edge modes than on the BCS singularity. These findings may

be compared with the ones obtained in a recent work [124] where a detailed analysis of

the current-voltage characteristic of a long junction was presented, though in a quite

different setup. When the junction’s length greatly exceeds the coherence length ξ of

the superconductor—typically of the order of a few to a few hundred nanometers—it

has been found that the current shows characteristic peaks each time the bias voltage

is a multiple of the distance between the static Andreev levels. This is expected to be

precisely the case in a QH based junction, where the effective length is given by the

perimeter of the Hall bar Λ, which is usually a few micrometers and hence Λ� ξ.
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Figure 6.5: Time-averaged dc current at bias voltages eVb = 2ε0 and eVb = 5ε0/2 as a function
of the flux enclosed by the edge state. The hybridization is Γ = ε0/30, as in Fig. 6.4(a). Note
that the periodicity is determined by the superconducting flux quantum Φs0 = Φ0/2.
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Figure 6.6: (a) Usual pictorial scheme of the multiple Andreev reflection processes that contri-
bute to the quasiparticle current. The bias voltage is such that eVb = 2ε0, and the flux enclosed
by the edge state is an integer number of flux quanta. Blue arrows correspond to right-moving
electronic states, and red arrows correspond to left-moving holelike states. Short solid (dashed)
lines indicate the position of the uncoupled electron (hole) states. The path is to be understood
sequentially. Each time an Andreev process occurs, a Cooper pair is transferred to the corres-
ponding condensate. (b) Alternative diagram of the MAR trajectories in the Floquet space of
replicas. This is merely an unfolding of (a), so that the interpretation of the transport process
can be regarded at a fixed energy. Each time a right-moving electron or a left-moving hole is
transferred from one lead to the other, it switches to a different replica of the superconducting
lead. The replica index of the QH region and each superconductor is specified in the lower part
of the figure. SCL and SCR refer to the left and right superconducting leads, respectively.

The fact that the current is carried by QH edge channels offers an additional handle:

the chirality imposed by the magnetic flux. To better visualize how these resonances

evolve when varying the flux enclosed by the edge state, we show in Fig. 6.4 color maps

of the dc current as a function of both the bias voltage Vb and the number of flux

quanta Φ/Φ0 threading the sample (recall that in our model, Φ actually represents a

departure from a reference flux). Each panel has been calculated for a given value of Γ.

For small couplings, such as the one shown in Fig. 6.4(a), it is possible to appreciate a

series of well defined peaks at low voltages that are located at

eVb =

n ε0 if Φ/Φ0 ∈ Z or Z + 1
2

(n+ 1
2
) ε0, if Φ/Φ0 ∈ Z± 1

4
,

(6.21)

with n being an integer number. When the bias voltage eVb > ∆, these resonances tend

to disperse linearly with the flux variations along the curves defined by

eVb = ε0(n± 2Φ/Φ0) . (6.22)

These well-defined peaks are blurred as the hybridization grows larger [see pa-

nels Fig. 6.4(b) and Fig. 6.4(c)], in accordance with the general tendency observed
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in Fig. 6.3. When the transparent limit is reached, the current-voltage characteris-

tic becomes completely independent of the flux variations in the sample, as shown in

Fig. 6.4(d). For this particular hybridization, the flux accumulated by an electron is

completely canceled out by the perfectly Andreev-reflected hole resulting in a flux-

independent current.

We show in Fig. 6.5 two horizontal cuts of Fig. 6.4(a) when the bias voltage is tuned

at eVb = 2ε0 and eVb = 5ε0/2. This plot captures not only the resonant behavior but

also the clear periodicity of the quasiparticle current with the superconducting flux

quantum Φs
0 = Φ0/2, which is in stark contrast to the Φ0 periodicity of the equilibrium

non-dissipative Josephson supercurrent [105–107].

To understand the appearance of this structure, it is useful to regard the elementary

tunnel processes (for small hybridizations) which give rise to the quasiparticle current

in the junction. To this end, we show in Fig. 6.6 two different schemes to analyze the

existence of resonant trajectories that eventually lead to the peaks in the current. We

illustrate the case of a bias voltage eVb = 2ε0 and an integer number of flux quanta

Φ/Φ0 ∈ Z. The short solid and dashed lines represent the uncoupled electronic (−) and

hole (+) states, respectively, arising from the QH edge which are degenerate for these

particular values of the parameters. This set of discrete levels is well described by the

spectrum of Eq. (6.8), given by E∓n (Φ) = ε0(n ∓ Φ/Φ0) ∓ eVb/2. The static Andreev

bound states living inside the BCS gap are essentially located at these energies for zero

bias and very small hybridizations (Γ� ε0). In Fig. 6.6(a) we show the usual diagram

of the multiple Andreev reflection processes taking place throughout the gapped re-

gion: Right-moving electrons (e→) and left-moving holes (h←) gain an energy eVb when

flowing from one terminal to the other until they reach the continuum spectrum. Note

that this sketch is consistent with the bias voltage being gauged away from the leads to

the time-dependent tunneling elements. For this choice of parameters, there is a per-

fect ladder of equally spaced states in the QH region, leading to quasiparticle transfer

through trajectories which always cross a resonant level. In junctions with single-level

quantum dots, it has been argued that this condition results in an enhancement of the

dc current [113].

An alternative description of the same process is shown in Fig. 6.6(b), which is

basically an unfolding of the MAR trajectories shown in Fig. 6.6(a). In this schematic,

we take advantage of the Floquet space to represent the transport of quasiparticles

between superconductors as a fixed-energy process. Each time an electron or a hole

is transferred from one terminal to the other, it switches to a consecutive replica of

the BCS superconducting leads (see Fig. 6.12 in Appendix 6.7 for details). Within this

scheme, it is clearly seen that the resonant trajectories bear a suggestive resemblance

to a resonant transfer in a multibarrier structure, in a similar fashion to the mapping

discussed in Ref. [125]. Indeed, when the bias and fluxes are precisely tuned, the elec-
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tronic and hole states can be resonantly transmitted via the edge modes of the chiral

state throughout the whole process. When analyzing the transport of electrons from

the left to the right lead, a series of conditions must be satisfied for the resonance to

take place. It is necessary to have degenerate electron and hole states at the lth replica

of the Hall device. Additionally, there must be an electronic state in the l − 2 replica

with the same energy as that of the holelike state in the lth replica, which guarantees

the resonant condition throughout the entire path, as can be seen from Fig. 6.6(b).

This set of equations reads

E−n,l(Φ) = E+
m,l(Φ) (6.23)

E+
m,l(Φ) = E−r,l−2(Φ) , (6.24)

where we define the spectrum of the lth Floquet replica as E∓n,l(Φ) = ε0(n∓ Φ/Φ0)∓
eVb/2+ leVb. The fluxes and voltages which satisfy these constraints are precisely given

by Eq. (6.21). When taking into account the mirror processes of transferring holes

from the right to the left lead, the same result can be found, indicating the degeneracy

between these two mechanisms. When these conditions are fulfilled, there is a natural

enhancement of the charge-transfer process which generates, in turn, a well-defined

peak in the dc current even at very low voltages. As the hybridization grows larger,

the decoupled picture breaks down leading to a broadening of these Lorentzian-shaped

resonances. This mechanism of resonant transfer may be compared to what occurs in

junctions involving single [113] or several discrete levels [126]. The main difference

is that the linear dispersion of the edge state inherently provides a discrete set of

states which may be tuned to be completely equidistant from each other, allowing

for the resonant ladder to take place [124]. Alternatively, it can be thought of as a

perfect alignment of all resonant modes in the Floquet multibarrier picture. It is also

worth noticing that in this QH setup it is not necessary to employ gate voltages in the

normal region to manipulate the spectrum, since the flux enclosed by the chiral edge

state controls the relative position of the electronic and holelike levels.

For eVb > ∆, there is a direct process to transfer Cooper pairs. This process is

related to the so-called resonant Cooper pair transfer mechanism that occurs in jun-

ctions with single-level quantum dots when the chemical potential of either of the leads

is aligned with the bound state [114, 115]. Under these circumstances, an electronic

state can tunnel resonantly through this level and the Andreev-reflected hole as well,

effectively transferring a Cooper pair from one lead to the other. In our case, for this

two-step trajectory to become resonant, it is only necessary to ask for a unique cons-

traint between the voltage and the flux enclosed by the edge channel, leading to peaks

in the dc current that disperse linearly with flux [cf. Eq. (6.22)]. In fact, when taking

into account the processes that tunnel electrons or holes, one finds that Eqs. (6.23) and
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(6.24) independently lead to a current enhancement in agreement with the condition

given by Eq. (6.22).

Interestingly, a full reconstruction of the dc current in the flux-voltage plane allows

for a complete spectroscopy of the chiral modes. Indeed, for eVb > ∆ the resonant

Cooper pair transfer processes provide a clear trail of the dispersion of the edge state

with flux, allowing for a direct characterization of its drift velocity.

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0 ε0/100 ε0/50 ε0/30

J D
C
[2
eΔ
/h
]

Γ

ε0
2ε0
3ε0
4ε0

5ε0
6ε0
7ε0

Figure 6.7: Dependence of the quasiparticle current peaks for low hybridizations as a function
of Γ for an integer number of fluxes threading the system. Each curve has been calculated for
different values of the resonant bias voltage eVb = nε0, and thus represents a different peak.

Having identified the resonant processes that lead to the quasiparticle current en-

hancement, it is instructive to look at the scaling of each peak with the hybridization

parameter Γ. In Fig. 6.7 we show the evolution of the height of the dc current peaks

as a function of Γ for an integer number of fluxes threading the sample. Each curve

has been calculated for different values of the resonant voltage eVb = nε0 and hence

represents the magnitude of the nth current peak (n = 1, ..., 7) shown in Fig. 6.3,

which is well defined for Γ � ε0/π. Notably, every resonance scales linearly with Γ, a

fact which stands in contrast to the usual picture of quasiparticle transport between

superconductors in the tunneling regime. Indeed, in Josephson junctions with weak

links, N quasiparticles are expected to be shuttled from one lead to the other in the

voltage bias range defined by 2∆/N < eVb < 2∆/N−1, giving rise to a dc current with

a dominant order scaling given by ΓN [69]. The linear scaling in Γ is known to occur

in junctions with single-level quantum dots only when Cooper pairs are transferred

resonantly through the single level. In fact, by analyzing the equivalent three-barrier

structure in energy space, Ref. [114] reported that the height of these peaks in the dc

current is proportional to the hybridization. In our case, the universal lineal scaling

of all current peaks is a peculiarity of the resonant transfer of quasiparticles through
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out the whole Floquet multibarrier structure. Indeed, all the energy-conserving pro-

cesses, like the one depicted in Fig. 6.6(b), lead to the same scaling independently of

the number of barriers in the MAR path. This is another distinguishing feature of the

linear spectrum of the chiral edge state, which provides a discrete set of equidistant

energy levels which may be tuned with magnetic flux to allow for the resonant (order

Γ) quasiparticle transport to occur.

6.4. Comparison with non-chiral transport

A natural follow-up question is whether these results would change if the system

were to admit the existence of counter-propagating edge states. In this section, we will

briefly discuss the main differences in the current-voltage characteristics when both

modes of left chirality (ψ̂nLσ) and right chirality (ψ̂nRσ) are present in the system. To

this end, we redefine the central region to be described with a Aharonov-Bohm-like

Hamiltonian given by

ĤA-B =
∑
nLσ

ε0

(
nL −

Φ

Φ0

)
ψ̂†nLσψ̂nLσ

+
∑
nRσ

ε0

(
nR +

Φ

Φ0

)
ψ̂†nRσψ̂nRσ . (6.25)

It is then straightforward to generalize the electronic local and non-local retarded

Green’s functions to this case as

gr00 =
π

Λε0

[
cot

(
π
ω + iη

ε0

+ π
Φ

Φ0

)
+ cot

(
π
ω + iη

ε0

− π Φ

Φ0

)]
, (6.26)

with grαα = gr00 and

gr0α =
π

Λε0

[
e
i(π−α)

(
ω+iη
ε0

+ Φ
Φ0

)
csc

(
π
ω + iη

ε0

+ π
Φ

Φ0

)
+ e

−i(π−α)
(
ω+iη
ε0
− Φ

Φ0

)
csc

(
π
ω + iη

ε0

− π Φ

Φ0

)]
. (6.27)

The propagator grα0 is obtained by changing α→ 2π−α in gr0α. The normal transmission

of this model can be obtained by simply replacing the uncoupled propagators defined

by Eqs. (6.26) and (6.27) in Eq. (6.9). In this model, the transmission is strongly

dependent on the angle α that determines the distance between the leads, as opposed

to the chiral model. For the sake of concreteness, we shall work with the most symmetric

case, namely, α = π. In such circumstances, the normal transmission is exactly zero

for half an integer number of fluxes threading the system (Φ/Φ0 ∈ Z + 1/2), since the

non-local propagator vanishes exactly [see Eq. (6.27)].
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When considering the driven system, we will make use of the same gauge trans-

formation as the one described in Sec. 6.2.1 so that the central Hamiltonian changes

to

H̃A-B =HA-B −
eVb
2

(∑
nR,σ

ψ̂†nRσψ̂nRσ+
∑
nL,σ

ψ̂†nLσψ̂nLσ

)
, (6.28)

and the time dependence is solely included in the hopping to the left superconductor.

The Floquet spectrum of the uncoupled Aharonov-Bohm ring is then defined by elec-

tronic and hole states with different chirality as E∓nL,l = ε0(nL ∓ Φ/Φ0)∓ eVb/2 + leVb

and E∓nR,l = ε0(nR ± Φ/Φ0)∓ eVb/2 + leVb, with l being the replica index.

Figure 6.8: Time averaged current JDC as a function of the bias voltage Vb and the number of
fluxes enclosed by movers with left chirality Φ/Φ0 in the Aharonov-Bohm setup where the central
Hamiltonian is described by Eq. (6.25). The movers with right chirality enclose the opposite flux.
Each color map has been calculated with a different hybridization Γ of the edge modes of each
chirality with the leads: (a) Γ = ε0/60, (b) Γ = ε0/20, (c) Γ = ε0/12 and (d) Γ = ε0/2π.

We show in Fig. 6.8 the current-voltage maps of this non-chiral model as a function

of the flux enclosed by the movers with left chirality. Each panel has been calculated for

a different hybridization of the edge modes of each chirality with the superconducting

terminals. Since the number of channels is increased by a factor of 2 with respect to

the chiral setup, we show color maps with hybridization parameters which are half the

ones used in Fig. 6.4 to better compare both results. A first clear difference with the

chiral model is the suppression of the dc current whenever Φ/Φ0 ∈ Z + 1/2 due to

the existence of destructive interfering paths in the device. On the other hand, the

presence of counter propagating states gives rise to new resonances, which are mainly

the horizontal lines in Fig. 6.8 at bias voltages which are multiples of the discrete level

spacing. When considering the system parameters that allow for a complete alignment

of the resonant levels in the Floquet multibarrier picture, a constraint similar to the

one described for the chiral model [Eqs. (6.23) and (6.24)] is found when taking

into account separately the movers of each chirality. The new condition emerges from

backscattering processes where the electronic channels with left (right) chirality become

degenerate with hole-like channels with right (left) chirality in the same replica, which

automatically ensures the resonance throughout the whole MAR path. In this case the
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alignment condition reads

E−nL,l(Φ) = E+
nR,l

(Φ), (6.29)

which is satisfied for eVb = nε0 with n ∈ Z and thus explains the extra horizontal

resonances. We show in Fig. 6.9 two horizontal cuts of Fig. 6.8(a) when the bias voltages

are tuned to be eVb = 2ε0 and eVb = 5ε0/2. The exact suppression of the dc current

at half an integer number of fluxes can be appreciated for both curves. On the other

hand, for eVb = 2ε0 the resonant features are dominated by backscattering in the device

bearing significant deviations from the quasiparticle current in the chiral model at the

same bias voltage (see Fig. 6.5). When eVb = 5ε0/2, the chiral paths are the ones that

dictate the appearance of resonant peaks, and hence the current has a resemblance to

that of Fig. 6.5, setting aside the suppression near the half-integer quanta.
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Figure 6.9: Time averaged dc current of the non chiral model at bias voltages eVb = 2ε0 and
eVb = 5ε0/2 as a function of the flux enclosed by movers with left chirality. The hybridization is
Γ = ε0/60, as in Fig. 6.8(a).

It is then clear that it is possible to distinguish whether the dissipative trans-

port of quasiparticles is mediated by chiral or non-chiral edge channels by performing

current-voltage measurements as a function of the flux threading the sample. The main

differences are due to the existence of backscattering channels which are responsible

for both the suppression of the dc current at particular values of the fluxes and for the

emergence of new resonant paths.
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6.5. Summary and conclusions

We have presented numerical calculations of the current-voltage characteristic of a

SC-QH-SC junction where the dissipative current is carried by a single spin-degenerate

chiral edge channel. The existence of resonant MAR trajectories produces a distinctive

subgap structure in the dc current which is periodic with the superconducting flux

quantum Φs
0 = Φ0/2, as opposed to the non-dissipative Josephson supercurrent which

is periodic with the normal flux quantum Φ0.

The presence of a chiral edge state with a constant drift velocity ensures the exis-

tence of an equidistant spectrum of electronic and hole modes in the normal region

with a relative position which may be tuned with magnetic flux to a condition where

quasiparticles are resonantly transferred through the junction. By means of an inter-

pretation of the transport processes as occurring in a multibarrier structure in Floquet

space, we have identified the specific values of bias voltages where an enhancement of

the dc current should be expected as a function of the flux variations in the device.

Under these circumstances, the well defined peaks developed in the current-voltage

characteristic scale linearly with the hybridization parameter Γ, a manifestation of the

resonant transport of quasiparticles between superconductors. For voltages eVb > ∆,

the resonant Cooper pair tunneling processes give rise to peaks that disperse with flux

providing information on the drift velocity of the quantum Hall edge channel. We ex-

pect our results to remain valid for finite temperatures as long as kBT � ε0, so that

thermalization effects inside the Hall sample can be safely ignored—this guarantees

that the coherence length is larger than the sample’s perimeter [24].

Throughout this chapter we have neglected the Zeeman splitting between the two

occupied spin species of the chiral channel. Nonetheless, one can easily check that, since

the electronic levels of a given spin are shifted in the same amount as the holelike levels

of the opposite spin, the addition of a Zeeman term does not alter the resonant condition

determined by Eq. (6.24). Although not shown, we have numerically verified that the

position of the main peaks in the current-voltage characteristic remains unaltered when

taking into account this spin-splitting term.

We have furthermore analyzed the role of chirality by comparing these transport

results with an Aharonov-Bohm setup where backscattering between movers of opposite

chirality is allowed. We found clear differences in the current-voltage characteristics as

a function of magnetic flux, such as the presence of destructive interference paths that

suppress the current at certain fluxes and the appearance of additional resonant MAR

trajectories which lead to new peaks in the dc current.

These results may be considered as a first step towards the understanding of none-

quilibrium transport in Josephson junctions bridged by quantum Hall edge channels. A

complete tomography of the dissipative current as a function of the flux threading the
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sample and the bias voltage between superconductors could also be used as evidence

of chiral mediated transport in these hybrid devices.

6.6. Appendix A: Perfect matching condition

We show in this appendix a simple scattering calculation that helps understanding

why the normal transmission of the chiral model is completely independent of the flux

enclosed by the edge state when the hybridization Γ = ε0/π, or equivalently, when

hvd = π2γ2ρ(εF ). The problem is represented in Fig. 6.10, where a chiral field ψ(x)

scatters with a field φ representing the wires in the normal state. The Hamiltonian of

the system is modelled as

H =

∫
dx

[
−i~vdψ†(x)∂xψ(x)− γδ(x)

[
ψ†(x)φ+ φ†ψ(x)

]
− i

πρ(εF )
φ†φδ(x)

]
, (6.30)

where we have included a local scattering between the fields with a delta potential at

coordinate x = 0. The Hamiltonian of the wire is taken to be non-Hermitian, emulating

a sink of probability of the system. Its magnitude has been chosen so as to be consistent

with its density of states being ρ(εF ). We can solve this scattering problem by looking

Figure 6.10: A chiral edge channel (orange arrow) scatters off with a normal lead at coordinate
x = 0. We represent the coupling between the wavefunction of the leads φ and the one of the
edge state ψ with a contact potential γδ(x).

for solutions to the Schrödinger equation at a given energy E(
−i~vd∂x −γδ(x)

−γδ(x) − i
πρ(εF )

δ(x)

)(
ψ(x)

φ

)
= E

(
ψ(x)

φ

)
. (6.31)

Integrating this system of equations around x = 0 we find that

−i~vd (ψ> − ψ<)− γφ = 0 (6.32)

−γ
(
ψ> + ψ<

2

)
− i

πρ(εF )
φ = 0,
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where ψ>(<) represents the chiral field for infinitesimally positive (negative) coordina-

tes. This set of equations can be readily solved to find that

ψ> =

[
hvd − π2ρ(εF )γ2

hvd − π2ρ(εF )γ2

]
ψ< =

[
ε0 − πΓ

ε0 + πΓ

]
ψ<. (6.33)

We can clearly see that when Γ = ε0/π the normal wire sinks out the entire probability

so that the chiral field is strictly zero at positive coordinates. When coupling two normal

wires to the chiral state there will then be perfect transmission between them when

tuning this value of the hybridization parameter, as seen in the normal transmission

plotted in Fig. 6.2. This means that carriers are transferred between terminals without

accumulating a net flux (there are no closed loops in their trajectories). When the

Figure 6.11: Perfect Andreev reflection processes taking place when Γ = ε0/π. A chiral electro-
nic state (orange) scatters with a superconducting wire and is reflected with maximum probability
as a hole (blue).

wires become superconducting, this perfect matching condition makes the Andreev

reflection probability to become maximum. This being the case, electrons are perfectly

reflected as holes making the net flux accumulated in these closed trajectories to be zero

[see Fig. 6.11]: the magnetic phase of the electron is exactly cancelled out by the one

of the hole. This explains why the current voltage characteristic becomes completely

independent of the flux variations in the sample for this particular hybridization.

6.7. Appendix B: Green’s functions in Floquet re-

presentation

We present in this appendix a detailed discussion of the Floquet-Green’s function

method for the calculation of the lesser Green’s functions between the leads and the

chiral state, which are ultimately needed to obtain the current flowing in the device.

As stated in the main text, these may be obtained by applying the Langreth rules

in the Floquet-Dyson equation of motion, as we will show in the following. All that
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is eventually needed are the uncoupled Green’s functions of the edge state and the

superconducting terminals.

Figure 6.12: Top: a full scheme of the Floquet replicas of the device. They are shifted in
multiples of the driving frequency Ω = eVb/h. The arrows indicate the hopping matrices between
the leads and the Hall sample: V̌+ transfers electronic states, and V̌− transfers holelike states.
The right lead possesses a diagonal coupling in Floquet space due to the gauge transformation
that eliminated its time dependence. Bottom: the effective one-dimensional chains (one for even
n and another for odd n) that are finally numerically solved.

One should bear in mind that the Floquet representation of any equilibrium Green’s

function g(ω) has a block-diagonal form such that ǧmn(ω) = δm,n ǧ(ω+nΩ), where ǧ(ω)

is the usual Fourier transform of a time-translationally invariant propagator written

in the Nambu basis. In particular, the uncoupled lesser Green’s functions will bear

Fermi-Dirac distributions shifted in multiples of the frequency, such that

ǧ<nn(ω) = f(ω + nΩ) [ǧa(ω + nΩ)− ǧr(ω + nΩ)] , (6.34)

with ǧa/r(ω) being the corresponding advanced and retarded Green’s functions. We

will focus on the zero temperature regime, so that f(ω) = Θ(−ω), with Θ(ω) being

the Heaviside function.

In this case, the equilibrium Green’s functions of the superconducting leads are
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written in Nambu space as

ǧr/aνν (ω) =
πρ(εF )√

∆2 − (ω ± iη)2

(
−(ω ± iη) ∆

∆ −(ω ± iη)

)
, (6.35)

where ρ(εF ) is the leads normal density of states at the Fermi energy and finite band-

width effects have been neglected. On the other hand, the equilibrium (uncoupled)

Green’s functions of the chiral state, which will be ultimately needed to obtain the

current, are found to be

ǧ
r/a
00 (ω) = ǧr/aαα (ω) =

π

Λε0

cot
(
π ω+eVb/2±iη

ε0
+ π Φ

Φ0

)
0

0 cot
(
π ω−eVb/2±iη

ε0
− π Φ

Φ0

)
,


(6.36)

and

ǧ
r/a
0α (ω) =

[ǧr/a0α (ω, Vb,Φ)
]
ee

0

0
[
ǧ
r/a
0α (ω, Vb,Φ)

]
hh

 . (6.37)

Here ǧ00(ω) and ǧαα(ω) are the local propagators at the sites which are coupled to the

left and right lead, respectively. The nonlocal propagator ǧ0α(ω) goes from site s = 0 to

the one at site sR = Λα/2π. The electronic sector of this Green’s function is described

by the function[
ǧ
r/a
0α (ω)

]
ee

=
π

Λε0

e
i(π−α)

(
ω+eVb/2±iη

ε0
+ Φ

Φ0

)
csc

(
π
ω + eVb/2± iη

ε0

+ π
Φ

Φ0

)
,

while the hole-like part can be obtained as[
ǧ
r/a
0α (ω, Vb,Φ)

]
hh

=
[
ǧ
r/a
0α (ω,−Vb,−Φ)

]
ee
.

The propagator ǧα0(ω) may be obtained by changing α→ 2π − α in ǧ0α(ω).

To better illustrate the method, we show in Fig. 6.12 a pictorial scheme of the

Floquet replicas of the device, where the nondiagonal couplings V̌± defined in Eq. (6.20)

are only present between the left superconducting lead and the s = 0 site of the Hall

edge. The right lead, located at sR = Λα/2π, has a diagonal coupling in the Floquet

representation due to our choice of gauge [see Eq. (6.5)], which eliminated the time

dependence in this link. This makes feasible a procedure where both the right lead and

the entire perimeter of the Hall bar are included in an effective Green’s function of the

zeroth site, which is given by

ˇ̃g
r/a

00 (ω) = ǧ
r/a
00 (ω) + ǧ

r/a
0α (ω)Σ̌r/a

αα (ω)ǧ
r/a
α0 (ω), (6.38)



6.7 Appendix B: Green’s functions in Floquet representation 128

where we have defined the self-energy

Σ̌r/a
αα (ω) = V̌αR[ǧ

r/a−1
RR (ω)− Σ̌

r/a
RR(ω)]−1V̌Rα (6.39)

Σ̌
r/a
RR(ω) = V̌Rαǧr/aαα (ω)V̌αR,

and the hopping V̌αR = V̌Rα = −γτz. The corresponding lesser Green’s function is

obtained as
ˇ̃g
<

00(ω) = ˇ̃g
r

0α(ω)Σ̌<
αα(ω)ˇ̃g

a

α0(ω), (6.40)

with Σ̌<
αα = V̌αRǧ<RR(ω)V̌Rα.

The Floquet replicas of these effective sites ˇ̃g
nn

00 = ˇ̃g00(ω + nΩ) are depicted with

circles in the lower panel of Fig. 6.12. We also indicate their coupling to the replicas

of the left superconducting lead, shown as diamonds. The problem has then been

reduced to solving two such one-dimensional chains, one for even and another for odd

n. The Floquet-Dyson equations of motion, written in an infinite-dimensional matrix

representation, are finally given by

G<
0L(ω) = Gr

00(ω)V0Lg
<
LL +G<

00(ω)V0Lg
a
LL, (6.41)

with

Gr
00 = g̃r00 + g̃r00Σ

r
00G

r
00 (6.42)

G<
00 = Gr

00Σ
<
00G

a
00 + (I +Gr

00Σ
r
00)g̃<00(I + Σa

00G
a
00) ,

and where Σ
</r/a
00 (ω) = V0Lg

</r/a
LL (ω)VL0. The block elements of VL0 have been defined

in Eq. (6.20) and V0L = V†L0. This set of equations can be solved with standard

recursion techniques [69] by increasing the number of Floquet replicas until numerical

convergence of the results is achieved.
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Resumen del Caṕıtulo 6

Existen numerosos trabajos teóricos en la literatura que han estudiado los mecanis-

mos mediante los cuales se puede establecer un flujo de supercorriente de equilibrio en

junturas Josephson construidas con los estados de borde unidireccionales de muestras

Hall [105–109]. Como se discutió en el Caṕıtulo 5, debido a la naturaleza aislante del

bulto de la muestra y al rompimiento de simetŕıa de inversión temporal, los pares de

Cooper se transfieren únicamente a través de los modos h́ıbridos de tipo electrón-hueco

que se propagan quiralmente a lo largo del peŕımetro de la juntura. En este escenario,

se predice teóricamente que los patrones de Fraunhofer—que revelan el comportamien-

to de la supercorriente cŕıtica como función de las variaciones de campo magnético en

la muestra—oscilan periódicamente con el cuanto de flujo normal Φ0 = hc/e [105–107],

un sello distintivo del transporte mediado por estados de borde unidireccionales.

Si bien se ha dicho mucho sobre las propiedades de equilibrio de estas junturas,

su respuesta a experimentos de transporte inherentemente fuera de equilibrio sigue

siendo, en buena medida, un campo inexplorado. El principal objetivo del presente

caṕıtulo es avanzar en esta dirección estudiando las propiedades de transporte de una

juntura Josephson basada en una muestra Hall en la que se aplica una diferencia de

voltaje entre las terminales superconductoras. La forma funcional de la caracteŕıstica

corriente-voltaje en nanoestructuras superconductoras ha sido ampliamente utilizada

como una forma de hacer espectroscoṕıa de la juntura misma en una variedad de dispo-

sitivos Josepshon (con puntos cuánticos [113–115], moléculas [116] e incluso excitacio-

nes topológicas [118–120]). En este caṕıtulo, se investiga teóricamente la caracteŕısitica

corriente-voltaje de junturas basadas en muestras en el régimen Hall cuántico como

función de las variaciones de flujo en la muestra y se demuestra cómo puede ser uti-

lizada para revelar la presencia de transporte mediado por estados de borde quirales.

Se encuentra que el promedio temporal de la corriente exhibe una serie de resonan-

cias distintivas que son periódicas con el cuanto de flujo superconductor Φs
0 = Φ0/2,

en contraposición a la periodicidad ya conocida de la corriente Josephson de equili-

brio (no disipativa). La aparición de estos picos en la corriente de cuasipart́ıculas se

atribuye a la existencia de procesos resonantes que involucran múltiples reflexiones de

Andreev en las terminales superconductoras. La representación de Floquet es utilizada

para comprender estas resonancias en un esquema de transporte a través de múltiples

barreras.

El caṕıtulo se organiza de la siguiente manera. En la Sección 6.2 introducimos el

modelo efectivo de bajas enerǵıas que es utilizado para describir los reservorios, el es-

tado quiral y su respectivo acoplamiento. Se incluye una discusión de la transmisión

normal de la juntura (con terminales metálicas), ya que esto permite caracterizar el dis-

postivo en términos de los parámetros microscópicos del modelo. Asimismo, se incluye
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una discusión de la técnica con funciones de Green de Keldysh que es empleada para

calcular la corriente a dos terminales cuando los reservorios son superconductores. En

la Sección 6.3 se presentan las curvas de corriente-voltaje obtenidas numéricamente y se

interpretan los resultados. En la Sección 6.4 se estudia la caracteŕıstica corriente-voltaje

en un dispositivo que presenta canales con quiralidades opuestas, emulando una confi-

guración de anillo de Aharonov-Bohm. En este último caso, se rompe la simetŕıa quiral

al acoplar los estados de borde con las terminales superconductoras, permitiendo que

ocurran procesos retrodispersivos y por tanto, se modifica drásticamente la dependecia

con flujo en la caracteŕıstica corriente-voltaje. Finalmente, en la Sección 6.5 se resumen

los resultados principales y se presentan algunos comentarios finales. Los resultados de

este caṕıtulo fueron publicados en la Ref. [121].



Chapter 7

Majorana fermions on the quantum

Hall edge

7.1. Introduction

As previously discussed in Chapter 5, the main physical consequence of the pre-

sence of chiral quantum Hall edge states bridging two superconductors in a Josephson

junction is that backscattering is ruled out and so the conventional transfer of Cooper

pairs by Andreev retroreflection is not allowed [86]. The charge transfer mechanism that

produces a supercurrent must then involve the entire perimeter of the Hall bar [105–

108], yielding an unusual critical supercurrent Jc as a function of the flux threading

the sample. In fact, the current-phase relation is expected to obey a normal flux quan-

tum Φ0 = hc/e periodicity instead of the conventional one with the superconducting

quantum Φ0/2.

In this chapter, we pose the question of what would happen if the s-wave super-

conductors were to be replaced by topological ones. In particular, we study the equi-

librium transport and spectral properties of a quantum Hall based junction with one-

dimensional superconducting leads that can be driven from a trivial s-wave phase to

a p-wave topological phase, where Majorana quasiparticles emerge at the ends of each

terminal. We find that this topological phase transition can be detected by analyzing

the behavior of the supercurrent in the device, which is entirely carried by the chiral

edge channels of the Hall sample. Our main claim is that the Fraunhofer patterns,

which describe the modulations of the critical supercurrent as a function of the mag-

netic field Bz through the quantum Hall region, Jc(Bz), not only reveal the presence of

the Majorana fermions, but they also bear information on the spin polarization [127]

of these topologically protected end modes.

The present chapter is organized as follows. In Sec. 7.2 we introduce the tight-

binding model of the Josephson junction. We calculate the supercurrent as a function

131
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of the phase difference between the superconducting leads and the critical current

profiles as the magnetic flux through the junction is varied in amounts of the order of

the flux quantum. We focus on the quantum regime, where only the first Landau level

is occupied, and we analyze how these Fraunhofer interference patterns evolve as the

leads are driven from the trivial to the topological phase. The spectral properties of

the device are also presented, revealing how the Andreev level spectrum is correlated

with the transport simulations. In Sec. 7.3 we introduce a low-energy spinful model

that allows us to reproduce the main features of the full numerical model. We also do

a detailed analysis of the limiting case in which the wires behave as spinless p-wave

Kitaev chains. In Sec. 7.4 we briefly discuss how the transport results are modified

when there are two Landau levels occupied in the quantum Hall region. Finally, we

summarize our main results and state some concluding remarks in Sec. 7.5. The results

of the present chapter were published in Ref. [109].

7.2. Tight-binding model of the Josephson junction

We consider the system schematically shown in Fig. 7.1. The quantum Hall (QH)

central region is modeled with a square lattice threaded by a net geometrical flux

Φg = −BzAg, where Bz is the component of the applied magnetic field perpendicular

to the lattice, and Ag is the geometric area of the latter. We use the Bogoliubov-de

Gennes basis and describe the fields at each site r as Ψ̂r = (cr↑, cr↓, c
†
r↓,−c†r↑)T, where

c†rσ creates an electron with spin σ at site r = x x̂+ y ŷ of the QH region. Taking the

lattice spacing to be a0, the Hamiltonian can be written as

Ĥqh =
1

2

∑
r

[
Ψ̂†rH0Ψ̂r + Ψ̂†rVr,r+a0x̂

Ψ̂r+a0x̂

+ Ψ̂†rVr,r+a0ŷ
Ψ̂r+a0ŷ

+ h.c
]
, (7.1)

where

H0 = (4tqh − µ− Vg) τz ⊗ σ0 ,

Vr,r+a0ŷ = −tqh τz ⊗ σ0 ,

Vr,r+a0x̂ = −tqh τz ⊗ σ0 e
−i 2πBzya0

Φ0
τz⊗σ0 . (7.2)

The hopping amplitude between neighboring sites is given by tqh, the chemical potential

by µ and Vg is a gate voltage that tunes the filling factor in the QH region. The Pauli

matrices τa (σa) and the identity τ0 (σ0) act in particle-hole (spin) space. Bz has
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Figure 7.1: Tight-binding scheme of the Josephson junction. Two nanowires with Rashba spin-
orbit coupling proximitized with a BCS superconductor are subject to a Zeeman field in the x̂
direction. The wires are coupled to a square lattice in the quantum Hall regime with a hopping
amplitude λ.

been included via the Peierls substitution, with the vector potential A = Bzy x̂ in

the Landau gauge and the y coordinate taken to be zero exactly at the middle of the

sample (where the superconducting leads are attached). The Zeeman term in the QH

region is assumed to be negligible.

The superconducting leads are modeled as nanowires with Rashba spin-orbit coupling

subject to an in plane Zeeman field Bx and in proximity with a BCS superconductor of

gap ∆. As originally discussed in Refs. [74] and [73], for Bx larger than the critical field

Bc =
√

∆2 + µ2, with µ the chemical potential of the wires, topologically protected

zero-energy Majorana modes arise at the ends of each lead. A detailed discussion of the

model was already presented in Sec. 4.2.2 of Chapter 4. The wires are well described

by the following N -site one-dimensional lattice Hamiltonian:

Ĥν =
1

2

N−1∑
j=0

χ̂ν†j Hνχ̂
ν
j +

1

2

N−2∑
j=0

[
χ̂ν†j Tνχ̂

ν
j+1 + χ̂ν†j+1T

†
ν χ̂

ν
j

]
, (7.3)

Hν = (2tsc − µ) τz ⊗ σ0 −Bx τ0 ⊗ σx + ∆ τx ⊗ σ0 ,

Tν = −tsc τz ⊗ σ0 + iα τz ⊗ σz . (7.4)

Here ν = L,R refers to the left and right leads, and the four component spinor at

site j is merely χ̂νj = (cνj↑, c
ν
j↓, c

ν†
j↓,−cν†j↑)T. The hopping matrix element of the wires is

given by tsc, and α represents the spin-orbit coupling. For the purposes of this work,

the number of sites N is taken sufficiently large so the Majorana modes at opposite

edges of each wire have negligible overlap. We can label the fields that will ultimately

be coupled to the Hall bar by χ̂LN−1 ≡ χ̂L and χ̂R0 ≡ χ̂R. The tunneling Hamiltonian

between the leads and the central region is then given by

ĤT =
1

2
[χ̂†LVL,rLΨ̂rL + χ̂†RVR,rRΨ̂rR + h.c.] , (7.5)
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where we have incorporated the junction’s phase difference ϕ in the hopping to the right

superconductor, and we defined VL,rL = −λ τz ⊗ σ0 and VR,rR = −λ eiϕ2 τz⊗σ0τz ⊗ σ0.

Here the coordinates rL and rR correspond to the sites at the edge of the Hall sample

that are coupled to the left and right leads, respectively. In our numerical simulations,

we choose parameters such that the hoppings tsc = tqh = λ = 1, µ = 0, ∆ = 0.3 and

α = 0.1. A small square lattice of Ny = 41 sites wide and Nx = 65 sites long is used,

so that the total geometrical area of the sample is Ag = (Nx − 1)(Ny − 1)a2
0.

7.2.1. Supercurrent and Fraunhofer patterns

In what follows, we will focus on the extreme quantum limit of our QH junction,

where only the first Landau level is occupied. Within the range of parameters we work

with, a typical flux per plaquette of the order of Bza
2
0/Φ0 ' 0.08 and a gate voltage

Vg = 1 are enough to satisfy this last condition. The magnetic length is such that

lB ' 1.4 a0 so that the edge states are sufficiently localized around the perimeter of the

sample.

The zero temperature supercurrent flowing from the left superconductor to the Hall

bar in equilibrium is obtained as

〈ĴL〉 = − e
h

Re

∫
dωTr

[
τz ⊗ σ0 VL,rLG

<
rL,L

(ω)
]
, (7.6)

where G<
rL,L

(ω) is the minor Green’s function between the left coupled site of the Hall

bar and the corresponding lead. Its elements in the Bogoliubov-de Gennes basis are

defined as [G<
rL,L

(ω)]αβ = i
∫
dteiωt〈χ̂†Lβ(0)Ψ̂rLα

(t)〉 [65], and, in equilibrium, it satisfies

a simple relation with the retarded (r) and advanced (a) Green’s functions

G<
rL,L

(ω) = f(ω)
[
Ga

rL,L
(ω)−Gr

rL,L
(ω)
]
, (7.7)

with f(ω) the Fermi-Dirac distribution, which is taken here to be a Heaviside function

at zero temperature, f(ω) = Θ(−ω). One should bear in mind that, within this forma-

lism, the supercurrent is always 2π-periodic on account of this thermodynamic average

without parity conserving constraints 1.

In Fig. 7.2 we show the current-phase relations in the quantum Hall regime cal-

culated for different Zeeman fields (Bx) along the superconducting wires. The total

geometrical flux in the Hall sample is chosen to be Φg = −0.08Φ0
Ag
a2

0
. Notice that our

choice for the vector potential gauge and the symmetrical positioning of the super-

conducting leads guarantees the absence of a supercurrent at zero phase difference.

An increment of the critical current in around an order of magnitude as the leads are

1This has been proven to be the most likely scenario, mainly because of the ubiquitous presence of
quasiparticle poisoning in experimental devices.
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Figure 7.2: Current-phase relations for different magnetic fields along the nanowires. The total
geometrical flux threading the sample is given by Φg = 0.08Φ0

Ag

a20
. The color scale indicates the

magnitude of the Zeeman field along the wires normalized to the critical field Bx/Bc. The inset
shows the same curves normalized to their maximum value.

driven throughout the topological phase transition is apparent from the figure. This

phenomenon stems from an enhancement of the Andreev process when Majorana ze-

ro energy quasiparticles emerge at the end sites of each lead, as will be explained in

Section 7.3. The changes in the current-phase relations profiles can be better visua-

lized in the inset of Fig. 7.2, where each current has been normalized to its critical

value. The maximum value of the curves shifts from being at ϕ = π/2 in the trivial

phase to being closer to ϕ = π in the topological phase. This effect is expected in

the presence of Majoranas because the Andreev level spectrum becomes gapless. In

particular, a topologically protected crossing between these bound states occurs when

the phase difference between the superconducting nanowires is ϕ = π, which explains

the aforementioned shift in the maximum critical current.

Figure 7.3 shows the numerically obtained Fraunhofer patterns, calculated as

Jc(δBz) = máx
ϕ
|〈JL(ϕ,Φg + δBzAg)〉| , (7.8)

where we change the magnetic field threading the central region in δBz. Each curve has

a different magnitude of the Zeeman field Bx, represented by a color scale normalized to

the critical field Bc. To properly compare the flux variation δΦ with the flux quantum,

the former is calculated as δΦ = δBzAph, where Aph = [(Nx−1)a0−2lB][(Ny−1)a0−2lB]

is the physical area enclosed by the edge state, which has a typical size of lB ' 1.4a0.

At Bx = 0 we obtain the already known characteristic Fraunhofer profile of a
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Figure 7.3: Fraunhofer patterns: We show the critical current profiles as a function of the
variations of total flux enclosed by the edge state δΦ relative to an initial flux Φg that sets
the system safely into the quantum Hall regime. The color scale indicates the magnitude of the
Zeeman field along the wires normalized to the critical field, Bx/Bc. Dashed lines indicate the
Fraunhofer pattern at the topological phase transition Bx = Bc. The curves are shifted for clarity.

supercurrent carried by a chiral edge state [105, 106] with a periodicity given by the

normal flux quantum Φ0. The presence of peaks or resonances can be traced back

to the level discretization of the chiral edge state due to its confinement along the

perimeter of the Hall bar. Each time one of these discrete levels becomes resonant with

the Fermi level—a condition which is naturally periodic with Φ0—the supercurrent

becomes larger in magnitude. As Bx gets closer to the critical value, these resonances

are spin-split: since the effective superconducting gap is reduced, the bound Andreev

levels penetrate deeper into the leads and hence the effect of the Zeeman coupling

becomes stronger.

Quite remarkably, the Fraunhofer patterns change drastically in the topological

phase, i.e., for fields Bx > Bc. Even though the periodicity in the oscillations remains

the same, the resonances have now become dips in the critical current profiles. These

dips have an additional field-dependent magnitude: they tend to smoothly disappear

as Bx is further increased. As we shall explain in section 7.3, this behavior can be

understood as a clear signature of the presence of Majorana fermions at the ends of

each lead. Interestingly, the spin polarization of these topologically protected quasi-

particles is found to be responsible for the above mentioned magnetic field dependence

of the Fraunhofer profiles.
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We also note in passing the absence of nodes (zeros) in the critical current patterns

both in the topological and the trivial phase, as opposed to the Fraunhofer oscilla-

tions in a conventional Josephson junction [101]. This effect has also been pointed out

to occur in a quantum spin Hall based junction hosting one-dimensional topological

superconductivity [128].

7.2.2. Andreev bound states

To understand the transport properties of the junction, it is instructive to take a

closer look at the Andreev bound states, which generally carry most of the supercurrent

between superconductors. In order to do so, we calculate the spectral density at the

left edge of the central region as

AL(ω, ϕ) = − 1

π
Im
∑
r ε L

Tr
[
Gr

rr(ω, ϕ)
]
, (7.9)

where Gr
rr is the retarded Green’s function of the field Ψ̂r. This magnitude faithfully re-

veals the Andreev bound-states dispersion relation as a function of the phase difference

between the superconducting leads.

In Figs. 7.4 and 7.5 we show the behavior of AL(ω, ϕ) when the nanowires are in the

the topological regime (Bx = 2Bc) and in the trivial regime (Bx = 0), respectively. The

parameters of the quantum Hall region are the ones used for the transport simulations in

the previous section. We have chosen three significant fluxes in the Fraunhofer patterns,

shown in the lower panels, to calculate the corresponding subgap spectral densities.

Andreev bound states in this junction arise near the energies where discrete levels

are formed due to the confinement of the chiral edge state in the perimeter of the isola-

ted Hall bar, bearing a resemblance to the ones obtained in the case of a one-dimensional

channel between superconductors. In fact, they come in sets that are determined by

the level spacing δε = 2π~vd/Λ, with Λ the perimeter of the square lattice and vd the

drift velocity of the edge state. For our chosen parameters, δε ' 0.1∆.

Some fingerprints in the spectral densities are clearly correlated with the magnetic

flux dependence of the Fraunhofer patterns. In the topological case (Fig. 7.4), when

a dip occurs in the critical current profile, a series of low energy levels become non-

dispersive and degenerate in pairs. In particular, two levels stay pinned at the Fermi

level. As we shall explain in section 7.3, this effect originates when four degenerate levels

(taking into account the electronic and hole sectors as well as their spins) are coupled

to the zero energy Majorana modes. In this situation, it is always possible to find

two linear combinations of these states that effectively decouple from the leads. When

the flux is detuned from this particular point, the levels become dispersive, naturally

translating into a larger critical current. At phase difference ϕ = π a topologically



7.3 Low-energy spinful model 138

Figure 7.4: The upper panels show the spectral density AL(ω, ϕ) in the quantum Hall regime.
The color scale goes from white (zero) to black (higher value) in arbitrary units. Each figure is
calculated for a different magnetic flux threading the central region, indicated by a corresponding
symbol in the Fraunhofer pattern shown in the lower panel. The nanowires are in the topological
regime with a magnetic field Bx = 2Bc.

protected crossing occurs between these levels [129], in a similar fashion to the case of a

tunnel junction between two Majorana fermions. The supercurrent becomes maximum

when the flux is chosen to be in between two dips.

In the trivial case at Bx = 0 (Fig. 7.5) all Andreev levels are spin-degenerate. A

resonance takes place in the critical current profile when the electronic and hole states

become degenerate at the Fermi level. The superconducting correlations couple these

levels, so they become dispersive as a function of the phase difference and eventually

cross at ϕ = π, where the current becomes maximum. As the flux gets detuned from

this value, this crossing becomes an anti-crossing and the Andreev bound states tend

to be less dispersive, causing the value of the current to diminish.

7.3. Low-energy spinful model

In this section we introduce a low-energy spinful model, schematically depicted in

Fig. 7.6, to understand the results in the topological regime (Bx > Bc). Two Majorana

fermions, represented by the operators γ̂L and γ̂R, are coupled with a hopping amplitude

λ̄ to a chiral one-dimensional channel with drift velocity vd. The Hamiltonian describing
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Figure 7.5: Same as the previous figure but with a magnetic field Bx = 0 so that the nanowires
are in the trivial regime.

the chiral field is described as

Ĥch = ~vd
∑
σ

∫ 2π

0

dα ψ̂†σ(α)(−i∂α − Φ/Φ0)ψ̂σ(α) , (7.10)

where we have used angular coordinates to write the vector potential along the radius

R of the ring as A = −BzR
2
α̂. The net magnetic flux through the ring is Φ = −BzπR

2.

The chiral fields are normalized when integrated along the perimeter of the ring. The

tunneling Hamiltonian between the Majorana fermions and the one dimensional chan-

nel can be written as

ĤT = λ̄

∫
dα δ(α) γ̂R

(
eiϕ/2ψ̂1(α)− e−iϕ/2ψ̂†1(α)

)
+λ̄

∫
dα δ(α− π) γ̂L

(
ˆ̃
ψ1(α)− ˆ̃

ψ
†

1(α)
)
, (7.11)

where the phase difference ϕ between the superconducting leads has been taken fully

into account only on the hopping to the right Majorana fermion and we have defined
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(a)

(b)

Figure 7.6: (a) Low-energy model of the Josephson junction: Two Majorana end modes are
coupled with a chiral field with velocity vd that moves on a ring of radius R threaded by an
external flux Φ. The arrows represent the spin of the quasiparticles at the end sites of each wire.
The canting angle θ is defined in the main text. (b) Calculated spin canting angle as a function
of the Zeeman field along the wire. We show results within the topological regime Bx > Bc. The
parameters of the superconducting nanowire are specified in the main text.

the fields

ψ̂1(α) = cos(θ/2) ψ̂↑(α)− i sin(θ/2) ψ̂↓(α)

ψ̂2(α) = −i sin(θ/2) ψ̂↑(α) + cos(θ/2) ψ̂↓(α)

ˆ̃
ψ1(α) = i cos(θ/2) ψ̂↑(α)− sin(θ/2) ψ̂↓(α)

ˆ̃
ψ2(α) = sin(θ/2) ψ̂↑(α)− i cos(θ/2) ψ̂↓(α) . (7.12)

Here, the spin quantization axis (↑, ↓) has been defined parallel to that of the

magnetic field along the wires (x̂). We have chosen this particular form of the coupling

so as to preserve the spin degree of freedom in the tunneling Hamiltonian. Since the

spin-orbit effective field of the original wires is in the ẑ direction [see Eq. (7.3)], the spin

polarization of the left and right Majorana fermions lays on the x − y plane [127]. In

particular, both quasiparticles have the same spin projection along the direction of the

Zeeman field but bare a different sign along the ŷ direction. This behavior is captured

by the canting angle θ. The ψ̂2(α) and
ˆ̃
ψ2(α) fields do not appear in the tunneling

Hamiltonian since their spins are anti-parallel to the right and left Majorana fermions,

respectively.

We can gain a better insight by computing θ for the parameters used in our tight-
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binding numerical simulations. Specifically,

tan(θ) = ĺım
ω→0

〈Ŝy(ω)〉
〈Ŝx(ω)〉

, (7.13)

where

〈Ŝj(ω)〉 = − ~
2π

ImTr
[(τ0 + τz)

2
σjG

r
χ̂L

]
, (7.14)

with Gr
χ̂L

the retarded Green’s function of the end site of the left lead. We plot this

angle in Fig. 7.6(b) as a function of the Zeeman field Bx. For high fields, the spins tend

to be completely aligned along the x̂ direction, ultimately arriving to the well known

Kitaev “spinless”limit [77].

7.3.1. Andreev bound states

Our first purpose is to find the bound states of the model defined by Eqs. (7.10)

and (7.11). A natural way of integrating out the Majorana fermions from the tunneling

Hamiltonian is to solve the scattering problem of the chiral fermions at each terminal.

The incoming electronic/hole modes with energy ω at the right lead (α = 0−) are

related to the outgoing ones (α = 0+) through the transfer matrix M0(ω, ϕ)

Ψ̂(0+) = M0(ω, ϕ)Ψ̂(0−) . (7.15)

with Ψ̂(α) = (ψ̂1(α), ψ̂†1(α), ψ̂2(α), ψ̂†2(α))T 2, and

M0(ω, ϕ) =


~vdω

2iλ̄2+~vdω
2iλ̄2e−iϕ

2iλ̄2+~vdω
0 0

2iλ̄2eiϕ

2iλ̄2+~vdω
~vdω

2iλ̄2+~vdω
0 0

0 0 1 0

0 0 0 1

 . (7.16)

The peculiarity of this type of scattering is that if a zero energy electron (hole) with

a spin parallel to the one of ψ̂1 scatters with the Majorana mode, a perfect Andreev

reflection takes place and a hole (electron) with the same spin as the incoming par-

ticle goes through. This phenomenon is known as the selective equal spin Andreev

reflection [130].

The transfer matrix in the left lead Mπ(ω) can be written as a rotation of the one

obtained for the right lead,

Mπ(ω) = C†(θ)M0(ω, 0)C(θ) , (7.17)

2Note that here we exchanged the particle-hole and spin subspaces as compared with the notation
used in the tight-binding model
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with C(θ) defined by

C(θ) =


i cos(θ) 0 − sin(θ) 0

0 −i cos(θ) 0 − sin(θ)

sin(θ) 0 −i cos(θ) 0

0 sin(θ) 0 i cos(θ)

 . (7.18)

The matrix C(θ) is such that

ˆ̃
Ψ(α) = C(θ)Ψ̂(α), (7.19)

with
ˆ̃
Ψ(α) = (

ˆ̃
ψ1(α),

ˆ̃
ψ
†

1(α),
ˆ̃
ψ2(α),

ˆ̃
ψ
†

2(α))T . A straightforward piece-wise integration of

the Schrödinger equation defined by Eq. (7.10), with the boundary conditions (7.15)

and (7.17) shows that an eigenstate at α = 0+ with energy ω must then satisfy

Ψ̂(0+) = Π(ω)Ψ̂(0+), (7.20)

with

Π(ω) = ei2πω̃M0(ω, ϕ)eiπΦ̃σ0⊗τzMπ(ω)eiπΦ̃σ0⊗τz . (7.21)

Here ω̃ = ω/δε, δε = ~vd/R is the level spacing of the chiral modes in the ring and

Φ̃ = Φ/Φ0. The eigenenergies of the system are then given by the equation

det[I− Π(ω)] = 0 . (7.22)

When λ̄ = 0 it is trivial to obtain the electronic (−) and hole (+) spin-degenerate

solutions of the uncoupled ring ω±n = δε (n ± Φ/Φ0), with n ∈ Z. Note that with our

choice of zero chemical potential in Eq. (7.10) there is always an electronic and a hole

mode at the Fermi energy whenever there is an integer number of flux quanta threading

the system.

Figure 7.7 shows the solutions of Eq. (7.22) as a function of the phase difference ϕ

(solid (red) lines). Only positive eigenenergies are shown since the spectrum is electron-

hole symmetric. In all figures the radius of the ring is R = 1, the hopping amplitude

λ̄ = 0.02, the level spacing δε = 0.03 and the canting angle θ = 0.15π. These values

where chosen so as to compare the results with the ones analyzed in Fig. 7.4 of Section

7.2, with a Zeeman field Bx = 2Bc, while the canting angle has been extracted from

Fig. 7.6(b). In Fig. 7.7(a) the flux is an integer number of Φ0, in (b) Φ = 0.13 Φ0

and in (c) Φ = 0.5 Φ0. Clearly, there is a good agreement between the theory and the

tight-binding numerical simulations at low energies. At higher energies the model fails

to describe the full spectral density because of two main reasons: (i) the assumption of

an unrestricted linear spectrum for the edge state with a constant slope vd is not longer
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(c)(b)(a)

Figure 7.7: Solid red lines are the analytical solutions obtained from Eq. (7.22) as a function
of the phase difference ϕ between superconductors. In all figures R = 1, λ̄ = 0.02, θ = 0.15π and
δε = 0.03. In (a) there is an integer number of flux quantum threading the ring, in (b) Φ = 0.13Φ0

and in (c) Φ = 0.5Φ0. The color maps are the spectral densities AL(ω, ϕ) for Bx = 2Bc and the
same fluxes of Fig. 7.4.

valid; (ii) the fact that the continuum spectrum has not been taken into account. Yet,

as we shall show below, the low-energy description is enough to qualitatively capture

the main features of the complete transport simulations.

When the flux threading the ring is an integer number of flux quanta Φ̃ = N the

electronic and hole levels of the uncoupled system become degenerate at energies nδε

since ω+
n−N = ω−n+N . Taking into account the spin degree of freedom, this results in four

degenerate states (for each n) coupled to two zero energy Majorana modes. This being

the case, there are always two solutions that stay pinned at nδε3, which are nothing

but the series of flat bands in Fig. 7.7(a). The two eigenstates at α = 0 corresponding

to the ω = nδε flat bands can be obtained from Eq. (7.20) as

Ψa(0) = N (θ, ϕ)

(
i

tan(θ)

1 + eiϕ
, i

tan(θ)

1 + e−iϕ
, 0, 1

)
,

Ψb(0) = N (θ, ϕ)

(
−i tan(θ)

1 + eiϕ
,−i tan(θ)

1 + e−iϕ
, 1, 0

)
, (7.23)

where the normalization factor is given by N (θ, ϕ) = [1 + sec2(ϕ/2) tan2(θ)/2]−
1
2 . One

can check that these states are eigenstates of both M0 and Mπ, and are therefore

effectively decoupled from both Majorana fermions 4 and unable to carry supercurrent.

3This is a general result from linear algebra: an n × n hermitian matrix that contains a m × m
degenerate subspace (with eigenvalue λ) has always at least n−m eigenvectors inside the degenerate
subspace that have eigenvalue λ.

4Eq. (7.23) can also be found by inspection, looking for a linear combination of the ψi and ψ†i fields

that do not couple to γ̂L and γ̂R (cf. Eq. (7.11)), taking into account that Ψ̂(π) = Ψ̂(0) for Φ̃ = N .
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This is consistent with the behavior of the dips in the Fraunhofer pattern discussed

in Fig. 7.4. As a matter of fact, the decoupled solutions are the ones that cease to

contribute to the supercurrent when Φ̃ is precisely tuned, resulting in a minimum in

the critical current. Note that, as the canting angle θ decreases, the states in Eq. (7.23)

tend to have a polarized spin parallel to that of the Ψ̂2 fields. When this happens, these

solutions are always decoupled for any flux, so the dips disappear.

A similar scenario takes place when a half-integer number of flux quanta Φ̃ =

(N + 1/2) is threading the ring, since ω+
n−N = ω−n+N+1. However, in this case, the non-

dispersive solutions will be at energies δε(n + 1
2
), so that there is no flat band pinned

at the Fermi energy—the closest to the Fermi level are at ±δε/2. Yet, as there is a

topologically protected crossing at ϕ = π, there must be another pair of Andreev levels

in between them, which are maximally dispersive in that situation. This qualitative

picture explains the maximum of Jc.

7.3.2. Josephson supercurrent

In order to obtain the supercurrent, we first make a gauge transformation so that the

phase difference between the topological superconducting leads is taken into account

by adding to Eq. (7.10) the following contribution [108]:

Ĥϕ = −~vd
2

∫ 2π

0

dα Ψ̂†
(a(α, ϕ)

2
(σ0 + σz)⊗ τz

)
Ψ̂ , (7.24)

with the vector potential a(α, ϕ) = sgn(α − π)ϕ/2π. Notice that the phase depen-

dent vector potential affects only the ψ̂1 fields, consistent with our initial choice. The

supercurrent is then given by Jsc = 2e
~ 〈

∂Ĥϕ
∂ϕ
〉 and can be expressed as

Jsc =
evdkBT

4π

∑
m

{∫ π

0

dαTr
[
(σ0 + σz)⊗ τz G(α, α, iωm)

]
−
∫ 2π

π

dαTr
[
(σ0 + σz)⊗ τz G(α, α, iωm)

]}
, (7.25)

where G(α, α, iωm) is the Matsubara Green’s function of the chiral states, ωm = (2m+

1)πkBT is the fermionic Matsubara frequency and T the temperature. After the explicit
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Figure 7.8: Fraunhofer profiles obtained by maximizing Eq. (7.26) as function of the phase
difference. Each curve is calculated for a different canting angle θ. The parameters are such that
δε = 0.03, R = 1 and λ̄ = 0.02.

evaluation of G(α, α, iωm) (see Appendix 7.6) we find

Jsc(ϕ) = −ekBT
~

∑
m

{
2˜̄λ4

cos2(θ) sin(ϕ)
[
cos(2πΦ̃)− cosh(2πω̃m)

]}
×

{˜̄λ4 [
cos(2θ)− 2 cos2(θ) cos(2πΦ̃) cos(ϕ)

]
+

(˜̄λ4

+ π2ω̃2
m

)
cosh(4πω̃m)

− 4π˜̄λ2

ω̃m cos(2πΦ̃) sinh(2πω̃m) + π2ω̃2
m

[
cos(4πΦ̃) + 2

]
+ 2 cosh(2πω̃m)

[˜̄λ4

cos2(θ)
(

cos(ϕ)− cos(2πΦ̃)
)

(7.26)

+ 2π˜̄λ2

ω̃m sinh(2πω̃m)− 2π2ω̃2
m cos(2πΦ̃)

]}−1

,

where ω̃m = ωm/δε and ˜̄λ =
√

2π λ̄/~vd. One can check that the kernel of the sum,

and therefore the supercurrent, vanishes identically when θ = π
2
. This trivial case

corresponds to the spins of the left and right Majorana being completely anti-parallel.

Fig. 7.8 shows the Fraunhofer patterns of this low-energy model for different canting

angles. These were numerically obtained by maximizing Eq. (7.26) as a function of ϕ

at zero temperature. We have chosen to normalize the critical current with the same

units as in the tight-binding calculations, mainly 2e∆/h with ∆ = 0.3, so as to properly
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compare the orders of magnitude. The qualitative behavior is very similar to the one

obtained in the full tight-binding model of the junction: a series of dips arise when the

electronic and hole modes become resonant at the Fermi level, an effect that within

our model occurs at multiples of Φ0. As the canting angle decreases (which corresponds

to an increase of Bx in the leads) these dips tend to diminish their value with respect

to the mean value of the critical current. In the Kitaev limit (θ = 0), these features

completely disappear and the Fraunhofer profile turns into a smooth function of the

flux variations.

Obtaining closed analytical expressions for the current-phase relation [Eq. (7.26)]

can be quite cumbersome. Nonetheless, for the particular cases where the flux threading

the ring is an integer (Φ̃ ∈ Z) or half an integer number (Φ̃ ∈ Z + 1/2) of flux

quanta, some simplifications can be made. Even more, at zero temperature, the largest

contribution to the supercurrent comes from the low frequency range and Eq. (7.26)

can be roughly approximated by an integral of a Lorentzian shaped kernel. Within

these estimates, we obtain that

JNsc (ϕ) ' eδε

2h

λ̃√
2 + λ̃

2

cos2(θ) sin(ϕ)√
1− cos2(θ) sin2(ϕ/2)

,

J
N+ 1

2
sc (ϕ) ' eδε

h

λ̃
2

1 + λ̃
2 cos(θ) sin(ϕ/2)sgn(π − ϕ) , (7.27)

where JNsc (ϕ) and J
N+ 1

2
sc (ϕ) are the approximated current-phase relations for an integer

or half-integer number of flux quanta in the device, respectively. Note the sawtooth-like

dependence of the supercurrent as a function of the phase difference ϕ when there is

a half-integer number of flux quanta threading the ring, capturing the topologically

protected crossing between Andreev bound states at ϕ = π [see Fig. 7.7(c)]. On the

contrary, when Φ̃ = N this functional form is smoothed by the canting angle θ. This

is due to the presence of a low-energy gap between the ω = 0 flat band and the first

dispersive Andreev bound state [see Fig. 7.7(a)], which is essentially proportional to

θδε/π when θ → 0.

The critical current for each of these scenarios is found to be

JNc (θ) =
eδε

h

λ̃√
2 + λ̃

2
(1− sin θ) ,

J
N+ 1

2
sc (θ) =

eδε

h

λ̃
2

1 + λ̃
2 cos θ. (7.28)

Fig. 7.9 shows the numerically obtained behavior of the critical current at zero tempera-
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Figure 7.9: Critical currents for Φ̃ = 1 and Φ̃ = 1/2 as a function of the canting angle θ.
Dashed lines are the approximate expressions for these corresponding magnitudes: JNc (θ) and

J
N+ 1

2
sc (θ) (see Eq. (7.28)). The parameters are the same as the ones in Fig. 7.7.

ture when Φ̃ = 1 and Φ̃ = 1/2 as a function of the canting angle θ. The corresponding

approximated analytical expressions given by Eq. (7.28) are shown in dashed lines.

Even though these are not completely accurate, they are able to describe the general

tendency: deep in the topological regime, when approaching θ = 0, the difference bet-

ween Jc(Φ̃ = 1/2) and Jc(Φ̃ = 1) decreases, making the dips in the Fraunhofer pattern

much less pronounced.

The high temperature limit of Eq. (7.26) (kBT � δε) is given by

Jsc(ϕ) ' 2e˜̄λ4

π4

δε2

~kBT
cos2(θ) sin(ϕ)e−2π2 kBT

δε . (7.29)

In this regime, the supercurrent loses all the information on the flux threading the

quantum Hall region because thermal effects wash out the level discretization of the

edge state. However, the canting angle θ can be readily extracted from the critical cu-

rrent, since Jc ∝ cos2(θ). We also note that the relevant length scale for the suppression

of supercurrent is the perimeter of the sample, as expected for chiral edge mediated

transport [105–107].
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7.3.3. Kitaev spinless limit

When θ = 0 the physics of the device is exclusively determined by the ψ̂1 fields and

the nanowires behave as Kitaev p-wave spinless chains. Taking this limit in Eq. (7.26),

we arrive to the following simplified expression for the supercurrent

Jsc(ϕ) =
ekBT

~
∑
m

λ̃
4

sin(ϕ)

R(ωm)
. (7.30)

with

R(ωm) = λ̃
4

cos(ϕ)− π2ω̃2
m cos(2πΦ̃) + (λ̃

4

+ π2ω̃2
m) cosh(2πω̃m) + 2πλ̃

2

ω̃m sinh(2πω̃m).

An alternative derivation of this expression is discussed in Appendix 7.7. In Fig. 7.10

we show the critical current, obtained numerically from Eq. (7.30) at zero temperature,

as a function of the adimensional hopping amplitude λ̃. The two curves were calculated

for Φ̃ = 1 and Φ̃ = 1/2. The inset shows the complete Fraunhofer interference patterns,

each of them calculated for different magnitudes of λ̃. Notably, the critical current sa-

turates for large hopping amplitudes and becomes independent of the variations of flux

in the QH region. This behavior can be tracked down from the analytical expressions

by realizing that, at zero temperature, the major contribution to the sum in Eq. (7.30)

comes from the low frequency range. The supercurrent can then be approximated by

Jsc(ϕ) ≈ e

2π~
δε

∫ ∞
−∞

λ̃
4

sin(ϕ)dω̃

2λ̃
4

cos2(ϕ/2) + π2ω̃2X(Φ̃, λ̃)
(7.31)

with X(Φ̃, λ̃) = 1 − cos(2πΦ̃) + 2λ̃
4

+ 4λ̃
2

. The integration is straightforward and we

obtain

Jsc(ϕ) = Jc(Φ̃) sin(ϕ/2)sgn(π − ϕ), (7.32)

where the critical current Jc(Φ̃) is given by

Jc(Φ̃) =
eδε

π~
λ̃

2√
2X(Φ̃, λ̃)

. (7.33)

Since in these calculations we implicitly assumed a thermodynamic average, Eq. (7.32)

is 2π-periodic in the phase difference ϕ instead of 4π-periodic. The fractional Josephson

effect could be recovered by fixing the fermion parity, which would remove the sign

function in the numerator. In any case, the expression for the critical current remains

the same: it presents maximums whenever there is an integer number of normal flux
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Figure 7.10: Critical current Jc in the Kitaev model (θ = 0) for Φ̃ = 1 and Φ̃ = 1/2 as a

function of the adimensional hopping λ̃. These results were numerically obtained by maximizing
Eq. (7.30) as a function of ϕ at zero temperature. The encircled inset is a zoom of the depen-

dence for λ̃ → 0. The dashed lines were calculated with the respective approximations given by
Eq. (7.28) when θ = 0. We also show the complete Fraunhofer patterns, where the color scale

indicates the magnitude of λ̃. We have used the same parameters as in the main text, mainly
δε = 0.03 and R = 1.

quanta in the sample, a condition that makes the discrete levels of the QH region

resonant with the Fermi level.

In the tunneling regime, when λ̃ � 1, two different trends seem to appear. In

the resonant case (Φ̃ = N with N ∈ Z), the critical current behaves as JNc ' eδε√
2h
λ̃.

On the other hand, when the flux is detuned from this particular values, it swit-

ches from a linear dependence on the hopping amplitude to a quadratic one Jc '
e
√

2δε
h

λ̃
2 [

1− cos(2πΦ̃)
]−1/2

. These behaviors are well captured by the full numerical

integration of Eq. (7.30), as shown in the zoom of Fig. 7.10, where the dashed lines are

the corresponding analytical expressions. It is worth emphasizing that these linear and

quadratic behaviors as a function of the hopping amplitude in the tunneling regime

are characteristic of Majorana mediated transport through a resonant and off-resonant

level, respectively.

In the opposite limit, when λ̃� 1, the dependence on the magnetic flux threading
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Figure 7.11: Fraunhofer patterns: We show the critical current profiles as a function of the
variations of total geometrical flux relative to the initial flux Φg. The gate voltage in the Hall
sample is chosen to be Vg = 1.7 so that two Landau levels are occupied. The color scale indicates
the magnitude of the Zeeman field along the wires normalized to the critical field Bx/Bc. Dashed
lines indicate the Fraunhofer pattern at the topological phase transition Bx = Bc. The curves
are shifted for clarity.

the QH is completely lost and the critical current tends to

ĺım
λ̃→∞

Jc =
e

h
δε = e

vd
2πR

. (7.34)

In this limit, the device behaves as a completely transparent long junction. The flux

accumulated by an electron flowing from one lead to another is completely canceled

out by the one of the perfectly Andreev reflected hole. This phenomenon is responsible

for the aforementioned flux independence of the supercurrent. One can check that in

this regime the Andreev bound states obtained from Eq. (7.22) disperse linearly with

the phase difference as ωn = ± δε
2π

(ϕ− π ± n).

7.4. Two edge channel transport results

We have so far concentrated on the case in which only the lowest Landau level

was occupied. In this context, a simple one-dimensional model with electronic and hole

chiral channels is enough to understand the basic physics of our results. Nonetheless,

regimes where more than one Landau level is implicated are also experimentally ac-

cessible and of physical interest. In this case, the scenario becomes inherently more
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Figure 7.12: The upper panels show the spectral density AL(ω, ϕ) in the quantum Hall regime
with two occupied Landau levels. The color scale goes from white (zero) to black (higher value)
in arbitrary units. Each figure is calculated for a different magnetic flux threading the central
region, indicated by a corresponding symbol in the Fraunhofer pattern shown in the lower panel.
The nanowires are in the topological regime with a magnetic field Bx = 2Bc.

involved: each edge state can in principle interfere with the others in the Andreev re-

flection processes, all of them bearing different drift velocities and circulating along

distinct effective perimeters.

In this section we show how the tight-binding transport simulations change when

the gate voltage in the Hall sample is chosen to be at Vg = 1.7, keeping all the other

parameters the same. This choice ensures the occupation of two Landau levels in the

QH region and already exhibits significant deviations with respect to our previous

results. In Fig. 7.11 we show the Fraunhofer interference patterns as a function of the

variations of geometrical flux through the sample δΦg = δBzAg when modifying the

Zeeman field Bx along the wires.

The two sets of discretized levels coming from each edge channel generate a beating

pattern with clearly more than one frequency involved. In general, the incommensura-

bility of the spacing between the discrete levels arising from the first and second edge

states and their mutual misalignment generates critical current profiles without a clear

periodicity.

For the sake of completeness, we show in Fig. 7.12 how the bound states of the
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system evolve for different fluxes when the Zeeman field is Bx = 2Bc. The chosen

geometrical fluxes are marked with symbols in the corresponding Fraunhofer pattern

shown in the lower panel. The presence of additional subgap states compared to the

ones shown in Fig. 7.4 can be clearly identified. The dips in the critical current profiles

are still correlated with the discrete levels becoming resonant at the Fermi level, but a

complete understanding of these results requires a multi-channel analytical approach

which is beyond the scope of the present work.

7.5. Conclusions and final remarks

Throughout this chapter we have analyzed the transport and spectral properties

of a quantum Hall based junction with superconducting leads that can be driven th-

roughout a topological phase transition by tuning an external Zeeman field Bx. We

have particularly focused on the case when only one Landau level is occupied, so there

is a single chiral edge channel at the Fermi level. When the leads are in the trivial

regime Bx < Bc, we recover some already known results: the Fraunhofer interference

patterns obey a Φ0-periodicity when varying the flux threading the quantum Hall sam-

ple, a product of the existence of chiral edge states bridging the superconductors. This

is manifested as a series of resonances in the critical current profiles that take place

whenever the discrete levels that stem from the confinement of the edge channels along

the perimeter of the Hall bar become aligned with the Fermi level. On the other hand,

when the leads are in the topological regime Bx > Bc, the emergence of Majorana qua-

siparticles causes significant changes in these Fraunhofer modulations. The resonances

become dips that possess a magnitude that is strongly dependent on the magnetic field

along the nanowires. These results were understood within a low-energy spinful model

that allowed us to reproduce both the Andreev bound spectra and the Josephson cu-

rrent of the junction. The behavior of the spin polarization of the zero energy modes

at the end sites of the one dimensional topological superconductors could be captured

with the spin canting angle θ, which has been shown to be responsible for the dip-like

structure in the critical current profiles. We have also analyzed the θ = 0 limiting case,

where the wires behave as Kitaev p-wave spinless chains. In this regime, closed analy-

tical expressions for the Fraunhofer interference patterns could be extracted. We were

able to pinpoint the pecularities of the Majorana mediated transport by analyzing the

behavior of the critical current both in the tunneling and the strong-coupling regimes.

It is worth pointing out that our single-channel results also apply to the case of

a Hall bar made of graphene [19, 23, 24], provided only the lowest Landau level is

occupied and the Fermi energy is larger than the superconducting gap so the Dirac

point physics [131] is not involved. We have also checked that the addition of a small

Zeeman term to the Hall bar Hamiltonian does not affect the Fraunhofer patterns
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provided the Landau levels of both spins are occupied and the Zeeman splitting is

much smaller than the level spacing δε, as assumed throughout the present work. In

the case of graphene, this splitting is of the order of 0.1 meV for magnetic fields of

Bz = 1 T [132], so that for samples with a perimeter of a few microns the level spacing

is large enough.

The measurement of a supercurrent in these hybrid devices should be possible for

sufficiently low temperatures. On one hand, the temperature should be small enough for

the single-particle energy level spacing of the chiral edge modes to be resolved, otherwise

the supercurrent is exponentially suppressed and the flux dependence lost [see Eq.

(7.29)]. Simple estimates for the sample used in Ref. [19] gives δε ≈ 0.7 meV = 800 mK,

which is large compared with the temperatures of the order of 40 − 100 mK that are

used in typical transport experiments. On the other hand, the coherence length must

be larger than the perimeter of the sample. Simple considerations in Ref. [24] leads to

lϕ = ~vd/2kBT ≈ 12µm for their graphene sample.

To conclude, we have presented a detailed study of the evolution of the Fraunhofer

oscillations in an integer quantum Hall sample when the superconducting leads are

driven across a topological phase transition. These results could be of relevance for

the detection of topological superconductivity and the general understanding of edge-

channel transport of supercurrent in quantum Hall devices.

7.6. Appendix A: Calculation of G(α, α, iωm)
We follow Ref. [108] and choose a regularization scheme where

G(α, α, iωm) = ĺım
ε→0

1

2

(
G(α + ε, α, iωm) + G(α− ε, α, iωm)

)
. (7.35)

The matrices that propagate the Green’s functions for α ∈ (0, π) and α ∈ (π, 2π) are

respectively given by

G(α− ε, α, iωm)α∈(0,π) = M1(α)G(α + ε, α, iωm)α∈(0,π) ,

G(α− ε, α, iωm)α∈(π,2π) = M2(α)G(α + ε, α, iωm)α∈(π,2π) ,

(7.36)

tamara.carcamo
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where

M1(α) = e−2πω̃mA(α)B(α)M̃0A(π)B(−π)

M̃πA(π − α)B(π − α) (7.37)

M2(α) = e−2πω̃mA(α− π)B(π − α)M̃πA(π)B(π)

M̃0A(2π − α)B(α− 2π) ,

and

A(x) = eixΦ̃σ0⊗τz , B(x) = e−ix
ϕ
4π

(σ0+σz)⊗τz , (7.38)

with ω̃m = ωm/δε. Here, the transfer matrices M̃0 = M0(iωm, 0) and M̃π = Mπ(iωm)

no longer depend on the superconducting phase difference between the leads ϕ, since

it has been incorporated as a vector potential in the propagators. On the other hand,

for angles belonging to the intervals (0, π) and (π, 2π), we can integrate the Dyson

equation in α to obtain the relation

i~vd
(
G(α + ε, α, iωm)− G(α− ε, α, iωm)

)
= I , (7.39)

where I is the 4× 4 identity matrix. With this information [Eqs. (7.36) and (7.39)] we

can now write the local Green’s functions in terms of the M1 and M2 as

G(α, α, iωm)α∈(0,π) =
−i

2~vd
(I +M1)(I−M1)−1 , (7.40)

G(α, α, iωm)α∈(π,2π) =
−i

2~vd
(I +M2)(I−M2)−1 .

When replacing these expressions in Eq. (7.25) in the main text, the supercurrent takes

the form

Jsc = −iekBT
8~

∑
m

{
Tr
[
(σ0 + σz)⊗ τz(I +M1)(I−M1)−1

]
−Tr

[
(σ0 + σz)⊗ τz(I +M2)(I−M2)−1

]}
, (7.41)

where we have used the fact that the traces are independent of the angle α.

7.7. Appendix B: Kitaev limit within a Green’s fun-

ction approach.

In this appendix we introduce yet another approach for the derivation of the super-

current in this quantum Hall device. Our purpose is to present an alternative description

of the transport properties of the junction within a Green’s function formalism, instead

tamara.carcamo
Texto escrito a máquina
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of the scattering technique used in Section 7.3. We analyze in particular the Kitaev

limit—which corresponds to the limiting case of θ = 0 in the model depicted in Fig.

7.6—where the leads are considered as spinless one-dimensional p-wave superconduc-

tors.

The low-energy Hamiltonian describing this setup is given by

HK = Hqh −
t

2

∑
n

γ̂R
(
e−iϕ/2ĉn − eiϕ/2ĉ†n

)
− t

2
i
∑
n

γ̂L
(
eiπnĉn + e−iπnĉ†n

)
. (7.42)

Here, Hqh describes the QH central region of spinless fermions, and γ̂R and γ̂L are

Majorana operators acting at the edges of the right and left superconducting wires,

respectively. The operator ĉ†n (ĉn) creates (destroys) a particle in an eigenstate of the

uncoupled ring.

The current flowing from the left contact to the QH region is then expressed as

〈Ĵsc〉=
2e

~

〈
∂HK

∂ϕ

〉
=
ite

2~
∑
n

[
eiϕ/2〈γ̂Rĉ†n〉 − e−iϕ/2〈ĉnγ̂R〉

]
. (7.43)

At finite temperature T , these mean values can be written in terms of the Matsubara

Green’s function between the right Majorana and the n-th state, with the fermionic

Matsubara frequency defined as ωm = (2m + 1)πkBT . By means of the equations of

motion, all the one-particle Green’s functions can be obtained, and after some algebra

the current is found to be

Jsc =
2ekBT

}
∑
m

sin(ϕ)AJ(iωm, ϕ), (7.44)

with

AJ(ω, ϕ) =
(t2/2ω)2G−0π(ω)G+

0π(ω)

[1−D(ω, ϕ)][1−D0(ω)]
. (7.45)

Here we have defined

D0(ω) =
t2

2ω

[
G−00(ω) + G+

00(ω)
]
, (7.46)

and

D(ω, ϕ) = D0(ω) +

(
t2

2ω

)2
1

1−D0(ω)
× (7.47)

[G−π0(ω)− eiϕG+
0π(ω)][G−0π(ω)− e−iϕG+

π0(ω)],

where G∓αβ(ω) are the electron (−) and hole (+) propagators of the central QH region.

Note the presence of the pair susceptibility of the device G−0π(ω)G+
0π(ω) in Eq. (7.45),
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which reveals the propagation of an electron and a hole from the site located at angle

π to the one at angle 0. The numerator in Eq. (7.45) actually bears a resemblance with

the perturbative findings of Ref. [105], but where the BCS superconductors Green’s

function has been replaced by the Majorana singularity at zero energy.

For the particular case of the extreme quantum limit, where only one Landau Level

is occupied, these propagators acquire a simple form. By making use of the Lehmann

spectral representation, the diagonal propagators turn out to be

G∓ππ(ω) = G∓00(ω) =
1

δε

∑
n

1

ω̃ ∓ n± Φ̃
=

π

δε
cot(π(ω̃ ± Φ̃)) ,

(7.48)

where we made use of the notation of Section 7.3 by writing the eigenvalues of the

central region as En = δε(n − Φ̃) and defined ω̃ = ω/δε. The Fermi level has been

taken to be zero for simplicity. Similarly, the non-diagonal propagators are

G∓π0(ω) = G∓0π(ω) =
1

δε

∑
n

einπ

ω̃ ∓ n± Φ̃
=

π

δε
csc(π(ω̃ ± Φ̃)).

(7.49)

One can check that these expressions reproduce Eq. (7.30) in the main text by

replacing Eq. (7.45) in Eq. (7.44) and taking t
2

= λ√
2πR

= δελ̃
2π

.
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Resumen del Caṕıtulo 7

En este caṕıtulo se estudian junturas Josephson basadas en un aislante Hall cuántico

en donde se reemplazan las terminales superconductoras de tipo s convencionales por

superconductores topológicos. En particular, se estudia el transporte de equilibrio y las

propiedades espectrales de una juntura con reservorios que pueden ser llevados desde un

régimen de superconductor trivial a un régimen topológico en donde cuasipart́ıculas de

Majorana emergen en sus extremos. Se encuentra que es posible detectar la transición de

fase topológica de los reservorios analizando el comportamiento de la supercorriente en

este dispositivo h́ıbrido. Nuestra principal afirmación es que los patrones de Fraunhofer,

que describen las modulaciones de la supercorriente cŕıtica como función del campo

magnético en la región Hall, no sólo revelan la presencia de los fermiones de Majorana

sino que también tienen información sobre la polarización de esṕın [127] de estos modos

de borde topológicamente protegidos.

El caṕıtulo se organiza de la siguiente manera. En la Sección 7.2 se presenta el

modelo de enlace fuerte (tight-binding) utilizado para describir la juntura Josephson.

Se calcula la supercorriente como función de la diferencia de fase entre las terminales

superconductoras y se obtienen de esta manera los perfiles de corriente cŕıtica como

función del flujo magnético en la muestra. Nos enfocamos en el régimen Hall cuántico

(con únicamente el primer de nivel de Landau ocupado) y analizamos cómo evolucio-

nan los patrones de interferencia de Fraunhofer a medida que las terminales se llevan

desde una fase trivial hacia una fase topológica. Asimismo, presentamos las propieda-

des espectrales de este dispositivo y mostramos cómo el espectro de niveles de Andreev

se encuentra correlacionado con las simulaciones de transporte. En la Sección 7.3 se

introduce un modelo de bajas enerǵıas que tiene en cuenta los grados de libertad de

esṕın para describir el acoplamiento del estado quiral con las cuasipart́ıculas de Majo-

rana. El mismo permite reproducir los resultados prinicipales obtenidos con el modelo

númerico completo. Se realiza también un análisis detallado del caso ĺımite en que las

terminales se comportan como cables unidimensionales de Kitaev con apareamiento

de tipo p entre fermiones sin esṕın. En la Sección 7.4 discutimos brevemente cómo se

modifican los resultados de transporte cuando se tienen dos niveles de Landau ocupa-

dos en la muestra Hall. Finalmente, resumimos nuestros principales resultados en la

Sección 7.5. El contenido de este caṕıtulo fue publicado en la Ref. [109].



Chapter 8

Imaging chiral Andreev reflection

in the presence of Rashba

spin-orbit coupling

8.1. Introduction

Chiral Andreev edge states are one-way hybrid electron-hole modes that propagate

along the interface of a Hall sample and a superconductor (SC) but remain bounded in

the perpendicular direction due to both the magnetic field and the superconducting gap

confinement. The hybrid nature of this distinctive type of edge state is rooted in the

proximity effect: the conventional edge states living at the boundary of the Hall region

acquire superconducting correlations via successive Andreev reflections at the interface

with the anomalous contact [86, 87, 95], ultimately leading to a coherent superposition

of propagating modes with opposite charge (see Sec. 5.2 in Chapter 5). Since backscat-

tering is not allowed, the carriers circulate chirally in the direction determined by the

external magnetic field.

Transparent interfaces between superconducting alloys and samples in the Hall regi-

me are now within experimental reach [18, 20, 21, 93, 133, 134], providing the condensed

matter community with an exciting playground for probing transport phenomena occu-

rring along the boundary of these two phases of matter. Indeed, interference of chiral

Andreev edge states in the quantum Hall (QH) regime has just been reported [24].

On the other hand, weak magnetic field regimes with large filling fractions have been

scarcely analyzed [135–137]. Within this range of fields, the semiclassical skipping or-

bits of electronic and hole-like states were only recently imaged in a magnetic focusing

setup in Ref. [94]. By using scanning gate microscopy techniques [138], the Andreev

reflected carriers were successfully detected while following ballistic cyclotron paths in

a graphene sample.

158
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Figure 8.1: Illustration of the geometry used to study the transverse magnetic focusing. Two
normal contacts (green), the injector lead I and the collector lead C, are attached to the bottom
of a ribbon (grey) of width W which is subjected to an external magnetic field B = −Bẑ. These
terminals are at a fixed distance L from each other. A third superconducting terminal (SC) with
a non-vanishing order parameter ∆ (blue) is placed in between the two normal contacts.

In this chapter, we pose the question of what would happen if such magnetic focusing

experiments were to be performed in two-dimensional electron gases (2DEGs) with

significant spin orbit (SO) coupling, as the ones used in Refs. [18, 93, 134]. These

experiments consist on the injection of electrons into a 2DEG through a voltage biased

contact. In the presence of a small magnetic field, the carriers follow a skipping orbit

trajectory which is essentially determined by the shape of the Fermi surface, eventually

focusing at certain points along the edge [139, 140]. By tuning the magnetic field,

the focal distance can be adjusted to match the one of a detector lead. In this way,

the collected carriers give rise to an abrupt change in the conductance between the

two aforementioned contacts, or the appearance of a voltage [141, 142]. Transverse

magnetic focusing in SO coupled systems has been a useful technique to study spatial

spin separation in mesoscopic devices [143–147]. It is well known that the presence of

two spin-split Fermi surfaces leads to the existence of two different cyclotron paths

which translates into a splitting of the focusing spectrum [148–152]. We here report

how this well-established phenomenon is modified when allowing carriers to Andreev-

reflect at an intermediate extended superconducting terminal as depicted in Fig. 8.1.

To this end, we perform numerical simulations of the conductance between the injector

lead I and the collector lead C as a function of the external magnetic field. The focusing

peaks show clear signatures of Andreev reflection at the superconducting terminal. On

the one hand, the sign of the conductance reveals if the arriving particle is an electron

or a hole, a fact which depends on the number of bounces at the anomalous lead. More

interestingly, we notice that the Andreev scattered particles preserve their cyclotron

radius due to the mixing of electronic and hole states with opposite spin, making the

spin-splitting of the focusing peaks to be enhanced with respect to a conventional

focusing experiment. These results were published in Ref. [153].



8.2 The 2DEG with Rashba spin-orbit interaction 160

The present chapter is organized as follows: in Section 8.2 we present the Hamil-

tonian model for the 2DEG, the normal and superconducting leads along with their

discretized tight-binding version. In Section 8.3 we present the numerical results of the

conductance between the two normal leads as a function of the external magnetic field,

the strength of the spin-orbit interaction and the transparency between the 2DEG and

the superconducting terminal. To better illustrate our findings we also show color maps

of the electron and hole transmissions to arbitrary points in the sample. This allows for

a complete imaging of the chiral Andreev semiclassical edge states. Finally, in Section

8.5 we present a summary of our main results and some concluding remarks.

8.2. The 2DEG with Rashba spin-orbit interaction

The Hamiltonian of a 2DEG with Rashba spin-orbit interaction is given by

Ĥ =
1

2m∗
(Π̂2

x + Π̂2
y) +

α

~
(Π̂xσy − Π̂yσx)−

1

2
gµBσzB , (8.1)

where Π̂η = p̂η + eAη/c with p̂η the momentum and Aη the vector potential along the

η direction, m∗ stands for the effective mass and α for the Rashba coupling parameter.

The Pauli matrices {ση} act in spin-space. The magnetic field threading the sample

is given by B = −Bẑ and g is the effective gyromagnetic factor. We will assume

throughout the work that the range of magnetic fields is such that B � Bc, with Bc

the critical field of the superconducting terminal. The numerical simulations are carried

out performing a space discretization of the model, so that the tight-binding version

of the 2DEG can be written as Ĥ = Ĥ0 + ĤR with

Ĥ0 =
∑
rσ

εσc
†
r,σcr,σ (8.2)

− t
∑
rσ

(
e
−i 2πΦ

Φ0

y
a0 c†r,σcr+a0x̂,σ

+ c†r,σcr+a0ŷ,σ
+ H.c.

)
,

and

ĤR = −λ
∑
r

[
i
(
c†r,↑cr+a0ŷ,↓ + c†r,↓cr+a0ŷ,↑

)
(8.3)

− e
−i 2πΦ

Φ0

y
a0

(
c†r,↑cr+a0x̂,↓ − c

†
r,↓cr+a0x̂,↑

)]
+ H.c. .

Here c†r,σ creates an electron at the 2DEG’s site r = xx̂ + yŷ with spin σ, a0 is the

lattice spacing, εσ = 4t − µ − σgµBB/2, t = ~2/2m∗a2
0, λ = α/2a0, Φ = −Ba2

0 is

the flux per plaquette and Φ0 = hc/e is the normal flux quantum. The orbital effect

of the magnetic field is included via the Peierls substitution. We have used a Landau
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gauge where the vector potential A = Byx̂. The two lateral normal contacts I and C

are described by narrow stripes of N0 sites with, for simplicity, no spin-orbit coupling

(α = 0). We choose to gate voltage these terminals so that they have a single active

channel at the Fermi level. The superconducting terminal is modeled as a square lattice

with a Hamiltonian given by

ĤSC =
∑
rσ

(4t− µ)s†r,σsr,σ − t
∑
rσ

(
s†r,σsr+a0x̂,σ

(8.4)

+ s†r,σsr+a0ŷ,σ
+ H.c.

)
−∆

∑
r

(
s†r,↑s

†
r,↓ + sr,↓sr,↑

)
,

where s†r,σ creates an electron at the superconductor’s site r with spin σ and a local

pairing potential ∆ has been included to simulate superconductivity. The end sites

of this terminal are coupled with the 2DEG with a tunneling matrix element γ = t

unless otherwise stated. From now on we choose a0 = 5 nm and m∗ = 0.055m0 with

m0 the electron mass. The superconducting gap is taken to be ∆ = 1 meV. Regarding

the geometry, we selected the normal leads to have N0 = 21 sites with a fixed distance

between each other of L = 249a0. The superconducting terminal has Ns = 190 sites

and is placed symmetrically in between the injector and the collector leads.

When applying a bias voltage in the injector lead I while leaving the rest of the

system to ground, the conductance between I and the collector lead C can be obtained

as

G =
e2

h

∑
σσ′

(TCIeσ,eσ′ − TCIhσ,eσ′), (8.5)

where

TCIeσ,eσ′ = Tr
[
ΓCeσGrΓIeσ′Ga

]
(8.6)

TCIhσ,eσ′ = Tr
[
ΓChσGrΓIeσ′Ga

]
. (8.7)

Here TCIeσ,eσ′ (TCIhσ,eσ′) is the transmission coefficient of an electron with spin σ′ from

lead I as an electron (hole) of spin σ to lead C and Gr (Ga) is the retarded (advanced)

Green’s function of the sample. We used a Bogoliubov-de Gennes spinor basis as a way

of keeping track of electronic, hole and spin sectors so that the spatial elements of the

retarded propagator are written as

[
Grr,r′(ω)

]ij
=−i

∫
d(t− t′)θ(t− t′)eiω(t−t′)〈{Ψ̂i(r, t), Ψ̂†j(r′, t′)}〉, (8.8)

with Ψ̂†(r, t) = (c†r,↑, c
†
r,↓, cr,↓,−cr,↑). The elements of the advanced Green’s function

may be obtained in a similar fashion. The coupling matrices of each lead m = I, C

are defined as Γm = i(Σr
m − Σa

m) where Σr
m and Σa

m are the retarded and advanced
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self-energies of the m-th terminal [97]. All these frequency dependent quantities are

evaluated at ω = 0 (in our formulation, the Fermi energy scale is given by µ, which we

choose to be µ = 20 meV).

The calculations are performed by considering the 2DEG to be an infinite ribbon

of width W = 500a0, so that the propagators of the system without contacts can be

calculated by Fourier transforming along the x direction. The self-energies of the normal

and superconducting leads are then simply included by using the Dyson equation of

motion.

8.3. Transverse magnetic focusing simulations

We show in Fig. 8.2 the conductance G as obtained from Eq. (8.5) for different

values of the spin-orbit coupling. For α = 0 [Fig. 8.2(a)] a series of equidistant peaks

with alternating sign can be appreciated. A simple semiclassical picture explains this

behavior: a well-defined peak develops whenever the condition 2r0N = L holds, with r0

the cyclotron radius and N an integer that labels the peak number. Recall that within

this setup normal incidence along the edge is ensured, making the skipping orbits to

be well described by semicircles: the collector lead matches a focal point whenever its

distance from the injecting contact (L) becomes commensurate with the diameter of

the orbit (2r0). For an odd N there are zero or an even number of bounces at the

superconducting lead along the ballistic path, resulting in a positive (electron-like)

conductance. Conversely, the even peaks are dominated by a hole-like transmission

caused by an odd number of Andreev reflections at the superconductor, leading to

a negative depletion of the conductance. In the experiment of Ref. [94] the first two

peaks of Fig. 8.2(a) were successfully detected. The cyclotron radius can be obtained

as r0 = vF/ωc, with vF =
√

2µ/m∗ the Fermi velocity and ωc = eB/m∗c the cyclotron

frequency. With the parameters chosen in Sec. 8.2, this would lead to a positive (odd

N) or negative (even N) enhancement of the conductance at B(N) = NB0 with B0 '
0.09 T, in good agreement with the numerical data. The width of the peaks reflects how

sensitive the focusing condition is to the magnetic field: since the cyclotron radius is

proportional to B−1, as B grows larger, larger variations of its magnitude are allowed

while preserving the focusing of a finite size beam into a finite size contact. As a matter

of fact, the width of the peaks scales linearly with the magnetic field due the particular

power law dependence of the cyclotron radius with the magnetic field.

As the spin-orbit coupling α is increased [Figs. 8.2(b) and (c)], all the focusing peaks

split in two. Notably, the splitting increases linearly with the peak number as ∆B(N) =

N∆B(1), with ∆B(1) the splitting of the first peak. This stands in contrast with the

well-known conductance spectra of focusing setups without superconducting terminals,

where the odd peaks are expected to be split while the even ones are not [143, 148]. To



8.3 Transverse magnetic focusing simulations 163

Figure 8.2: Conductance between the injector lead I and the collector lead C as obtained from
Eq. (8.5) as a function of the external magnetic field. The parameters are the ones described in
Section 8.2. In panel (a) α = 0, (b) α = 10 meV nm and (c) α = 20 meV nm.

better understand these phenomena, it is useful to bear in mind the spin-texture of the

Fermi surface defined by Eq. (8.1). With large filling fractions and negligible Zeeman

splitting, the eigenfunctions at a given energy have their spin laying in the x-y plane as

depicted in the right side of Fig. 8.3. The two disconnected parts of the Fermi surface

are characterized by the wavevectors

k± =

√
2µm∗

~2
+

(
m∗α

~2

)2

± m∗α

~2
. (8.9)

In real space, this leads to different classical orbit radii [148–152] coexisting within the

same energy

r± = l2Bk± =

√
r2

0 +

(
α

~ωc

)2

± α

~ωc
, (8.10)

which are correspondingly associated to the two cyclotron trajectories O± illustrated

in the left side of Fig. 8.3(a). Here lB =
√
~c/eB stands for the magnetic length. The
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spin-texture suggests that, in an adiabatic picture, an electron injected at lead I with

positive momentum along the ŷ axis and spin along the positive (negative) x̂ direction

would undergo a precession which is well described by the O− (O+) path, eventually

reaching the edge of the sample with its spin pointing along −x̂ (x̂). The first two

conductance maximums indicated in Fig. 8.2(c) as Be
1 and Be

2 are obtained when the

magnetic field is respectively tuned in such a way that 2r− = L and 2r+ = L, so that

electrons are adequately collected at the C collector without intermediate scattering

events. Their splitting is then determined by

∆B(1) = Be
2 −Be

1 =
2~c
eL

(k+ − k−) = 4
m∗c

L~e
α. (8.11)

For the parameters of Fig. 8.2(c), the above expression leads to ∆B(1) = 17 mT,

Figure 8.3: (a) Semiclassical trajectories with normal scattering at the edge of the sample. On
the right hand side we show the Fermi surface of the 2DEG with Rashba spin-orbit coupling and
negligible Zeeman splitting. The arrows indicate the in-plane spin alignment of the eigenfunctions
of Eq. (8.1) in the semiclassical limit. We partner the equal-spin electron pairs (solid and dashed
circles) that are involved in a normal scattering event at the edge of the sample. (b) Semiclassical
trajectories with Andreev reflection at an intermediate superconducting terminal (green slice).
Red curves indicate electron-like carriers while the blue ones are hole-like. On the right hand side
we partner the Cooper pairs on the Fermi surface that are transferred at each Andreev scattering
event. The hollow circles indicate the spin of the missing carrier which is left behind as a hole-like
excitation.

correctly capturing the splitting observed in the numerical simulation. If during the

ballistic path normal scattering takes place at the edge of the sample, the two orbits

O− and O+ mix due to spin conservation: scattered electrons can only be reflected to
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their equal-spin partner, correspondingly encircled on the right side of Fig. 8.3(a) with

solid or dashed lines. Such spin-preserving scattering gives rise to a skipping trajectory

along the edge where states with a large orbital radius are reflected onto states with a

small orbital radius and vice versa, as shown on the left side of Fig. 8.3(a). This effect

ultimately leads to a unique unpolarized second focusing peak in conventional magnetic

focusing experiments [148]. On the other hand, when a superconducting lead is attached

halfway between the lateral normal contacts, Andreev reflection takes place at the edge

of the sample. As illustrated in Fig. 8.3(b), Andreev-scattered carriers bear not only an

opposite charge but also an opposite spin, so that a singlet Cooper pair is transferred

between the sample and the superconductor at each bounce. As sketched with the

encircled pairs on the right hand side of Fig. 8.3(b), the superconducting terminal

takes the incident electron and another one with opposite spin and quasimomentum so

that the corresponding hole-like excitation which is left behind follows the motion of

the missing electron. Interestingly, an injected electron with a given spin along the x̂

direction will then follow a cyclotron motion with alternating electron-hole character

but with a well-defined cyclotron radius on account of the conservation of the band

index ±. This eventually produces an enhanced separation of the subsequent peaks

in the conductance spectra. In particular, the illustration of Fig. 8.3(b) represents

the condition 4r− = L where the conductance reaches the first minimum at Bh
1 [see

Fig. 8.2(c)]. Within this picture, it is clearly seen that the separation between the

first and the second hole-like dips ∆B(2) = Bh
2 − Bh

1 will be twice ∆B(1). With each

additional Andreev scattering event at the superconductor, the relative path difference

between theO+ and theO− trajectories gets linearly increased, explaining the amplified

splitting observed in Fig. 8.2(c).

In Fig. 8.4, we show the partial contributions that dominate the conductance of

Fig. 8.2(c), namely the electron-electron and electron-hole transmission coefficients

[see Eqs. (8.6) and (8.7)] that involve a spin flip along the x̂ direction. These re-

sults are consistent with the semiclassical picture discussed above: the first and second

electronic peaks are almost entirely polarized along the negative and positive x-axis

respectively, a clear manifestation of the spin rotation effect induced by the coupling

of spin and momenta along the cyclotron motion. The second pair of hole-like dips can

be understood as the outcome of one electronic and one hole-like spin rotation con-

nected by an intermediate Andreev reflection [see Fig. 8.3(b)]. The collected positively

charged carriers will then arrive with a spin which is reversed relative to the one of the

negatively charged injected carriers. Due to the linear amplification of the splitting,

the peaks begin to overlap at larger magnetic fields. It is also possible to appreciate

that, as the magnetic field grows larger, the contributions that involve a spin-flip fail

to explain the entire line shape of the conductance. Indeed, there are equal-spin par-

tial contributions (TCIeσ,eσ and TCIhσ,eσ) that become significant and cannot be explained
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Figure 8.4: Partial contributions of the electron and hole transmissions that dominate the
conductance of Fig. 8.2(c). Here the spin quantization axis is taken along the x̂ direction. The
transmission coefficients are obtained from Eqs. (8.6) and (8.7).

within our adiabatic picture where the spin is assumed to be aligned or anti-aligned

with the Rashba SOC field. The additional structure can be attributed to the effect of

the spin precession around this local field [150], which leads to a less trivial dynamics

allowing the carriers to Andreev reflect changing their orbital radius.

To better illustrate our findings, we remove the collector contact C and calculate the

conductance to an arbitrary point r in the sample (where an auxiliary grounded weakly

coupled lead is added). In this way, it is possible to build-up a complete image of the

ballistic electron-hole cyclotron orbits. We have chosen to work with a large spin-orbit

coupling parameter α = 20 nm eV for the sake of a better visualization of the effect. In

Fig. 8.5 we show these conductance maps for two focusing fields: Bh
1 = 0.179 T [panels

I(a)-(c)] and Be
3 = 0.268 T [panels II(a)-(c)]. In panels I(a) and II(a) we only show

the electron-electron transmission (
∑

σσ′ T
rI
eσ,eσ′) and, in I(b) and II(b), the electron-

hole transmission with its corresponding sign (−∑σσ′ T
rI
hσ,eσ′). The total conductance

is presented in I(c) and II(c). The region where the superconducting lead is attached

is indicated with a black line on the x axis while the injector lead I is delimited with

a brown one. The two cyclotron radii r± can be clearly observed for both magnetic

fields. The expected semiclassical trajectories associated to each orbit are indicated

with dashed (small radius) and solid (large radius) lines. The identification of the

magnetic fields Bh
1 and Be

3 as focusing fields is now straightforward to understand: for

both of them the Andreev edge state trajectory focuses (as a hole or as an electron)

around L = 249 a0, which was the position of the collector lead C in the simulations of

Fig. 8.2. We note that the spatial splitting between both orbits is field dependent: the

initial path difference between both trajectories projected along the x-direction may be
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Figure 8.5: Density plots of different transmission coefficients from the injector lead I to
arbitrary points in the 2DEG. The color scale is in arbitrary units, with red being a positive
conductance and blue a negative one. The spin-orbit coupling parameter is taken to be α =
20 nm eV as in Fig. 8.2(c). In panels I(a)-(c) the magnetic field is chosen to beBh1 = 0.179 T and in
panels II(a)-(c) Be3 = 0.268 T. In panels I(a) and II(a) we show the electron-electron contribution
to the conductance (

∑
σσ′ T

rI
eσ,eσ′) and, in I(b) and II(b), the electron-hole transmission with its

corresponding sign (−∑σσ′ T
rI
hσ,eσ′). In panels I(c) and II(c) the total conductance is shown.

The position of the injector lead I is delimited with a brown line and the region where the
superconducting terminal is attached is indicated with a black one. Dashed and solid lines indicate
the expected semiclassical orbits with a small or a large radius, respectively.

obtained in a semiclassical picture as ∆x(B) = 2(r+− r−) = 4αm∗c
~eB . This formula leads

to ∆x(Bh
1 ) ' 24a0 and ∆x(Be

3) ' 16a0, in good agreement with the splitting observed

in the numerical simulations. The linear scaling of the spatial splitting between the

focal points at the edge of the sample is also evident from the figure. Due to the good

transparency between the sample and the superconductor, the scattering along this

interface is dominated by the Andreev reflection channel: incident electrons are entirely

scattered as holes and vice versa. This can be seen in the almost perfect cancellation

of the electron-electron and electron-hole transmission coefficients near the boundary

of the anomalous terminal in panels I(c) and II(c). Being this the case, the two types

of semiclassical Andreev edge states keep their orbital radius until a normal scattering

event takes place outside the superconducting region.

8.4. Low transparency regime

A less idealistic scenario can be simulated by lowering the transparency between the

superconductor and the 2DEG. This effectively increases the normal scattering proba-

bility, and thus provides the possibility to assess the interplay between ordinary and

Andreev scattering events. In Fig 8.6(a) we show the conductance between the injec-
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Figure 8.6: (a) Color map of the conductance G between the injector and the collector lead
as a function of the magnetic field B and the hopping amplitude between the 2DEG and the

superconducting terminal γ measured in units of t = ~2

2m∗a20
. (b) Horizontal cut of panel (a) for

γ/t = 0.8.

tor and the collector lead for different values of the hopping amplitude γ between the

sample and the superconducting contact. We have kept the parameters of Fig. 8.2(c),

so that for γ/t = 1 we recover this focusing spectrum. For γ = 0 the superconductor

is completely detached from the 2DEG, making the edge to behave as an infinite hard

wall potential. Dashed black lines indicate the position of the first six focusing peaks

observed in the good transparency limit: Be
1, B

e
2, B

h
1 , B

h
2 , B

e
3 and Be

4. The normal scat-

tering channel produces the appearance of additional peaks, Bα, Bβ and Bγ which are

marked with solid yellow lines. In Fig. 8.6(b) we show the conductance for a hopping

amplitude γ = 0.8 t, where the effects arising from the coexistence of both scattering

channels can be clearly observed. The peak located at Bα = (Bh
1 + Bh

2 )/2 = 0.196 T

corresponds to the situation where the injected electrons have one intermediate bounce

at the edge of the sample. In Fig. 8.7, we show for this particular field the electron-

electron [panel I(a)] and electron-hole [panel I(b)] transmission coefficients to arbitrary

points in the sample. As clearly seen in panel I(a), the electron-electron scattering

leads to semiclassical trajectories with alternating radius so that the Bα conductance

peak is generated by the focusing condition 2(r+ + r−) = L. As observed in panel

I(b), Andreev scattering is also present for this particular transparency. This leads to

a total conductance [panel I(c)] with an electronic focal point which is accompanied

by two hole-like side peaks. As the magnetic field increases, the combination of normal
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Figure 8.7: Same as Fig. 8.5 but with a hopping amplitude between the sample and the
superconductor of γ = 0.8 t. In panels I(a)-(c) the magnetic field is chosen to be Bα = 0.196 T
and in panels II(a)-(c) Bβ = 0.285 T.

and Andreev scattering events leads to a more involved spectrum. The peaks Bβ and

Bγ are the product of trajectories with two bounces at the superconducting terminal.

For low transparencies these are purely electronic-like and can be simply understood

as the outcome of two normal scattering events. On the other hand, for better trans-

parencies, the Andreev reflection channel gains weight and the conductance for these

fields changes sign (γ & 0.6t in Fig. 8.6). To understand this behavior, multiple scatte-

ring possibilities should be analyzed. In panels II(a)-(c) of Fig. 8.7 we map the possible

electron-hole orbits in real space for the magnetic field Bβ = 0.258 T and γ = 0.8 t. The

focusing condition that gives rise to this conductance peak is given by 4r− + 2r+ = L.

The electron-hole transmission coefficient shown in panel II(b) makes clear that the

hole-like dip for this particular field has contributions from two different trajectories.

In one of them, an electron travelling through the O− path has a first scattering event

dominated by the anomalous channel, so that the Andreev scattered hole preserves

the r− radius until it reaches the edge of the sample. If a second ordinary scattering

event takes place, the normal-reflected hole will then follow the O+ path. The other

contributing trajectory starts from an electronic state travelling through the O+ orbit

that has a normal scattering event at first and thus changes its motion to the O− orbit.

In the second scattering event, the electronic state is Andreev-reflected to a hole that

keeps the incoming r− radius until it focuses in the collector lead. The hole-like dip in

the conductance is then the product of trajectories with two scattering events of diffe-

rent nature: one through the normal channel and one through the Andreev channel. A

similar combination explains the Bγ dip. For γ = t these peaks essentially disappear
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due to the vanishing of the normal scattering probability.

8.5. Summary and conclusions

We have numerically studied the transport properties of a transverse magnetic fo-

cusing device as the one illustrated in Fig. 8.1, where two lateral normal contacts are

attached to a 2DEG with a third superconducting terminal in between. In the weak

or moderate field regimes, with large filling fractions, injected carriers travel along

bouncing cyclotron orbits alternating their electron and hole nature due to Andreev

scattering at the superconducting lead. We have analyzed how the presence of Rashba

spin-orbit coupling affects the cyclotron motion of these semiclassical chiral Andreev

edge states by studying spin and charge transport in the device. The spin-orbit in-

teraction leads to the unfolding of the Fermi surface into two pieces with different

spin texture which are characterized by the wavevectors k±. The semiclassical skipping

trajectories along the boundary of the sample are accordingly spin-split into two noni-

dentical paths, differentiated by their orbital radius r±. Our work, including numerical

simulations an analytical estimations, emulates this situation.

Spin separation in cyclotron motion is a well-known phenomenon which has been

thoroughly studied in the absence of a superconducting edge. In such cases, the normal

spin-conserving scattering at the sample edge imposes a transition of the scattering

states from one Fermi surface piece to the other and consequently mixes the two orbital

paths. The peculiarity of the hybrid Hall/superconductor interface is the opening of

the Andreev reflection channel. This type of scattering goes in hand with the transport

of singlet Cooper pairs between the sample and the anomalous terminal: an incoming

electron (hole) with a given spin is reflected as a hole (electron) with the opposite

spin. In this way, Andreev scattering connects antipodal points in the same piece

of the Fermi surface, preserving the band index. As the two bands (±) give rise to

semiclassical orbits with a different but well defined radius (r±), the two spin dependent

trajectories in real space separate more the greater the number of bounces at the hybrid

interface. This effect can be measured in the conductance spectra as a splitting of

the focusing peaks that increases with the peak index up to a point where different

peaks overlap and mix. The amplification of the spin-split focal points could be a

handy tool to improve the ability to selectively separate spin-polarized currents in

these devices. At the same time, the alternating electron-hole nature of the chiral

states allows for the possibility to control the carriers charge. We supported our results

by calculating normal and anomalous transmissions to arbitrary points in the sample.

These transport measurements provide a means of building a complete map of the

electron-hole cyclotron orbits, which nicely compare with our semiclassical picture.

To describe situations more in line with experimental conditions, we have analyzed
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the case of non-ideal couplings between the sample and the superconducting terminal.

This was done by lowering the transparency of the junction. For large transparencies

(γ/t ≈ 0.8) the first focusing peaks observed in the ideal case are recovered together

with additional peaks that stem from the normal scattering channel. For low transpa-

rencies (γ/t < 0.4) the anomalous Andreev scattering is significantly reduced and the

bouncing chiral carrier recovers its pure electron-like nature: all the conductance peaks

become positive. The focusing fields and the intensity of the focusing peaks can then

provide direct information on both the magnitude of the SO coupling and the quality

of the junction between the sample and the superconductor.

Throughout this chapter we have neglected the effect of the Zeeman splitting, which

remains a good approximation as long as gµBB � αkF . This is a reasonable assumption

since, within our range of parameters, αkF ' 3.6 meV and µBB ' 6µeV. If it were

possible to engineer a 2DEG with a large gyromagnetic ratio, so that gµBB ∼ αkF ,

some interesting effects would indeed be observable in the magnetic focusing spectra.

As a matter of fact, the eigenstates at the Fermi level would no longer have their

spin laying in the x − y plane: a canting angle along the z direction would begin to

be significant. In that case, when carriers Andreev-reflect at the superconductor they

would have a finite probability of changing their orbital radius and new focusing peaks

would emerge.

We have also disregarded the presence of disorder or impurities at the bulk of the

sample, which could certainly damage the focalization peaks: their width will enlarge

with disorder up to a point where the spin splitting could not be resolved. Nonetheless,

current technology allows for the construction of 2DEGs with large mean free paths so

that narrow focalization peaks can be experimentally observed together with their SO

induced spin splitting [143, 147].

The recent development of high-quality hybrid devices based on two dimensional

electron gases in contact with superconductors will pave the road for new experiments

to come, where a considerable interplay between strong SO coupling and supercon-

ducting correlations should be taken into account (as in the case of In or Sb based

semiconducting heterostructures [93, 134]). Our results, although simple in nature,

show how the coherent ballistic paths of chiral Andreev edge states can be used to

engineer and control charge and spin transport in these novel platforms.
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Resumen del Caṕıtulo 8

La posibilidad de construir interfaces suficientemente transparentes entre muestras

en el régimen Hall y aleaciones superconductoras se encuentra hoy en d́ıa dentro del

alcance experimental [18, 20, 21, 93, 133, 134], proporcionando a la comunidad de

materia condensada un interesante campo de juego para investigar los fenómenos de

transporte que ocurren a lo largo del borde entre estas dos fases de la materia. De hecho,

recientemente se ha reportado la interfencia de estados quirales de Andreev en muestras

de grafeno en el régimen Hall cuántico [24]. El régimen de campos magnéticos más

débiles con fracciones de llenado altas también ha sido analizado en la literatura [135–

137], aunque no tan extensamente. En este rango de campos magnéticos, los estados

que viven cerca de la interfaz entre ambos materiales siguen trayectorias en forma de

órbitas semicirculares alternando el signo de su carga conforme su naturaleza cambia

entre tipo electrón y tipo hueco. En un experimento muy reciente se ha podido detectar

(utilizando técnicas de espectroscoṕıa túnel [138]) cómo los portadores en una muestra

Hall se reflejan mediante el mecanismo de Andreev en la interfaz con un superconductor,

siguiendo órbitas ciclotrónicas baĺısticas [94].

En este caṕıtulo nos preguntamos qué ocurriŕıa si se realiza un experimento de

focalización transversal como el de la Ref. [94] pero en un gas de electrones bidi-

mensional con acoplamiento esṕın-órbita significativo (como aquellos utilizados en las

Refs. [18, 93, 134]). El dispositivo consta de dos terminales normales acopladas a un

gas bidimensional con un contacto superconductor extenso en la región entre ellas. En

uno de los contactos metálicos se inyectan electrones que se propagan semiclásicamente

siguiendo trayectorias determinadas por la forma de la superficie de Fermi y eventual-

mente se focalizan en ciertos puntos del borde de la muestra. Modificando el campo

magnético, la posición focal puede ser ajustada para que coincida con la del segundo

contacto métalico. Los portadores que llegan a este contacto detector dan lugar a un

cambio abrupto en la conductancia entre ambas terminales normales. El signo de la

misma revela la naturaleza del portador colectado (si su carácter es dominantemente

de tipo hueco o de tipo electrón). En la Sección 8.3 presentamos resultamos númeri-

cos de la conductancia entre estos dos contactos metálicos laterales como función del

campo magnético, la magnitud de la interacción esṕın-órbita y la transparencia entre

el contacto superconductor y el gas de electrones bidimensional. Para ilustrar mejor

nuestros resultados, también mostramos mapas de color de las transmisiones de tipo

electrón y de tipo a hueco a puntos arbitrarios de la muestra, permitiendo mapear

completamente la trayectoria de los estados semiclásicos de Andreev. La interacción

esṕın-órbita desdobla la superficie de Fermi en dos partes con diferente textura de

esṕın, caracterizadas por vectores de onda k±. Las órbitas semiclásicas a lo largo de

la muestra están por tanto separadas en dos trayectorias diferentes, distinguidas por
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el radio orbital r± = l2Bk±, con lB =
√

~c/eB la longitud magnética. En ausencia del

contacto superconductor, la dispersión normal en el borde de la muestra conserva el

esṕın de los portadores y genera por tanto una transición de los estados desde una

superficie de Fermi a la otra, mezclando las dos trayectorias orbitales en cada evento

dispersivo. Por el contrario, en presencia de un contacto superconductor, el canal de re-

flexión de Andreev hace que los electrones (huecos) que inciden en la terminal anómala

con un dado esṕın sean reflejados como huecos (electrones) con el eśın opuesto. De

esta manera, la dispersión de Andreev conecta puntos antipodales de la misma parte

de la superficie de Fermi, preservando el ı́ndice de banda. Como las dos bandas (±)

dan lugar a orbitas semiclásicas con radios diferentes pero bien definidos (r±), las dos

trayectorias dependientes de esṕın se separan más en el espacio real cuanto mayor sea

el número de reflexiones de Andreev en la interfaz h́ıbrida. Las simulaciones numéri-

cas presentadas en la Sección 8.3 muestran cómo este efecto modifica los picos de

focalización transversal observados en la conductancia. Finalmente, en la Sección 8.5

presentamos un breve resumen de nuestros resultados principales. El contenido de este

caṕıtulo fue publicado en la Ref. [153].



Chapter 9

Summary

In this thesis we have studied the transport and spectral properties of a variety of

mesoscopic devices comprising both superconducting and non-superconducting mate-

rials. We have shown that Bogoliubov quasiparticle states living near the interfaces of

such materials could be used either to construct non-trivial topological Hamiltonians in

an artificial parameter space or to unravel the topological properties of an underlying

material employed to build up the device of interest. The detailed conclusions of each

of the addressed problems were included in their corresponding chapter, so we here

briefly enumerate and summarize our main results.

In the first part of this thesis (Chapters 2, 3 and 4) we have considered multiter-

minal Josephson junctions as platforms that can artificially mimic topological quan-

tum matter. Following Ref. [13], a formal analogy between N -terminal junctions and

(N − 1)-dimensional materials was established, with the reservoir phases playing the

role of quasi-momenta in a Brillouin zone and the Andreev bound states the role of

Bloch bands in the parameter space defined by the superconducting phase differen-

ces of such setups. Topological singularities such as Weyl points may emerge in this

synthetic Brillouin zone, consequently generating sources or sinks of Berry curvatu-

re which turn out to be detectable in the transport properties of these multiterminal

junctions. We have generalized previous work by showing that the averaged transcon-

ductance between two voltage biased leads in these devices is actually quantized with

the winding number of the Bogoliubov-de Gennes Green’s function of the junction

(see Chapter 2). This topological invariant takes into account possible contributions

from both the subgap Andreev spectrum and the continuum (unbounded) states living

above the superconducting gap. This helped clarifying some contradicting results in

the existing literature, where the phase averaged transconductance did not match the

Chern number of the Andreev levels [48]. In Chapter 3, we have proposed a protocol

to locally detect the Berry curvature of the ground state of a three-terminal Josephson

junction with a quantum dot based on a synchronic detection of the currents flowing
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into the reservoir leads when an ac modulation is applied in the device. The protocol

can in principle be applied to a generic multiterminal junction. In addition, we have

put forward a way of inducing topological properties in the junction by applying a

time-dependent periodic perturbation in the superconducting phases that effectively

breaks time-reversal symmetry and leads the system to a Floquet topological phase. In

this particular trijunction, the Floquet-Andreev states artificially mimic a Haldane-like

topological Hamiltonian, providing a solid-state implementation of this celebrated toy-

model. In Chapter 4, we have studied the evolution of averaged transconductances in a

three-terminal Josephson junction built up with superconductors that could be driven

to a topological phase. We have found that when the reservoirs host Majorana zero

modes, the phase averaged transconductance takes quantized values in units of 2e2/h

instead of 4e2/h. This fractionalization in the quantization of the transconductance

reflects the effective pumping of half a Cooper pair charge in the Majorana regime.

In the second part of this thesis (Chapters 5, 6, 7 and 8) we have studied various

aspects related to the transport properties of nanostructures where samples in the Hall

regime were proximitized with superconducting contacts. In Chapter 5 we reviewed

the basic physical phenomena taking place at the interface between these two phases

of matter: the emergence of chiral Andreev edge states and possible ways of detecting

them. In Chapter 6 we analysed the transport properties of a voltage-biased Josephson

junction where conventional s-wave superconducting leads were coupled via the edges

of a quantum Hall sample. In this scenario, an out-of-equilibrium Josephson current

develops, which was numerically studied within the Floquet-Keldysh Green’s function

formalism. We particularly focused on the study of the time-averaged current as a fun-

ction of both the bias voltage and the magnetic flux threading the sample and analyzed

the resonant multiple Andreev reflection processes that led to an enhancement of the

quasiparticle transmission. We found that a full tomography of the dc current in the

voltage-flux plane allows for a complete spectroscopy of the one-way edge modes and

that it could be used as a hallmark of chiral edge mediated transport in these hybrid

devices. In Chapter 7, we studied a Josephson junction where a central region in the

quantum Hall regime was proximitized with superconductors that could be driven to a

topological phase with an external Zeeman field. In this regime, the Majorana modes

that emerge at the ends of each superconducting lead couple to the chiral quantum

Hall edge states. We found distinguishable features in the Andreev levels and Fraunho-

fer patterns that can help in detecting not only the topological phase transition but

also the spin degree of freedom of these exotic quasiparticles. Finally, in Chapter 8 we

theoretically studied a transverse magnetic focusing device where a two-dimensional

electron gas with strong Rashba spin-orbit interaction was proximitized along its edge

with a superconducting contact. The presence of superconducting correlations leads to

the emergence of chiral Andreev edge states which—within this weak magnetic field
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regime—may be pictured as states following semiclassical skipping orbits with an al-

ternating electron-hole nature. The spin-orbit-induced splitting of the Fermi surface

causes these carriers to move along cyclotron orbits with different radii, allowing for

their spatial spin separation. When Andreev reflection takes place at the supercon-

ducting lead, scattered carriers flip both their charge and spin, generating noticeable

features in the transport properties of the device. In particular, we found an enhance-

ment of the separation between the spin-split focal points, which scales linearly with

the number of Andreev scattering events at the anomalous terminal. We supported

our results by calculating conductance maps to arbitrary points in the sample that

provided a complete image of the ballistic electron-hole cyclotron paths.
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Resumen del Caṕıtulo 9

A lo largo de esta tesis hemos estudiado propiedades espectrales y de transporte de

una variedad de dispositivos mesoscópicos compuestos de materiales superconductores

y no-superconductores. Mostramos cómo los estados de cuasipart́ıcula de Bogoliubov

que viven cerca de estas interfaces pueden ser utilizados tanto para diseñar hamilto-

nianos topológicamente no triviales en un espacio de parámetros artificial como para

desentrañar las propiedades topológicas de un material subyacente empleado para cons-

truir el dispositivo de interés. Las conclusiones detalladas de cada uno de los problemas

abordados fueron incluidas en su caṕıtulo correspondiente, por lo que aqúı nos remite-

remos a enumerar y resumir brevemente nuestros principales resultados.

En la primera parte de esta tesis (Caṕıtulos 2, 3 y 4), nos enfocamos en el estudio

de multijunturas Josephson como plataformas que pueden imitar artificialmente mate-

ria cuántica topológica. Siguiendo las ideas de la Ref. [13], establecimos una analoǵıa

formal entre junturas de N -terminales con materiales en N − 1 dimensiones, con las

fases de los reservorios tomando el rol de cuasimomentos en una zona de Brillouin y los

estados ligados de Andreev el rol de bandas de Bloch en el espacio de parámetros defi-

nido por las diferencias de fases superconductoras. En esta zona de Brillouin sintética

pueden emerger singularidades topológicas como puntos de Weyl, generando en con-

secuencia fuentes o sumideros de curvatura de Berry que resultan ser detectables en

las propiedades de transporte de estas multiterminales. Hemos generalizado trabajos

previos al mostrar que las transconductancias promedio en estos dispositivos se encuen-

tran cuantizadas con el número de winding de la función de Green de Bogoliubov-de

Gennes de la juntura (ver el Caṕıtulo 2). Este invariante topológico toma en cuenta

adecuadamente las posibles contribuciones de los estados ligados de Andreev y de los

estados del espectro continuo (no ligados) con enerǵıas mayores al parámetro de orden

superconductor. Esto ayudó a aclarar algunos resultados existentes en la literatura,

donde la transconductancia promediada en fase no coincid́ıa con el número de Chern

asociado a los niveles de Andreev [48]. En el Caṕıtulo 3, hemos propuesto un pro-

tocolo para detectar la curvatura de Berry del estado fundamental de un trijuntura

Josephson con un punto cuántico. El protocolo, basado en la detección sincrónica de

las corrientes que fluyen en las terminales al aplicar una modulación ac en las fases

del dispositivo, puede ser aplicado, en principio, a multijunturas Josephson genéricas.

Adicionalmente, hemos propuesto una forma de inducir propiedades topológicas en la

juntura al someter a la misma a una perturbación periódica dependiente del tiempo que

rompe la simetŕıa de inversión temporal de forma efectiva y lleva al sistema a una fase

topológica de Floquet. En esta trijuntura particular, los estados de Floquet-Andreev

imitan de forma artificial a un hamiltoniano de tipo Haldane, proporcionando una for-

ma de implementar este modelo de juguete en un dispositivo de estado sólido. En el
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Caṕıtulo 4, estudiamos la evolución de las transconductancias en una juntura Joseph-

son de tres terminales construida con superconductores que pod́ıan ser llevados a una

fase topológica. Encontramos que cuando los reservorios albergan modos de Majorana

de enerǵıa cero, la transconductancia promediadada en fase toma valores cuantizados

en unidades de 2e2/h en vez de 4e2/h. Esta fraccionalización en la cuantización de la

transconductancia refleja que la carga efectiva bombeada en el régimen con Majoranas

es la mitad de la carga del par de Cooper.

En la segunda mitad de la tesis (Caṕıtulos 5, 6, 7 y 8) hemos estudiado varios

aspectos relacionados a las propiedades de transporte de nanoestructuras donde mues-

tras en el régimen Hall se encuentran en proximidad con contactos superconductores.

En el Caṕıtulo 5 discutimos los fenómenos f́ısicos que ocurren en la interfaz entre es-

tas dos fases de la materia: la aparición de los estados quirales de Andreev y formas

posibles de detectarlos. En el Caṕıtulo 6 analizamos las propiedades de transporte de

una juntura Josephson donde se aplica una diferencia de potencial entre dos terminales

superconductoras convencionales de tipo s que se encuentran acopladas a través de los

estados de borde de una muestra en el régimen Hall cuántico. En este escenario, se

desarrolla una corriente Josephson fuera de equilibrio que es estudiada numéricamente

con el formalismo de funciones de Green de Keldysh en el espacio de Floquet. Nos

enfocamos particularmente en explorar el comportamiento del promedio temporal de

la corriente como función del voltaje aplicado y de las variaciones de flujo magnético

en la muestra Hall. Analizamos la existencia de procesos que permiten transferir cuasi-

part́ıculas de forma resonante entre las terminales a través de múltiples reflexiones de

Andreev. Encontramos que las caracteŕısticas de la corriente dc en el plano flujo-voltaje

brindan una forma de hacer espectroscoṕıa de los estados de borde unidireccionales y

pueden ser utilizadas como sello distintivo del transporte mediado por estados quira-

les en estos dispositivos h́ıbridos. En el Caṕıtulo 7 estudiamos una juntura Josephson

donde una región central en el régimen Hall cuántico se encuentra en proximidad con

superconductores que pueden ser llevados a una fase topológica con un campo Zeeman

externo. En este régimen, los modos de Majorana que surgen en los extremos de las

terminales se acoplan a los estados de borde quirales de la muestra Hall. Encontra-

mos rasgos distintivos en los niveles de Andreev y en los patrones de Fraunhofer que

permiten detectar la transición de fase topológica de los reservorios aśı como también

el grado de libertad de esṕın de las cuasipart́ıculas de Majorana. Finalmente, en el

Caṕıtulo 8, estudiamos teóricamente un dispositivo de focalización transversal donde

un gas de electrones bidimensional con un fuerte acoplamiento esṕın-órbita de tipo

Rashba se encuentra en proximidad con un contacto superconductor. La presencia de

las correlaciones superconductoras conduce a la emergencia de estados quirales de An-

dreev que—en este régimen de campos débiles—deben ser entendidos como estados que

siguen órbitas semiclásicas que alternan su naturaleza entre electrón y hueco con cada
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evento dispersivo en el superconductor. La interacción esṕın-órbita separa a la super-

ficie de Fermi en dos porciones y hace que los portadores sigan órbitas ciclotrónicas

con diferete radio, permitiendo su separación por esṕın. Cuando ocurre el fenómeno de

reflexión de Andreev en el contacto superconductor, los portadores dispersados cam-

bian su carga de signo y modifican su esṕın, generando caracteŕısticas distintivas en

las propiedades de transporte del dispositivo. En particular, encontramos que hay un

incremento en la distancia entre los puntos focales separados por esṕın, que aumenta

linealmente con el número de eventos dispersivos de Andreev en la terminal anómala.

Nuestros resultados fueron complementados con cálculos de mapas de conductancia a

puntos arbitrarios de la muestra que nos permitieron proveer una imagen completa de

las trayectorias baĺısticas de los estados h́ıbridos de tipo electrón-hueco.



Appendix A

The Bogoliubov-de Gennes (BdG)

formalism

In this appendix we will discuss the Bogoliubov-de Gennes formalism that is used

throughout this thesis to describe spatially inhomogenous superconducting systems

in mean field theory. Generically, a second-quantized BCS Hamiltonian in mean-field

theory can be written in a quadratic form as

Ĥ =
∑
σ,σ′

∫
drψ†σ(r)Hσσ′(r)ψσ′(r) (A.1)

+

∫
dr

∫
dr′
[
∆(r, r′)ψ†↑(r)ψ†↓(r

′) + ∆∗(r, r′)ψ↓(r
′)ψ↑(r)

]
,

where ψσ(r) is the annihilation field operator of an electron with spin σ at position r.

In this equation ∆(r, r′) is the singlet pairing potential and Hσσ′(r
′) is a local non-

interacting Hamiltonian operator. In this thesis we will consider only local correlations

∆(r, r′) = ∆δ(r − r′). By introducing the spinor field

Ψ̂(r) =
(
ψ̂↑(r), ψ̂↓(r), ψ̂†↓(r),−ψ̂†↑(r)

)T
, (A.2)

the Hamiltonian can be brought to the Bogoliubov-de Gennes form

Ĥ =
1

2

∫
drΨ̂†(r)ȞBdG(r)Ψ̂(r) + constant, (A.3)

where

ȞBdG(r) =


H↑↑(r) H↑↓(r) ∆ 0

H↓↑(r) H↓↓(r) 0 ∆

∆∗ 0 −H∗↓↓(r) H∗↓↑(r)

0 ∆∗ H∗↑↓(r) −H∗↑↑(r)

 . (A.4)
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Note that a factor 1/2 is added in Eq. (A.3) because the new spinor fields double

the degrees of freedom in the system (the BdG description takes into account both

electronic and hole-like excitations). With the definition given by Eq. (A.2), the time-

reversal symmetry operation can be represented as

T = iτ0σyK, (A.5)

where K denotes complex conjugation. On the other hand, the charge conjugation

symmetry operation is given by

C = −iτyσ0. (A.6)

The combination of both these symmetries is known as particle-hole symmetry

P = CT = τyσyK =


0 0 0 −1

0 0 1 0

0 1 0 0

−1 0 0 0

K, (A.7)

and is easy to see that

PΨ̂ = Ψ̂ and {P , ȞBdG} = 0. (A.8)

If we denote the eigenfunctions of ȞBdG as Φn(r) such that

ȞBdGΦn(r) = EnΦn(r), (A.9)

one can check that Φ−n(r) := PΦn(r) will also be an eigenstate with energy E−n =

−En. Indeed,

ȞBdGΦ−n(r) = ȞBdGPΦn(r) = −PȞBdGΦn(r) = −EnPΦn(r) = E−nΦ−n(r), (A.10)

where we made use of Eq. (A.8) in the third equality. This means that when using the

BdG formalism, the spectrum will always be particle-hole symmetric. The eigenspinors

of the BdG Hamiltonian are orthonormal and obey a completeness relation so that∫
drΦ†n(r)Φm(r) = δnm

∑
n

Φn(r)Φ†n(r′) = δ(r − r′)Ǐ, (A.11)
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with Ǐ the 4 × 4 identity matrix. The Hamiltonian of the considered system can then

be rewritten in this new basis as

Ĥ =
1

2

∫
drΨ̂†(r)ȞBdG(r)Ψ̂(r) (A.12)

=
1

2

∫
dr

∫
dr′Ψ̂†(r)ȞBdG(r)δ(r − r′)Ψ̂(r′) (A.13)

=
1

2

∑
n

∫
dr

∫
dr′Ψ̂†(r)ȞBdG(r)Φn(r)Φ†n(r′)Ψ̂(r′) (A.14)

=
1

2

∑
n

Enγ̂
†
nγ̂n, (A.15)

where we have defined the Bogoliubov quasiparticle operators as

γ̂n =

∫
drΦ†n(r)Ψ̂(r) γ̂†n =

∫
drΨ̂†(r)Φn(r). (A.16)

We can readily check that

γ̂†−n =

∫
drΨ̂†(r)Φ−n(r) (A.17)

=

∫
dr
[
PΨ̂(r)

]† [
PΦn(r)

]
(A.18)

=

∫
drΦ†n(r)Ψ̂(r) = γ̂n, (A.19)

where we used Eqs. (A.7),(A.8) and (A.10). In order words, creating a quasiparticle

with energy −En or removing one with energy En are identical operations.
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[87] Giazotto, F., Governale, M., Zülicke, U., Beltram, F. Andreev reflection and

cyclotron motion at superconductor—normal-metal interfaces. Phys. Rev. B, 72,

054518, Aug 2005. 81, 86, 158

[88] Hou, Z., Xing, Y., Guo, A.-M., Sun, Q.-F. Crossed Andreev effects in two-

dimensional quantum Hall systems. Physical Review B, 94 (6), 064516, ago.

2016. 81

[89] Lindner, N. H., Berg, E., Refael, G., Stern, A. Fractionalizing Majorana Fer-

mions: Non-Abelian Statistics on the Edges of Abelian Quantum Hall States.

Phys. Rev. X, 2, 041002, Oct 2012. 81

[90] Clarke, D. J., Alicea, J., Shtengel, K. Exotic non-Abelian anyons from conven-

tional fractional quantum Hall states. Nature Communications, 4 (1), 1348, Jan

2013. 81

[91] Qi, X.-L., Hughes, T. L., Zhang, S.-C. Chiral topological superconductor from

the quantum Hall state. Phys. Rev. B, 82, 184516, Nov 2010. 81

[92] Chaudhary, G., MacDonald, A. H. Vortex-lattice structure and topological su-

perconductivity in the quantum Hall regime. Physical Review B, 101 (2), 024516,

Jan 2020. 81

[93] Zhi, J., Kang, N., Su, F., Fan, D., Li, S., Pan, D., et al. Coexistence of induced

superconductivity and quantum Hall states in InSb nanosheets. Phys. Rev. B,

99, 245302, Jun 2019. 81, 104, 158, 159, 171, 172

[94] Bhandari, S., Lee, G.-H., Watanabe, K., Taniguchi, T., Kim, P., Westervelt, R. M.

Imaging Andreev reflection in graphene. Nano Letters, 20 (7), 4890–4894, Jun

2020. 81, 104, 106, 158, 162, 172

[95] Klapwijk, T. M. Proximity effect from an Andreev perspective. Journal of

Superconductivity, 17 (5), 593–611, Oct 2004. 86, 158

[96] Stanescu, T. D., Sau, J. D., Lutchyn, R. M., Das Sarma, S. Proximity effect at

the superconductor–topological insulator interface. Phys. Rev. B, 81, 241310,

Jun 2010. 86



Bibliography 191

[97] Datta, S. Electronic Transport in Mesoscopic Systems. Cambridge: Cambridge

University Press, 1995. 90, 110, 162

[98] Kurilovich, V. D., Raines, Z. M., Glazman, L. I. Disorder in Andreev reflection

of a quantum Hall edge, 2022. 92

[99] Kulik, I. O. Macroscopic Quantization and the Proximity Effect in S-N-S Jun-

ctions. Soviet Journal of Experimental and Theoretical Physics, 30, 944, Jan

1969. 94

[100] Hurd, M., Wendin, G. Andreev level spectrum and Josephson current in a su-

perconducting ballistic point contact. Phys. Rev. B, 49, 15258–15262, Jun 1994.

94

[101] Tinkham, M. Introduction to Superconductivity. McGraw-Hill, New York, 1996.

97, 98, 137

[102] Dynes, R. C., Fulton, T. A. Supercurrent density distribution in Josephson

junctions. Phys. Rev. B, 3, 3015, May 1971. 97
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[152] Kormányos, A. Semiclassical study of edge states and transverse electron focusing

for strong spin-orbit coupling. Phys. Rev. B, 82, 155316, Oct 2010. 159, 163

[153] Peralta Gavensky, L., Usaj, G., Balseiro, C. A. Imaging chiral Andreev reflection

in the presence of Rashba spin-orbit coupling. Phys. Rev. B, 104, 115435, Sep

2021. URL https://link.aps.org/doi/10.1103/PhysRevB.104.115435. 159,

173, 196

https://link.aps.org/doi/10.1103/PhysRevB.104.115435


List of publications

1. L. Peralta Gavensky, Gonzalo Usaj and C. A. Balseiro, Imaging chiral Andreev

reflection in the presence of Rashba spin-orbit interaction. Phys. Rev. B. 104,

115435 (2021) [153]

2. L. Peralta Gavensky, Gonzalo Usaj and C. A. Balseiro, Nonequilibrium edge

transport in quantum Hall-based Josephson junctions. Phys. Rev. B. 103, 024527

(2021) [121]

3. L. Peralta Gavensky, Gonzalo Usaj and C. A. Balseiro, Majorana fermions on

the quantum Hall edge. Phys. Rev. Research 2, 033218 (2020) [109]

4. L. Peralta Gavensky, Gonzalo Usaj and C. A. Balseiro, Topological phase

diagram of a three terminal Josephson junction: From the conventional to the

Majorana regime. Phys. Rev. B 100, 014514 (2019) [34]

5. L. Peralta Gavensky, Gonzalo Usaj, D. Feinberg and C. A. Balseiro, Berry

curvature tomography and realization of topological Haldane model in driven three-

terminal Josephson junctions. Phys. Rev. B 97, 220505(R) (2018) [33]

Other works published during my PhD not included in this thesis.

1. L. Peralta Gavensky, Gonzalo Usaj and C. A. Balseiro, Time-resolved Hall

conductivity of pulse-driven topological quantum systems. Phys. Rev. B 98, 165414

(2018)

2. M. L. Amigó, T. Herrera, L. Neñer, L. Peralta Gavensky, F. Turco and J.

Luzuriaga, A quantitative experiment on the fountain effect in superfluid helium.

European Journal of Physics 38, 5 (2017)

196



PHYSICAL REVIEW B 97, 220505(R) (2018)
Rapid Communications

Berry curvature tomography and realization of topological Haldane model in driven
three-terminal Josephson junctions
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We propose a protocol to locally detect the Berry curvature of the ground state of a three-terminal Josephson
junction with a quantum dot based on a synchronic detection of the currents flowing into the reservoir leads
when an ac modulation is applied in the device. This local gauge invariant quantity is expressed in terms of the
instantaneous Green’s function of the Bogoliubov–de Gennes Hamiltonian, and thus correctly accounts for the
topological contribution from both the quasiparticle continuum and the Andreev bound states of the junction. We
analyze the contribution to the Berry curvature from the latter by introducing an effective low-energy model. In
addition, we propose to induce topological properties in the system by breaking time-reversal symmetry with a
microwave field in the large frequency nonresonant regime. In the last case, the Floquet-Andreev levels are the
ones that determine the topological structure of the junction, which is formally equivalent to a two-dimensional
honeycomb Haldane lattice and provides a realization of this celebrated model in a solid state device. A relation
between the Floquet Berry curvature and the transconductance of the driven system is derived.

DOI: 10.1103/PhysRevB.97.220505

Introduction. Multiply connected electronic networks
threaded by flux tubes have been proposed several years
ago as a platform to develop quantized adiabatic transport
properties intimately related to topological invariants [1] with
possible realizations in Josephson junctions [2]. More recently,
band structures of Andreev bound states (ABS) in N -terminal
Josephson junctions of conventional superconductors have
been shown to host topological singularities for N � 4, such
as zero-energy Weyl points, in the artificial reciprocal lattice
space defined by the (N − 1)-independent superconducting
phases [3,4]. Even more, trijunctions may also realize
nontrivial topology [5,6] when adding a magnetic flux
through their central region and hence breaking time-reversal
symmetry. The topological structure of these devices can be
probed by means of transconductance measurements between
two voltage-biased terminals which yield, at vanishing
voltage, a quantized value proportional to the first Chern
number of the ground state [2–4]. This global topological
invariant involves an integral over phase space of a gauge
invariant geometric magnitude, the Berry curvature. A nonzero
Berry curvature manifests itself in physical effects, such as
anomalous velocities, regardless of whether the Chern number
is nontrivial [7,8]. In fact, providing experimental tools to
reconstruct maps of the curvature has been a noteworthy work
over the past few years [9–11].

Manifestations of topology in Josephson junctions of con-
ventional superconductors are still an open case of study
[12,13]. An interesting question to address is whether it is
possible to induce topological properties on a three-terminal
device by introducing a periodic driving in the superconducting
phases. Indeed, nontrivial Berry curvatures can take place
within the picture provided by the Floquet states. The purpose

of this Rapid Communication is then twofold. First, we propose
an experimentally suitable protocol to locally measure the
Berry curvature of the ground-state wave function of the
junction. In order to do so, we exploit one of the main
advantages of these mesoscopic setups: the potential to control
the superconductor phases so as to perform local transport
measurements at each point of the artificial Brillouin zone.
Second, we study the topology of Floquet-Andreev bands in
the large frequency limit and provide a relation between their
curvature and the transconductance of a biased and periodically
driven setup. This constitutes a realization of the Haldane
model in a solid state device [14], becoming an alternative
to previous achievements in cold-atom systems [15].

Model Hamiltonian and synchronic measurement of the
Berry curvature. We begin by studying a three-terminal
Josephson junction (3TJJ) with a quantum dot bearing a single
relevant level in the energy gap region of the superconductor
(see Fig. 1). Its Hamiltonian, neglecting Coulomb interactions,
can be written as

H(t) =
∑
kσν

ξkνc
†
kσνckσν − �

∑
kν

(c†
k↑νc

†
−k↓ν + H.c.)

+ εd

∑
σ

d†
σ dσ +

∑
kσν

(γνe
−iϕν (t)/2d†

σ ckνσ + H.c.),

(1)

where we defined ξkν = εkν − μ and the superconducting
phases have been gauged to the tunneling matrix elements
between the leads and the dot. Due to gauge invariance, one of
the phases is chosen to be zero without loss of generality. Even
though the band structure of the ABS in equilibrium remains

2469-9950/2018/97(22)/220505(5) 220505-1 ©2018 American Physical Society
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We study the evolution of averaged transconductances in three-terminal Josephson junctions when the super-
conducting leads are led throughout a topological phase transition from an s-wave to a p-wave (Majorana) phase
by an in-plane magnetic field Bx . We provide a complete description of this transition as a function of Bx and a
magnetic flux � threading the junction. For that we use a spinful model within a formalism that allows us to treat
on an equal footing the contribution to the transconductance from both the Andreev subgap levels and the con-
tinuum spectrum. We unveil a fractionalization in the quantization of the transconductance due to the presence
of Majorana quasiparticles, reflecting the effective pumping of half a Cooper pair charge in the p-wave regime.

DOI: 10.1103/PhysRevB.100.014514

I. INTRODUCTION

The quest for finding novel topological properties in
condensed-matter systems has drawn increasing attention
both in theoretical and experimental research. Much of the
progress in the field has relied on the idea of the emergence
of topological features by engineering heterostructures of
conventional materials [1–4], driving them out of equilibrium
[5–7] or by the direct design of topological phases with
cold-atom systems [8–11]. In this way, it is now possible
to artificially mimic topological matter without the need of
working with exotic materials per se.

Following this line of thought, multiterminal Josephson
junctions of at least four conventional superconductors cou-
pled through a normal scattering region have been put for-
ward as an exciting platform to engineer Weyl-topological
phases [12]. The existence of Weyl singularities in the spec-
trum of multiply connected networks can be traced back to
the seminal work by Avron et al. [13], who envisioned the
possibility of nontrivial quantization of averaged transconduc-
tances (ATCs) in these devices. Different Josephson junction
(JJ) circuits were also suggested as practical realizations to ex-
perimentally probe topologically protected adiabatic transport
in these artificial setups [14].

More recently, it was shown that three-terminal structures
can also develop topological properties when piercing the cen-
tral scattering region with an external magnetic flux [15,16] or
when driven with an external microwave field [17]. There have
also been proposals to measure the Fubini-Study geometric
tensor [18] and the Berry curvature [17,18] of a multiterminal
JJ using microwaves. Remarkably, all this theoretical activity
has been fueled by several stimulating experiments on multi-
terminal superconducting devices [19–22].

In a multiterminal JJ, ATCs can be experimentally probed
by voltage biasing one of the superconducting reservoirs
as a function of a control parameter and measuring the

phase-averaged current in a different lead. For conventional
s-wave pairing, this would lead to a transconductance
quantization in units of 4e2/h [23]. This outcome can be
simply thought of as a nontrivial adiabatic charge pumping
between leads, say ν and ν ′, a product of the existence of Weyl
sources in the spectrum [12,13]. For vanishing voltage V , the
ATC results in Gνν ′ = QP/(V �T ) = nνν ′2eq�/h, where the
pumping period �T is merely the Josephson period h/2eV
and the phase-averaged pumped charge QP over this period
is an integer multiple (nνν ′ ε Z) of the effective charge of the
Cooper pair q� = 2e.

A natural follow-up question is whether multiterminal JJs
with p-wave pairing that host Majorana fermions may also de-
velop a quantized ATC. Interestingly enough, this would pro-
vide a robust measurement of the effective tunneling charge in
the topological superconductors, which is expected to be q� =
e as in the case of the 4π -periodic fractional Josephson effect
[24–27]. A partial answer using the Kitaev spinless model
was recently found in Ref. [28] for the case of a four-terminal
device (see also [29]). Yet, a complete description of the tran-
sition from the s-wave to the p-wave regime within a spinful
approach in the entire parameter space is still missing. This
is a necessary condition to obtain a unified topological phase
diagram that could be experimentally tested. Even more, the
calculation of the topological invariant associated with the
ATC has so far been mainly based on the Chern numbers of the
Andreev bound states (ABS) [12,16,28–30] despite the fact
that in many regions of the parameter space they cannot be
disentangled from the continuum spectrum above the super-
conducting gap (which might also contribute to the ATC [15]).

In this work, we present the complete topological phase
diagram of a three-terminal JJ obtained by a direct calculation
of the adiabatic corrections to the Josephson current. We use
the general approach developed in Ref. [17], which includes
the contributions from both the ABS and the continuum

2469-9950/2019/100(1)/014514(9) 014514-1 ©2019 American Physical Society
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Superconductivity and the quantum Hall effect are considered to be two cornerstones of condensed matter
physics. The realization of hybrid structures where these two effects coexist has recently become an active field
of research. In this work, we study a Josephson junction where a central region in the quantum Hall regime is
proximitized with superconductors that can be driven to a topological phase with an external Zeeman field. In this
regime, the Majorana modes that emerge at the ends of each superconducting lead couple to the chiral quantum
Hall edge states. This produces distinguishable features in the Andreev levels and Fraunhofer patterns that could
help in detecting not only the topological phase transition but also the spin degree of freedom of these exotic
quasiparticles. The current phase relation and the spectral properties of the junction throughout the topological
transition are fully described by a numerical tight-binding calculation. In pursuance of the understanding of
these results, we develop a low-energy spinful model that captures the main features of the numerical transport
simulations in the topological phase.

DOI: 10.1103/PhysRevResearch.2.033218

I. INTRODUCTION

About 30 years ago, theoretical physicists asked them-
selves how the Josephson effect would occur between s-wave
superconductors coupled to the edge states of a sample in the
quantum Hall regime [1]. What might have been seen as a bold
question has now become a concrete and tangible possibility
[2]. Experimental groups have recently managed to make
sufficiently transparent contacts between superconductors and
quantum Hall states [3–6], not only enabling the measurement
of a supercurrent [4,7,8], but also establishing the existence of
the so called chiral Andreev edge state [9], a one-way hybrid
electron-hole mode that propagates along these interfaces
[10]. The electron-hole cyclotron orbits in the semiclassical
regime were also recently imaged in a focusing experiment
[11].

The main physical consequence of the presence of chiral
quantum Hall edge states bridging the superconductors in a
Josephson junction is that backscattering is ruled out and so
conventional Andreev retroreflection is not allowed [10]. The
charge transfer mechanism that produces a supercurrent must
then involve the entire perimeter of the Hall bar [1,12–14],
yielding an unusual critical supercurrent Jc as a function of the
flux threading the sample. In fact, the current-phase relation is
expected to obey a normal flux quantum �0 = hc/e periodic-
ity instead of the conventional one with the superconducting
quantum �0/2.

Published by the American Physical Society under the terms of the
Creative Commons Attribution 4.0 International license. Further
distribution of this work must maintain attribution to the author(s)
and the published article’s title, journal citation, and DOI.

In this article, we pose the question of what would hap-
pen if the s-wave superconductors were to be replaced by
topological ones. In particular, we study the transport and
spectral properties of a quantum Hall based junction with one-
dimensional superconducting leads that can be driven from
a trivial s-wave phase to a p-wave topological phase, where
Majorana quasiparticles emerge at the ends of each terminal.
We find that this topological phase transition can be detected
by analyzing the behavior of the supercurrent in the device,
which is entirely carried by the chiral edge channels of the
Hall sample. Our main claim is that the Fraunhofer patterns,
which describe the modulations of the critical supercurrent as
a function of the magnetic field Bz through the quantum Hall
region, Jc(Bz ), not only reveal the presence of the Majorana
fermions, but they also bear information on the spin polariza-
tion [15] of these topologically protected end modes.

The work is organized as follows. In Sec. II we introduce
the tight-binding model of the Josephson junction. We cal-
culate the supercurrent as a function of the phase difference
between the superconducting leads and the critical current
profiles as the magnetic flux through the junction is varied
in amounts of the order of the flux quantum. We focus on
the quantum regime, where only the first Landau level is
occupied, and we analyze how these Fraunhofer interference
patterns evolve as the leads are driven from the trivial to the
topological phase. The spectral properties of the device are
also presented, revealing how the Andreev level spectrum
is correlated with the transport simulations. In Sec. III we
introduce a low-energy spinful model that allows us to re-
produce the main features of the full numerical model. We
also do a detailed analysis of the limiting case in which the
wires behave as spinless p-wave Kitaev chains. In Sec. IV we
briefly discuss how the transport results are modified when
there are two Landau levels occupied in the quantum Hall

2643-1564/2020/2(3)/033218(13) 033218-1 Published by the American Physical Society
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We study the transport properties of a voltage-biased Josephson junction where the BCS superconducting
leads are coupled via the edges of a quantum Hall sample. In this scenario, an out-of-equilibrium Josephson
current develops, which is numerically studied within the Floquet-Keldysh Green’s function formalism. We
particularly focus on the time-averaged current as a function of both the bias voltage and the magnetic flux
threading the sample and analyze the resonant multiple Andreev reflection processes that lead to an enhancement
of the quasiparticle transmission. We find that a full tomography of the dc current in the voltage-flux plane allows
for a complete spectroscopy of the one-way edge modes and could be used as a hallmark of chiral edge mediated
transport in these hybrid devices.

DOI: 10.1103/PhysRevB.103.024527

I. INTRODUCTION

The possibility of marrying superconductivity with the
quantum Hall (QH) effect has brought to the table a plethora
of novel physical phenomena: from the emergence of Andreev
edge states [1,2] and crossed Andreev conversion [3,4] to
realizations of non-Abelian anyons [5,6] and chiral Majorana
fermions [7,8]. In a series of recent experiments [9–15], su-
perconducting correlations were successfully induced at the
edges of integer quantum Hall samples, paving the way to a
new generation of such promising hybrid devices.

Several theoretical works have studied the mechanisms
by means of which an equilibrium supercurrent flow can be
established in Josephson junctions bridged by one-way edge
states [16–20]. The insulating nature of the bulk of the sample
and the breaking of time-reversal symmetry cause the transfer
of Cooper pairs to be realized via hybrid electron-hole edge
modes that propagate chirally along the perimeter of the Hall
bar [1,15]. In this scenario, the Josephson current-phase re-
lationship is expected to behave in a peculiar manner as a
function of the flux variations in the Hall device. In particular,
the Fraunhofer pattern—which reveals the behavior of the
critical current as a function of the magnetic field threading
the sample—is theoretically predicted to present periodic os-
cillations as a function of the normal flux quantum �0 = hc/e
[16–18], a clear hallmark of chiral edge mediated transport.

While much has been said about the equilibrium properties
of these Hall based junctions, their response to inherently out-
of-equilibrium transport experiments still remains a largely
unexplored field. Our main aim in this paper is to partially
fill this gap by analyzing the transport properties of a voltage-
driven superconductor (SC)-QH-SC Josephson junction such
as the one depicted in Fig. 1. The time-averaged current
of voltage-biased Josephson junctions is typically endowed
with a rich subharmonic gap structure due to the presence
of multiple Andreev reflection (MAR) processes that allow

the transfer of quasiparticles from one terminal to the other
[21–24]. These signatures in the current-voltage character-
istic have been widely employed as a spectroscopy of the
junction itself in a variety of superconducting devices in-
volving single-level quantum dots [25–27], molecules [28],
spin-split superconductors [29], and even topological excita-
tions [30–32].

In this paper, we theoretically investigate the current-
voltage characteristic in our proposed QH setup as a function
of the flux variations in the Hall bar and show how it could be
used to unveil the presence of chiral edge mediated transport
in the sample. We find that the time-averaged dc current of
the device exhibits a series of distinctive resonances which
are periodic with the superconducting flux quantum �s

0 =
�0/2, as opposed to the nondissipative equilibrium Josephson
supercurrent. We interpret the appearance of this enhanced
quasiparticle current within a Floquet multibarrier picture of
the resonant MAR processes. For voltages larger than the pair-
ing gap, these peaks disperse linearly with the flux enclosed
by the edge state due to resonant Cooper pair transfer between
the superconducting leads, providing direct information on the
drift velocity of the chiral channel.

The paper is organized as follows. In Sec. II we introduce
the low-energy effective model which is used to describe the
leads, the chiral edge state, and their respective coupling.
We include a discussion on the normal transmission of the
junction, which allows for its characterization in terms of
the microscopic parameters of the model. We also present
the Floquet-Keldysh Green’s function technique, which is
employed to calculate the two-terminal out-of-equilibrium
current when the terminals are superconducting. In Sec. III we
present the numerically obtained current-voltage characteris-
tic of this hybrid device and the interpretation of the results.
In Sec. IV we analyze the main differences in the behavior
of the time-averaged current when edge channels of both
left and right chirality are present in the sample, modeling

2469-9950/2021/103(2)/024527(12) 024527-1 ©2021 American Physical Society
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In this work, we theoretically study transverse magnetic focusing in a two-dimensional electron gas with strong
Rashba spin-orbit interaction when proximitized along its edge with a superconducting contact. The presence
of superconducting correlations leads to the emergence of chiral Andreev edge states which—within this weak
magnetic field regime—may be pictured as states following semiclassical skipping orbits with an alternating
electron-hole nature. The spin-orbit-induced splitting of the Fermi surface causes these carriers to move along
cyclotron orbits with different radii, allowing for their spatial spin separation. When Andreev reflection takes
place at the superconducting lead, scattered carriers flip both their charge and spin, generating distinguishable
features in the transport properties of the device. In particular, we report a notable enhancement of the separation
between the spin-split focal points, which scales linearly with the number of Andreev scattering events at the
anomalous terminal. We support our results by calculating conductance maps to arbitrary points in the sample
that provide a complete image of the ballistic electron-hole cyclotron paths.

DOI: 10.1103/PhysRevB.104.115435

I. INTRODUCTION

Chiral Andreev edge states are one-way hybrid electron-
hole modes that propagate along the interface of a Hall sample
and a superconductor (SC) but remain bounded in the per-
pendicular direction due to both the magnetic field and the
superconducting gap confinement. The hybrid nature of this
distinctive type of edge state is rooted in the proximity effect:
the conventional edge states living at the boundary of the
Hall region acquire superconducting correlations via succes-
sive Andreev reflections at the interface with the anomalous
contact [1–3], ultimately leading to a coherent superposition
of propagating modes with opposite charges. Since backscat-
tering is not allowed, the carriers circulate chirally in the
direction determined by the external magnetic field.

Transparent interfaces between superconducting alloys and
samples in the Hall regime are now within experimental reach
[4–9], providing the condensed-matter community with an
exciting playground for probing transport phenomena oc-
curring along the boundary of these two phases of matter.
Indeed, interference of chiral Andreev edge states in the quan-
tum Hall (QH) regime has just been reported [10]. Several
theoretical studies have focused on the large magnetic field
limit—more specifically, on the mechanisms by means of
which an edge-mediated current may flow in a SC-QH-SC
Josephson junction with only one filled Landau level [11–16].
Substantial experimental advances have also been made in this
direction [17–20].

On the other hand, weak magnetic field regimes with
large filling fractions have been scarcely analyzed [21–23].
Within this range of fields, the semiclassical skipping orbits of

electronic and holelike states have only recently been imaged
in a magnetic focusing setup in Ref. [24]. By using scanning
gate microscopy techniques [25], the Andreev-reflected carri-
ers have been successfully detected while following ballistic
cyclotron paths in a graphene sample. In this work, we pose
the question of what would happen if such magnetic focusing
experiments were to be performed in two-dimensional elec-
tron gases (2DEGs) with significant spin orbit (SO) coupling,
like the ones used in Refs. [4,7,9]. These experiments consist
of the injection of electrons into a 2DEG through a voltage-
biased contact. In the presence of a small magnetic field, the
carriers follow a skipping orbit trajectory which is essentially
determined by the shape of the Fermi surface, eventually
focusing at certain points along the edge [26,27]. By tuning
the magnetic field, the focal distance can be adjusted to match
the one of a detector lead. In this way, the collected carriers
give rise to an abrupt change in the conductance between the
two aforementioned contacts or the appearance of a voltage
[28,29]. Transverse magnetic focusing in SO-coupled systems
has been a useful technique to study spatial spin separation
in mesoscopic devices [30–34]. It is well known that the
presence of two spin-split Fermi surfaces leads to the exis-
tence of two different cyclotron paths, which translates into
a splitting of the focusing spectrum [35–39]. We here re-
port how this well-established phenomenon is modified when
allowing carriers to Andreev reflect at an intermediate ex-
tended superconducting terminal as depicted in Fig. 1. To this
end, we perform numerical simulations of the conductance
between the injector lead I and the collector lead C as a func-
tion of the external magnetic field. The focusing peaks show
clear signatures of Andreev reflection at the superconducting

2469-9950/2021/104(11)/115435(9) 115435-1 ©2021 American Physical Society
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