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Introducción

A lo largo de los años en que los autores dictaron esta materia, varias veces fue frente a
audiencias numerosas de estudiantes extranjeros donde la única comunicación era a través del
idioma inglés. Consideramos en ese momento que nuestro texto les serı́a más útil en inglés que
en castellano, y que además podrı́a ser aprovechado por nuestros alumnos del Instituto Balseiro
ya que poseen un adecuado dominio de esa lengua.

El presente texto está basado en los apuntes preparados para cada clase. Lo volcado en una
clase es, en general, un resumen del conjunto de ideas adquiridas por el autor a través de un
sinnúmero de lecturas sobre el tema y también de su propia experiencia. En ese sentido, la
mayorı́a de las veces el autor pierde noción de cuál es el origen de una determinada idea y/o
de la mejor forma de presentar un tema. De allı́ que haya pocas referencias especı́fica y que
no pretendamos originalidad, salvo en unos pocos temas en especial, donde la presentación se
aleja de la habitual de otros libros de texto.

Por lo demás, los temas expuestos son los que normalmente los autores dictaron durante
varias décadas en el Curso de Fı́sica Moderna del IB para estudiantes de Ingenierı́a Nuclear.
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Chapter 1

The atomic nucleus

1.1 Brief background history

1.1.1 Atomic theory of matter

The first recorded ideas of a few substances constituting all matter go back to the ancient
Greeks: Empedocles (born circa 490 BC) postulated that earth, air, water and fire were the
four constituents of all matter in the world. These ideas had no experimental foundations (it
is interesting to note that they even gave a formula for, e.g., bone components: 2 parts earth,
2 parts water, and 4 parts fire). However, it seems it was Plato (b. c. 428 BC) who first used
the word ”element” for these constituents. At the time, speculations are common on whether
matter is indefinitely divisible, that is, whether there exists an ultimate particle impossible to
subdivide any further. Democritus (b. c. 460 BC) champions the idea of this indivisible par-
ticle, the ”atom” (from the Greek ”átomos” which literally means uncuttable, or indivisible),
moving eternally in infinite empty space. Aristotle (b. 384 B.C.) accepted the idea of the four
basic elements postulating that they were continuous, therefore rejecting the idea of atoms as
building blocks of these elements. Aristotle had such a great influence in the Western thinking
that his philosophy of a few elements remained intact for almost 2000 years, up to the 17th cen-
tury. With the patient work of the alchemists, many new elements had been discovered; in ”The
Sceptical Chymist” published in 1661, Robert Boyle not only rejects the theory of only four
elements but also presents the hypothesis of matter consisting of atoms and clusters of atoms.
By 1789 Lavoisier publishes a list of 33 elements where fire is still one of them. A few years
later, in his book ”A New System of Chemical Philosophy” (1808), John Dalton, to explain
his ”law of multiple proportions”, formulates an atomic theory which is indeed the basis of the
modern atomic theory of the structure of matter. The idea was:

• Every material substance is composed of ”atoms” of the chemical ”elements” and that:

• The number of ”elements” is limited, not more than 50 being known at the time (118
nowadays)

plus the assumption that:

1
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• individual atoms are indivisible

• atoms of a given element are indistinguishable (in modern terms: of equal atomic weight)

Therefore, at the time it was thought that there existed about 50 ”elementary particles” with
which the whole Universe could be explained.

Around the year 1800 chemists had been able to measure the atomic weight of known ele-
ments. Using these data, in the year 1815 William Prout submits that, since the atomic weight
of different elements seem to be integer multiples of that of hydrogen, heavier atoms are thus
a combination of hydrogen atoms. We would then have an only elementary particle with the
obvious simplification it would imply. Prout’s idea greatly stimulated the determination of ac-
curate atomic weights, thereby showing by the 1830’s that his idea was untenable, as shown in
the following table, where, for instance, chlorine is a typical case with an atomic weight (with
Hydrogen Atomic Weight=1) just about halfway between 35 and 36.

Element C N O F Na Ne Mg Cl
Atomic Weight 12.0 14.0 16.9 19.0 23.0 20.18 24.3 35.45

Although Prout’s hypothesis was proved to be wrong, by 1869 Dmitri Mendeleev publishes
a table of the elements showing a remarkable periodicity in their properties when arranged
according to both their valence and their atomic weight. Because of some empty places in his
table, Mendeleev is able to predict the existence of two new elements that were later discovered
within a few years of his prediction. The periodicity shown by Mendeleev’s table obviously
suggests the probable existence of some building block common to all elements.

The next unifying discovery was that of Joseph John Thomson in 1897. Performing ex-
periments on cathode rays and on conduction of electricity in gases, Thomson discovered the
existence of a very light particle (later called the electron), negatively charged, and shown to
be common to all elements. Thomson’s experiments clearly showed that:

1. It is possible to get any element to emit electrons

2. Electrons are negatively charged and very much lighter than atoms, and

3. Atoms are electrically neutral

From these three statements the immediate conclusion is that the bulk of an atom mass has a
net positive charge, and two different models are proposed for the atom: the model of Thomson
and that of Rutherford.

Thomson thinks the atom as a uniform sphere of positively charged matter with electrons
embedded into this sphere so as to make the whole atom neutral (1904) as shown in Figure 1.1a,
colloquially known as the plum-pudding model. Furthermore, since electrical charges radiate
energy when are in non uniform motion, the electrons are at rest in the atom ground state.

Based on the experiments performed (after Rutherford’s suggestion) by Geiger and Marsden
(1909), Rutherford thinks the atom as a positively charged mass concentrated in a very small

2



The atomic nucleus

Figure 1.1: a. Thomson’s plum pudding model of the atom. b. Rutherford’s planetary model of
the atom

sphere at the center of the atom, with electrons revolving around the nucleus in a region the size
of the atom (∼ 10−8 cm) somehow resembling the solar system and its planets as seen in Figure
1.1b.

The controversy unfolded by these two models was finally settled after Rutherford’s expla-
nation (1911) of Geiger and Marsden experimental results, where they studied the deviation
angles of α particles with initial velocity v scattered by thin foils of metal atoms T with mass
relation mα � mT . Because of the negligible mass of the electron compared with that of the
alpha particle, Rutherford considered only the two body collision between the alpha particle
and the nucleus of each atom T , that he assumed with a radial extension R much smaller than
the atomic radius. The results obtained by Rutherford using a classical description of Coulomb
scattering are valid because they are identical to the correct quantum results for this interaction.
Working in the center of mass frame the position −→r of α relative to T follows an hyperbolic
trajectory with asymptote along the direction ϑ relative to the incident flux, as shown in Figure
1.2.

The probability of dispersion of projectiles in a pure Coulomb potential Zze2/r, (0 < r < ∞)
is given by the differential cross section (see Chapter 3):

dσ
dΩ

=

(r0

4

)2 1

sin4
(
ϑ
2

) (1.1)

For a head on collision the projectile may be stopped at a distance r0 from the origin; from
energy conservation the distance r0 is given by 1

2m0v2 = zZe2/r0 where m0 = mαmT/(mα + mT ),
thus

r0 =
2zZe2

m0v2
0

=
zZe2

E
(1.2)

valid when r0 > R corresponding to energies E < zZe2/R.
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It can be shown that for any impact parameter, b, the minimum distance between the bom-
barding particle and the nucleus is given by:

rmin =
r0

2

1 +
1

sin θ
2

 (1.3)

From the results of Geiger and Marsden experiment, Rutherford proposes his model based
on the following arguments:

1. Given z (alpha particle), Z (target material), and energy of bombarding particle E1 =
1
2m0v2

0, we get r(1)
0 from eq.(2.5).

2. We measure dσ/dΩ = f (ϑ) and check that after a certain angle ϑ1, expression (2.6) stops
reproducing experimental results for any ϑ > ϑ1 (This is attributed to the α particle getting
into material contact with the positively charged nucleus, therefore acting forces are other
than electromagnetic and expression (2.6) is not valid anymore). Figure 1.3 depicts the
trajectory with scattering angle ϑ1 that just reaches the surface without penetrating into
the nucleus.

3. Using this value of ϑ1 we calculate r(1)
min using Eq.2.11, which results to be r(1)

min ' 10−12

cm

4. We increase the energy of the α particle to E2 and get the corresponding r(2)
0

5. We repeat 2) above and determine the new angle ϑ2 after which expression 2.6 stops being
valid for any ϑ > ϑ2. It is seen that ϑ2 < ϑ1 as is shown in Fig. 1.3.

6. Using ϑ2 we repeat 3) above and get the result: r(2)
min ≈ r(1)

min

Figure 1.2: Trajectory of the relative position→ r corresponding to an impact parameter b and
velocity→ v0.
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The atomic nucleus

Figure 1.3: The pure Coulomb dispersion of α particles by a heavy nucleus is restricted to
scattering angles ϑi < ϑ, where ϑi is a decreasing function of the center of mass energy Ei of
the collision.

Isotopes

All atomic and chemical properties are determined by the behaviour of the electrons orbiting
around the central nucleus; therefore: Atoms having the same atomic number Z have also equal
chemical properties.

However, J.J. Thomson shows, through experiments using electromagnetic deflections (1913),
that there exist atoms that have equal Z but different mass. Because these atoms occupy the same
position in the periodic table, they are called isotopes.

If we now take any isotope and measure its mass, we get a number that is approximately
equal to an integer multiple (remember Prout’s original idea) of a mass close to that of the
hydrogen atom. These integer numbers are called the ”mass number” of an atom and designated
with the letter A.

Prout’s law failed because at that time atomic weights could only be determined through
chemical methods. For instance, in a certain quantity of chlorine about 76% of the atoms have
A = 35 and about 24% have A = 37, thus we would get M (Cl) = 0.76× 35 + 0.24× 37 = 35.48
for the atomic weight of the element chlorine.

1.1.2 Models for the atomic nucleus

We can depict the hydrogen atom as a proton (the nucleus) and an electron orbiting around the
proton. According to what we found about atomic weights, we could think that all nuclei are
made up of protons. As if to reinforce this idea, in the year 1919 Rutherford obtained direct
evidence that in the atomic nucleus there are protons. He did this by bombarding nitrogen with
alpha particles, thus performing the first experimental nuclear reaction. In modern notation, the
reaction was the following:
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14
7 N + α→ 17

8 O + p where p designates a proton particle.
However, nuclei cannot be made up of protons only because, on account of electrons being

so light as compared to protons, we would then have A = Z but we know from experiment that
A > Z and furthermore, for stable nuclei it is found that Z ≈ A

2 (We will later come back to this
point).

Examples: 16
8 O, 35

17Cl, 37
17Cl, 204

82 Pb, 206Pb, 207Pb, 208Pb
Then the model proposed for the nucleus was that it consisted of A protons and (A − Z)

electrons. Therefore the net charge of such a nucleus would be: A − (A − Z) = Z (thus giving
the correct positive charge). As an example, the nucleus of 14

7 N would have 14 protons and 7
electrons.

This model was supported by the fact that certain radioactive substances emitted β− particles
(electrons) . However, there are a series of reasons (all based on quantum mechanics), plus the
existence of β+ particles (positive electrons) emitted by some artificially made isotopes, that
make this model untenable.

1.1.3 Discovery of the neutron

The question of an acceptable model for the atomic nucleus remained open for another 20
years, until in 1932 James Chadwick discovered, through a famous experiment, the existence
of a neutral particle of a mass slightly higher than that of a proton, we call this new particle a
”neutron”.

To amplifier and 
oscillograph

Polonium

Beryllium

Paraffin Absorbers/Aluminum

ProtonsRadiation?

To vacuum pump

Figure 1.4: Experiment that led to the discovery of neutrons.

It is worthwhile to give a brief description of the previous experimental background and of
the experiment itself.

In the year 1930, while studying the reaction α+ 9Be →?, Bothe and Becker observed a
very penetrating radiation coming out of the reaction, capable of going through 2 mm of brass,
and assumed it was of an electromagnetic character. In 1931 Frédéric Joliot and Irène Curie
confirmed these results and during 1932, performing transmission experiments, they showed
that when paraffin wax was placed in front of this radiation, protons of considerable energy were
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ejected from the paraffin. These protons had a range of 8 cm in air when studying the reaction
α+ 11B, and of 26 cm in air when the reaction was α+ 9Be. Assuming that the protons from the
paraffin were being put out by this radiation through a sort of Compton effect on protons, Joliot
and Curie calculated that for this to happen the γ rays had to have an energy of 35 MeV in the
first case and of 50 MeV in the case of the 9Be. This explanation is hardly acceptable because
of the energies involved, much larger than those of typical nuclear processes.

To study this strange radiation, as seen in Figure 1.4 Chadwick let it enter an ionization
chamber that contained nitrogen, thus getting pulses ascribed to recoil nitrogen atoms. When
interposing a block of lead 2 cm thick in front of the radiation, the pulse counting rate remained
practically the same thus showing the highly penetrating character of this radiation. When
interposing a sheet of paraffin about 2 mm thick, the counting rate increased drastically. This
time the height of the pulses revealed that they were characteristic of protons. By interposing
thin aluminum foils between the paraffin and the ionization chamber, Chadwick found that the
range of these protons were equivalent to 40 cm in air which corresponds to a proton speed
vp = 3.3 × 109cm/s or 5.7 MeV. The velocity found by Chadwick for the recoil nitrogen atoms
was vN = 0.47 × 109cm/s

To explain these results Chadwick supposed that the radiation consisted of neutrons (parti-
cles that carried no charge, therefore explaining the high penetration character of the radiation)
of mass mn very nearly equal to that of the proton. It is of interest here to work out the kine-
matics corresponding to a head-on collision of a particle of mass m moving with speed v and
colliding with a body of mass M at rest, depicted in Figure 1.5:

Figure 1.5: Head-on collision of a particle of mass m moving with speed v and colliding with a
body of mass M at rest.

Conservation of energy and momentum dictates that:

mv2 = mv′2 + MV2 ∴ m
(
v2 − v′2

)
= MV2 that is: m(v + v′)(v − v′) = MV2

mv = mv′ + MV ∴ m(v − v′) = MV ∴ MV(v + v′) = MV2 ∴ V = v + v′

7
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mv = m(V − v) + MV ∴ 2mv = (m + M)V and finally:

V =
2m

M + m
v

Applying this result to Chadwick’s experiment we get:

• VH = 2mn
MH+mn

vn for collisions of neutrons with hydrogen atoms,

• VN = 2mn
MN+mn

vn for collisions with nitrogen atoms, so:

VH

VN
=

MN + mn

MH + mn

and

mn =
MNVN − MHVH

VH − VN

Using the values given before for VH (3.3 × 109 cm/s) and VN (0.47 × 109cm/s) we get:

mn =
14 × 0.47 − 1 × 3.3

3.3 − 0.47
= 1.16 amu ± 10%

On the basis of the other reaction studied by Chadwick: α+ 11B = 14N + n , he proposed for
the neutron mass: 1.005 ≤ mn [amu] ≤ 1.008

We now know that the neutron mass is: mn = 1.00898 amu, which means that Chadwick
determined, in 1932, the neutron mass with an uncertainty smaller than 0.2%!

It was known at the time that when a nuclear reaction took place, or within a very short
time after it, different particles could be ejected: protons, the just discovered neutrons, alpha
particles, electrons, positrons, neutrinos, and gamma rays. It was not clear then what indeed
were the nucleus constituents. It was Heisenberg (1932) the first to propose, using very simple
arguments, that the nucleus was built with two different components: protons and neutrons.
Therefore, a nucleus can be characterized very simply by two numbers, the number of protons,
the atomic number Z, and the number of neutrons N, where, being A the mass number, N =

A−Z. We have now therefore, a very simple picture of all matter in the universe: it is composed
of protons, neutrons and electrons.

We give below the known physical properties for protons and neutrons.

Proton Neutron Electron
Charge + e 0 -e

Mass
(
in u; 1u = Mass 12C

12

)
1.007276466 1.008664916 0.00054858

Decay reaction stable n→p+e+ν stable
Decay energy (in keV) — 782 —

Half-life (in min) ∞ 10.23 ∞

8
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1.1.4 Terminology

We end this chapter by giving the terminology used in the designation of nuclear components
and their different arrangements.

Besides the quantities already defined:
Atomic Number: number of protons in the nucleus, Z
Mass Number: number of protons plus neutrons in the nucleus, A
we give the following definitions:
Nucleon: a constituent of the atomic nucleus, be it a proton or a neutron
Nuclide: any nuclear individual species, characterized by Z and A. A nuclide of element

X is represented as A
Z X. Example: 127

51 S b, or in a redundant form: 127
51 S b76 (Antimony, with 51

protons, 127 nucleons, and A − Z = 76 neutrons)
Isotope: one of two or more nuclides having a common Z but different A. Examples: 13

7 N,
14
7 N, 15

7 N – 35
17Cl, 37

17Cl
Isotone: one of two or more nuclides having a common number of neutrons but different

number of protons. Examples: 14
6 C8, 15

7 N8, 16
8 O8, 17

9 F8

Isobar: one of two or more nuclides having a common A but different Z. Examples: 14
6 C,

14
7 N – 23

10Ne, 23
11Na, 23

12Mg
In β decay, mother and daughter nuclei are isobars

Isotopic number: also known as ”neutron excess”, is the difference N − Z between the
number of neutrons and of protons, equal to A − 2Z

Isodiaphere: nuclides having the same isotopic number. Examples: 12
6 C6, 14

7 N7, 16
8 O8,

24
12Mg12 – 226

88 Ra138, 222
86 Ra136 – 238

92 U146, 234
90 Th144

In α decay, mother and daughter nuclei are isodiapheres

9
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Isomer: one of two or more nuclides having a common A and Z but existing for measurable
times in different energy states. Examples: 80

35Br (T 1
2

= 17.68 min), 80m
35 Br (T 1

2
= 4.4205 h)

Going back to Fig. 1.5 we observe that up to A = 40 there is a clear tendency for nuclei to
have the same number of protons and neutrons, However, as A increases we see that the quotient
N
Z goes steadily from about 1 to about 1.6.

Since, as we shall see, nucleons in nuclei are held by very short-range nuclear forces, and
the Coulomb repulsion generated by protons are of a long range character, we could reason that
the observed (N − Z) neutron excess should compensate the Coulomb repulsion energy.

To check on this hypothesis, with the same data available to draw Fig 1.5, we study the
plot (N − Z) as a function of A and observe that the family of points obtained can be roughly
fit with the function (N − Z) ∝ A5/3. Now, the Coulomb energy for a charge Ze uniformly
distributed on a sphere of radius R, can be written as: ECoul ∝

(Ze)2

R . As we shall see in the
Chapter ??, nuclear matter has constant density (a consequence of the short range character
of nuclear forces), therefore we can write: R ∝ A1/3; also, we have already mentioned that as
an approximation Z ∝ A, therefore we can write: ECoul ∝

A2

A1/3 = A5/3. And we see that the
assumption that the neutron excess (N − Z) neutralizes the Coulomb repulsion energy due to
the Z protons, seems to be reasonable.
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Chapter 2

Interaction of charges with matter

2.1 Introduction

In the title of this Chapter the word radiation not only refers to photons but also to material
particles interacting with matter.

Although in truth this subject belongs in the realm of atomic physics, we include it here,
besides its didactic value, because of its practical importance in the development of nuclear
physics.

Essential tools of experimental nuclear physics are, among others, the detection of nuclear
particles and the evaluation of their energies. In the early stages of nuclear physics detection of
particles were performed mainly with ionization chambers and energies determined through a
knowledge of range-energy relationships. The elemental interactions involved in these studies
are almost exclusively of an atomic character; thus, at that time all particle detection and energy
determination needed a thorough knowledge of the mechanisms involved in the interaction of
radiation with matter.

In this chapter we will study the interaction with matter of heavy charged particles (mainly
protons and alpha particles), of light charged particles (mainly negative and positive electrons),
and of electromagnetic radiation (mainly gamma rays). We will also refer briefly to the inter-
action of heavy ions (fission products) and, because of its importance in nuclear engineering,
neutron interactions will be treated separately.

To have a rough idea of the range of these particles in matter, it is of interest to the engi-
neering student to know that, for the energies with which we will be involved in this course, say
up to 50 MeV but always roughly around 10 MeV, an alpha particle is practically stopped by
a sheet of paper, an electron by a piece of aluminum about 1 mm thick, and a gamma ray (and
also a neutron) by about 10 cm of lead.
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Figure 2.1: The four interactions of a charged projectile with an atom.

2.2 Interaction of heavy charged particles with matter

By heavy we mean any particle that is orders of magnitude heavier than electrons. It is an
experimental fact that a charged particle slows down while traversing any material; the loss of
energy, or deviation from the original trajectory, of a heavy charged particle may be due to four
different mechanisms graphically shown in Figure 2.1.

a. elastic collisions with atomic electrons (actually, if the collision is elastic, the interaction has
to be with the atom as a whole),

b. inelastic collisions with atomic electrons,

c. elastic collisions with atomic nuclei, and

d. inelastic collisions with atomic nuclei,

The relative importance of these processes depends on the type and energy of the bombard-
ing particle:

Process a: is known as the Ramsauer effect; it is essentially negligible above about 100 eV
Process b: is the main process through which a charged particle loses energy, that is, exci-

tation and mainly ionization of the atoms in the target material
Process c: is less frequent for heavy particles: mesons, protons, deuterons, alphas, and

heavy ions, but much more important for light particles, that is, positive and negative electrons.
This is the so called Rutherford scattering

Process d: is less probable than c) and can be neglected when considering heavy projectiles.
For high-energy light-projectiles it might be necessary to take it into account. These are known
as bremsstrahlung and coulomb excitation phenomena.
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We do not mention here nuclear reactions or other strong interaction processes, whose order
of magnitude probability is about 10−24 cm2 as compared to 10−16 cm2 for atomic processes.

A charged particle with an energy of the order of a few MeV may suffer about 10,000
individual collisions in a typical material target before it is stopped. Its behavior is described by
a statistical theory of multiple scattering that involves all individual processes a) to d), theory
which we will not go into. This study is very important for the comprehension of the slowing
down process; however, the theory is very complicated and the final statistical result of all the
collisions involved is always obtained through experiment. Therefore, practical magnitudes like
range-energy relationships are obtained empirically.

The study of the slowing down process is of practical importance; we mention for instance
situations where a knowledge of the process is basic to the problem:

• when studying reaction cross sections. Since σ = f (E), the particle’s loss of energy
affects this cross section

• sometimes one wants to degrade the energy of a charged particle to a certain lower value

• the ionization a traversing particle produces while going through matter can be utilized to
detect such particle

• radiation in living organisms produces different biological effects. The energy lost by
a particle while traversing tissue material gives a measure of the damage produced by
radiation

• knowledge of the process is mandatory when designing any kind of radiation shielding

• ion implantation in modern technology of integrated electronics

• etc.

Experimentally[1]–for instance, particle trajectories observed with a cloud chamber– a pro-
ton, deuteron, 3He, alpha particle, etc., are hardly deviated in the interactions that slow them
down. Conversely, electrons are generally deviated through large angles as they slow down.
This immediately suggests that electrons in matter are the main responsible for the slowing
down of charged particles: any of the heavy charged particles mentioned, being at least about
2,000 times heavier than an electron, shall not be deviated appreciably from its original trajec-
tory and after many collisions the mean deviation averages up to zero; on the other hand, the
small energy losses in each collision add up to give a finite mean energy loss after traversing
a finite depth of matter. As just mentioned above, light projectiles as electrons are generally
deviated through large angles and suffer appreciable energy losses on each single collision with
electrons of the medium.

The physical quantity that measures the loss of energy for a charged particle traversing
matter is the so called ”stopping power”, dE/dx in mathematical terms, which gives us the
energy lost per unit path.

Since, as mentioned above, heavy charged particles move in matter in almost straight lines,
with very little energy lost in each collision, they have well-defined ranges. This range will
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Figure 2.2: The Coulomb force acting between the projectile of charge ze and an electron of the
target atom, assumed at rest during the interaction. The particle’s trajectory is assumed to be a
straight line with impact parameter b.

depend on the initial energy, mass and charge of the bombarding particle, and on the physical
properties of the stopping media.

The ”range”, R, is defined as the total distance traversed by a particle until it stops ”com-
pletely”. In mathematical terms:

R =

∫ R

0
dx =

∫ 0

E0

dE
(dE/dx)

We see that a knowledge of dE/dx will allow us, in principle, to find the range of a particle
in a given medium. This quantity can be calculated in a simple way, though not accurately, as
follows.

We accept that a heavy charged particle traversing matter loses energy through electromag-
netic interactions that raise the electrons in the medium to excited energy levels. If an excited
level is in the continuum, the atom in question is ionized, otherwise the electron is found in a
bound excited level. In either case, the resultant energy increase is due to the kinetic energy lost
by the incident particle. We first try to find an expression for this energy loss.
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At the instant when the ion is at position x, the linear momentum imparted to the electron is
given by:

∆pb =
∫ ∞
−∞

FCdt ≡
∫ ∞
−∞

ze2/
(
x2 + b2

)
dt where FC represents the coulomb force between the

two interacting particles.
We now consider the two components of FC, one along the x axis, (FC)‖, and the other

perpendicular to it, (FC)⊥ as seen in Figure 2.2.
We assume that the bombarding ion is traveling so fast as compared to the speed of the

electron with which it is interacting, that the electron could be considered to be at rest within
the atom.

As a consequence of our assumption of a fast ion going through, the impact parameter b
will not change much during the collision. This is the same as saying that during the time the
interaction is strongest, say in the interval −b 0 x 0 b, the electron had practically no time to
react. Therefore, since the electron ”does not move” when the ion is passing nearby, the force
(FC)‖ felt by the electron during the interval (−b, 0) is of the same magnitude but opposite sign
to that felt during the interval (0, b): the force (FC)‖ has then no practical action on the electron
and therefore the electron will move in a direction perpendicular to the ion trajectory due to the
action of force (FC)⊥ only. We can then write:∫ ∞

−∞

(FC)‖ dt = 0

From the diagram above we obtain:

(FC)⊥ = FCb/
∣∣∣∣√x2 + b2

∣∣∣∣ = ze2b/
∣∣∣∣(x2 + b2

)3/2∣∣∣∣
Since we assumed v = constant during the collision, then dt = dx/v and

∆pb '

∫ ∞

−∞

(FC)⊥
dx
v

=
ze2b

v

∫ ∞

−∞

dx∣∣∣(x2 + b2)3/2
∣∣∣ =

2ze2

vb
(2.1)

and the energy imparted to the electron (and lost by the ion that has impact parameter b )
will be:

∆Eb =
(∆pb)2

2m0
'

2z2e4

m0v2b2

(as an exercise, the student can check that this result justifies our assumption of the electron
acquiring a very low speed–”electron at rest”–as compared to that of a fast ion, say a 5 MeV
alpha particle).

We find now the ion’s energy lost to all electrons that have the same impact parameter b
as shown in Figure 2.3. For this we sum ∆Eb over all these electrons, assuming we have N
atoms/cm3 with atomic number Z, that is, NZ electrons/cm3.

When going through a distance dx the ion will encounter 2πbdbdxNZ electrons and in
consequence it will lose an elementary energy: dE2

b−→b+db = ∆Eb2πbNZdbdx as seen in Figure
2.2. We can now obtain the energy lost per unit path by the ion, −dE/dx, integrating the last
expression over appropriate limits for b.
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Ze

Figure 2.3: Differential volume of target electrons interacting with the projectile that has impact
parameters between b and b + db.

−
dE
dx

=
4πz2e4

m0v2 NZ
∫ bmax

bmin

db
b

=
4πz2e4

m0v2 NZ ln
bmax

bmin

The natural choice for the integration limits would be bmin = 0, bmax = ∞. Obviously this
is wrong as it would lead us to an infinite energy loss per unit path. Actually, the previous
calculation as well as the choice of integration limits requires a quantum mechanical treatment.
However, we shall get a rough estimation using classical mechanics in the following arguments.

bmin: classically, the maximum impulse that can be transferred to an electron of mass
m0 by a heavy particle with speed v, is 2m0v. Then 2ze2/vbmin = 2m0v ∴ bmin = ze2/m0v2

bmax: taking infinite as the upper limit of the integration would go against our original
assumption of an electron practically ”at rest”. The expression ∆Eb ' 2z2e4/m0v2b2 was ob-
tained under the assumption of a fast moving ion, which is equivalent to assuming a short-time-
collision (impulsive collision). On the contrary, distant collisions (large b) have a long time
interaction, the electron would indeed change its position during the collision and therefore∫ ∞
−∞

(FC)‖ dt , 0
We can estimate an upper limit for b by taking into account that a bound electron cannot

accept arbitrarily small transfers of energy because its energy levels are quantized. On the
contrary, the electron has to absorb enough energy to be promoted to an empty higher level,
usually in the continuum (ionization). If we call I the ionization potential for that electron, it
should be: ∆Eb 1 I. However, since different electrons have different energy levels to which
they can be excited and also different ionization potentials, we introduce for the atoms in the
media the concept of an average excitation and ionization potential, Ī , and we prescribe that
there is no energy transfer unless ∆Eb 1 Ī, therefore

2z2e4

m0v2b2 1 Ī ∴ bmax =
ze2

v

(
2

m0 Ī

) 1
2
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bmax

bmin
= m0v

(
2

m0 Ī

) 1
2

=

(
2m0v2

Ī

) 1
2

and we get the final result:

−
dE
dx
'

4πz2e4

m0v2 NZ ln
(
2m0v2

Ī

) 1
2

This formula happens to be smaller, by a factor of two, than the following formula obtained
by Hans Bethe making full use of quantum mechanics, but without considering any relativistic,
or other corrections (normally known as Bethe-Bloch formula):

−
dE
dx

=
4πz2e4

m0v2 NZ ln
(
2m0v2

Ī

)
(2.2)

When the mentioned corrections are considered, the final correct expression is given by
”Bethe’s equation”:

−
dE
dx

=
4πz2e4

m0v2 NZ
[
ln

(
2m0v2

Ī

)
− ln

(
1 − β2

)
− β2 −

CK

Z

]
where β ≡ v/c , Ī [eV] ≈ 11.5 Z for Z 1 20 , more accurately:

Ī [eV] ' 9.1 Z
(
1 + 1.9 Z−2/3

)
for Z 1 4

Bethe introduced the term CK (v,Z) to take into account the non participation of K electrons
in the slowing-down process at low ion speeds (for the behaviour of CK as a function of other
parameters.[1]

At low energies we can write the expression above in a simplified form:

−
dE
dx

=
k1

E
ln

(
k2

E
Ī

)
thus, for Ī � E � Mc2 where M = mass of incident ion

we have
−

dE
dx
∼

1
E

This is reflected in Figure 2.4 where the wide minimum observed at high energies, E '
3Mc2, is due to the relativistic terms in Bethe’s equation. For energies below E ' 500Ī, Bethe’s
equation breaks down. This is because, in this case, the ion’s velocity approaches that of the
atomic electrons, the ion captures and loses electrons along its path and we do not longer have
a constant ze for the ion charge.
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Figure 2.4: Stopping power of muons in copper as a function of the relativistic momentum di-
vided by mc: βγ = p/mc. Bethe-Bloch is based on a first order perturbation approximation and
applies just to the right of the stopping maximum up to its minimum. To the left of the stop-
ping maximum second and higher order corrections become important. For very high velocities
relativistic corrections dominate and the stopping presents a monotonic increase.

Useful relationships

Taking into account Bethe’s formula (2.2) in the non relativistic case we can write for a particle
of charge ze moving at speed v in a certain media:

−
dE
dx

(z, v) = k1
z2

v2 ln
(
k2v2

)
which for protons with speed v in the same material reduces to:

−
dE
dx

(
prot

)
= k1

1
v2 ln

(
k2v2

)
Comparing these two last expressions we can write:

−
dE
dx

(z, v) = −z2 dE
dx

(
prot, v

)
(2.3)

Taking into account Bethe’s formula (2.2) in the non relativistic case we can write for a
particle of charge ze moving at speed v in a certain media:
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−
dE
dx

(z, v) = k1
z2

v2 ln
(
k2v2

)
which for protons with speed v in the same material reduces to:

−
dE
dx

(
prot

)
= k1

1
v2 ln

(
k2v2

)
Comparing these two last expressions we can write:

−
dE
dx

(z, v) = −z2 dE
dx

(
prot, v

)
(2.4)

When we apply this formula to, for instance, deuterons, tritons, 3He, or alpha particles, we
get the useful relations:

dE
dx

(deut)
∣∣∣∣∣
E

=
dE
dx

(
prot

)∣∣∣∣∣
E/2

dE
dx

(trit)
∣∣∣∣∣
E

=
dE
dx

(
prot

)∣∣∣∣∣
E/3

dE
dx

(
3He

)∣∣∣∣∣
E

= 4
dE
dx

(
prot

)∣∣∣∣∣
E/3

dE
dx

(
alpha

)∣∣∣∣∣
E

= 4
dE
dx

(
prot

)∣∣∣∣∣
E/4

Taking into account that for the bombarding ion E = 1
2 Mv2 then dE = Mvdv, we can

write for the range of such ion with initial energy E0 = 1
2 Mv2

0:

R =

∫ R

0
dx =

∫ 0

E0

dE
(dE/dx)

=

∫ 0

v0

Mvdv
(dE/dx)

calling Mp the mass of a proton, and using expression (2.4) above, we get:

R(z,M)|v0
=

∫ 0

v0

Mvdv
(dE(z, v)/dx)

=

∫ 0

v0

Mvdv

z2 dE(prot)/dx
∣∣∣

v

=
M

z2Mp

∫ 0

v0

Mpvdv

dE(prot)/dx
∣∣∣

v

=
M

z2Mp
R

(
prot

)∣∣∣
v0

Since this formula refers to an ion and a proton of the same initial speed, in terms of energy
we can write:

R(z,M)|E0
=

M
z2Mp

R
(
prot

)∣∣∣
E0 Mp/M
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As mentioned before, because of loss and capture of electrons at very low ion speeds,
Bethe’s formula breaks down; we do not have a valid formula for dE/dx at those speeds and
therefore we cannot really calculate the complete range of the particle by using these last expres-
sions. We can however, calculate the range of a particle in going from speed v0 to v1, provided
the particle’s speed is still within the validity range of Bethe’s formula:

∆R (z,M)|v0→v1 = M
∫ v1

v0

vdv
(dE/dx)

therefore:

∆R (z,M)|v0→v1

∆R
(
prot

)∣∣∣
v0→v1

=
M
Mp

1
z2

The experimental stopping power for protons in different media are shown in Figure 2.5
and, the range of protons in dry air in Figure 2.6, and the range in Aluminum of several light
particles in 2.7.

For the particular case of an alpha particle we get:

∆Rα

∆Rp
=

Mα

Mp

(
zp

zα

)2

=
1

1.0072

which is valid for an alpha particle velocity such that E > 2MeV, that is, at an alpha speed
above that where the particle starts exchanging electrons with the media. For the complete range
we have for air at 15◦C and 760 mmHg, the empirical formula:

Rp = 1.007Rα − 0.20cm

For the case of protons and alpha particles, charge exchange phenomena are due to the
following processes:

For a hydrogen ion: H+ + e- � H0

For a helium ion: He++ + e- � He+ , He+ + e- � He0

and for the average charge we get:

For protons: z̄p = H+/H+ + H0 ; with H0= 0 (z̄p = 1) for Ep > 250 keV.

For alphas: z̄α = 2He++ + He+

He++ + He+ + He0 ; with He0 = He+ = 0 (z̄α = 2) for Eα & 2 MeV.

where H+, H0, He++, He+, He0, represent the number of ions of the corresponding charge.
Another useful quantity is the mass stopping power, defined as:
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Figure 2.5: Stopping power of a proton in several media.

−
1
ρ

dE
dx

= −
dE

d (ρx)
≡ −

dE
dξ

=
4πz2e4

ρm0v2 NZ ln
(
2m0v2

Ī

)

where we have defined the areal density ξ = ρx
[
g/cm2

]
.

Within a factor of about two, dE
dξ is approximately constant for the same ion in any material.

In effect, with NAv representing Avogadro’s number, A the mass number, and taking into account
that N

[
atoms
cm3

]
= ρNAv

A :

−
dE
dξ

= −
1
ρ

dE
dx
∝

NZ
ρ

=
ρNAv

A Z
ρ

= NAv
Z
A
' constant

A new quantity that removes the dependence of dE/dx from the physical state of the stop-
ping material is the atomic stopping cross section, ε, given by:
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Figure 2.6: Range of a proton in dry air at 15◦ and 760 mm Hg.

ε = −
1
N

dE
dx

=
4πz2e4Z

m0v2 ln
(
2m0v2

Ī

)
where [ε] = eV-cm2/atom.
It has been experimentally checked that ε for gases is independent of the gas pressure,

provided that v is large enough so that the ion does not capture any electron.
Stopping cross sections for compounds can be found if in the expression (−1/N) dE/dx,

N represents the number of molecules per cm3. In this case the stopping cross section for a
compound (XnYm) is obtained applying Bragg’s Rule:

ε (XnYm) = nε (X) + mε (Y)

where ε (X) and ε (Y) represent the atomic stopping cross sections for elements X and Y
respectively. This formula gives reasonable results for Ep > 150 keV in gaseous compounds of
H, C, N, and O; for Ep < 150 keV it is found that

ε (XnYm)exptal < nε (X) + mε (Y)

2.3 Interaction of electrons with matter

Electrons traveling through matter interact with target electrons, in each collision they have a
non-negligible probability of losing from zero to all its kinetic energy with a wide range of
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Figure 2.7: Range-Energy curves for different light particles in aluminum.

scattering angles. In an electron beam the trajectories follow statistical laws which only make it
possible to define average magnitudes for the total path length and penetration depth. Figure 2.8
illustrates the dispersion of an electron beam penetrating along the normal to the target surface,
and the transmission rate ω(x) along the surface normal. Due to the statistical nature of the
electron dynamics it is only possible to define an average depth of penetration for the electron
beam. The extrapolated range, related to the mean penetration of the beam, is defined as the
point R of Fig. 2.8 where the tangent at the steepest section of ω(x) intersects with the thickness
axis x.

For electron energies below about 1 MeV the important processes are ionization and excita-
tion of the atoms in the media. Bethe has found the relation:

−

(
dE
dx

)
ioniz

=
4πe4NZ

m0v2 ln
m0v2

2Ī

√
e
2


where e within the square root refers to the base of natural logarithms 2.71828 . . .
When comparing this with expression (2.2) applied to protons, we see that electrons and

protons of the same (non relativistic) speed will lose energy at approximately the same rate.
When introducing relativistic corrections, Bethe finds:
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Figure 2.8: Distribution of the trajectories for electrons penetrating a medium. ω(x) is the
transmission rate of electrons along the surface normal. A measure of the mean penetration
depth is given by the extrapolated range R: the intersection of the steepest tangent of ω(x) with
the axis x, where the few electrons with very large values of range are left aside.

−

(
dE
dx

)
ioniz

=
4πe4NZ

m0v2

[
ln

m0v2E
2Ī2 (

1 − β2) +
(
1 − β2

)
−

(
2
√

1 − β2 − 1 + β2
)

ln 2 +
1
8

(
1 −

√
1 − β2

)2
]

where E in the first term within the brackets refers to the kinetic energy of the incident
electron.

When a fast electron passes near an atomic nucleus, it is deviated from its original path be-
cause of the nucleus strong coulomb field. According to classical electromagnetism the electron
velocity change is accompanied by the emission of radiation.The electromagnetic radiation in
this process is called bremsstrahlung, with an energy equal to the difference between the initial
and final energy of the electron.

For very fast electrons, E � m0c2, the main cause for the electron energy loss in matter is
bremsstrahlung. At low energies, E � m0c2, this radiation loss is unimportant as compared to
the ionization and excitation losses.

The energy loss due to ionization and excitation is proportional to the atomic number, Z, of
the stopping material and increases linearly with the electron’s energy. The energy loss due to
radiation is proportional to the square of the atomic number, Z2, of the stopping material and in-
creases only logarithmically with the electron’s energy. Therefore, radiation loss predominates
at higher energies. More quantitatively, the approximate ratio of the two losses is roughly given
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by (E in MeV):

(dE/dx)rad

(dE/dx)ioniz
≈

EZ
1600m0c2 =

EZ
800

The energy for which both energy losses are equal, Ec, is called the critical energy. Bremsstrahlung
becomes important for electron energies above Ec ≈ 800/Z [MeV]. We see that bremsstrahlung
is more important for heavier elements; while Ec is 62 MeV for aluminum (Z = 13), it is only
9.8 MeV for lead (Z = 82).

Range-energy relations for electrons in aluminum have been measured by many work-
ers. A compilation and critical study of these experiments have been performed by Katz and
Penfold.[3] Their results are shown in Figure 2.9.

Figure 2.9: Range of electrons in Aluminum. It should be mentioned that the curve represents
also the range of β spectra electrons if we enter as ordinate Eβmax of the spectrum.

Katz and Penfold have fitted all available data and propose the following empirical relation-
ships that have an excellent agreement with the curve above:

For energies from 0.01 to ∼ 3 MeV

R0(mg/cm2) = 412En

where n = 1.265 − 0.0954 ln E E in MeV.
For energies from ∼ 1 MeV to ∼ 20 MeV

R0(mg/cm2) = 530E − 106
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Ze

ze

Figure 2.10: Scattering of a particle moving with impact parameter b on the field of a repulsive
Coulomb center fixed at the origin of coordinates.

2.3.1 Elastic collisions of charged particles with atoms (Rutherford

scattering)

We will study now the well-known Rutherford scattering, the deviation of a charged particle in
the Coulomb field of an atomic nucleus. We depict the process in Figure 2.10. This process is
specially important for electrons: due to its small mass as compared to that of the nucleus large
dispersion angles are dominant in the passage of fast electrons in matter.

We see that to each value of the impact parameter b corresponds a definite value of the
scattering angle ϑ in the system of coordinates where the center of mass of projectile and target
is at rest (ϑ ≡ ϑCM). In what follows we first set to find the relationship between b and ϑ,
defined in Figure 2.10 for a projectile with positive charge, and in Figure 2.11 for a negative
charge.

We assume a nucleus of infinite mass, therefore the center of mass is the point representing
this nucleus.

Conservation of energy dictates that:

1
2

mv2
0 =

1
2

mv2 +
Zze2

r
(2.5)

Using polar coordinates r, ϕ as shown in Figures 2.10 and 2.11 we can separate v2 in its two
components: v2 = v2

r + v2
ϕ = ṙ2 + (rϕ̇)2 ; after replacing this in (2.5) we get

v2
0 = v2 +

2Zze2

mr
=

[
ṙ2 + (rϕ̇)2

]
+

2Zze2

mr
(2.6)
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Ze

ze

Figure 2.11: The case of scattering by an attractive Coulomb center.

Conservation of angular momentum mv0b = m (rϕ̇) r gives

ϕ̇ =
bv0

r2 (2.7)

and the radial velocity can be expressed in terms of the trajectory r( ϕ):

ṙ =
dr
dt

=
dr
dϕ
ϕ̇ =

dr
dϕ

bv0

r2 (2.8)

Replacing (2.7,2.8) in (2.6) we get:

v2
0 =

(
bv0

r2

)2 (
dr
dϕ

)2

+

(
bv0

r

)2

+
2Zze2

mr

that simplifies to

1
b2 =

1
r4

(
dr
dϕ

)2

+
1
r2 +

2Zze2

mb2v2
0r

and with the transformation r = 1/u we get

1
b2 =

(
du
dϕ

)2

+ u2 +
r0

b2 u (2.9)

where

r0 =
2Zze2

mv2
0

=
Zze2

E
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with E the initial energy of the bombarding particle.
This is a differential equation whose solution is

r =
a

d cosϕ − 1
(2.10)

with a = 2b2/r0 ; d2 = 1 + 4b2/r2
0.

Equation (2.10) represents a hyperbola in polar coordinates. We get the two asymptotes
defined by the angle ϕ0 by making r = ∞, that is: d cosϕ0 − 1 = 0, thus getting:

ϕ0 = ± arccos
(
1
d

)
We see from Figure 2.10 that the scattering angle ϑ, is given by:

ϑ = π − 2ϕ0 ∴ ϑ/2 = π/2 − ϕ0

With a little algebra we get:

tan
ϑ

2
= cotϕ0 =

cosϕ0√
1 − cos2 ϕ0

=
1/d√

1 − 1/d2
=

1
√

d2 − 1
=

r0

2b

and we finally get the relationship between b and ϑ:

tan
ϑ

2
=

r0

2b
=

Zze2

mv2
0b

(2.11)

Cross section for Rutherford scattering

We assume n0 particles per cm2 in a beam traveling in the direction of the z axis in polar
coordinates as shown in Figure 2.12.

The number of particles, ∆n, that are scattered within the angles ϑ and ϑ − ∆ϑ, which is the
same as saying those particles that have impact parameters between b and b + ∆b, is given by
the expression: ∆n = 2πb∆bn0. According to equation (2.11) above:

b =
Zze2

2E tan(ϑ/2)

db =
Zze2

4E
|dϑ|

sin2 (ϑ/2)

28



Interaction of charges with matter

Ze

ze

Figure 2.12: Dependence of the scattering angle ϑ with the impact parameter b.

then

dn = πn0

(
Zze2

2E

)2 cos(ϑ/2)
sin3(ϑ/2)

|dϑ| (2.12)

We now define the concept of cross section:
We assume we have a flux of Φ particles per unit area per unit time, bombarding N nuclei.

As a result of the interaction of the bombarding particles with the target nuclei, Y events of a
certain kind will be produced per unit time.

In most cases each particle interacts with only one nucleus (this is not the case when, for
instance, slow neutrons bombard atoms in a crystal lattice). Under these conditions we expect
the number of events, Y , to be proportional to the number of bombarding particles, Φ, and to
the number of nuclei, N. Therefore we write:

Y
[events

s

]
= Φ

[
bombarding particles

cm2s

]
· N [nuclei] · σ

[
cm2

nucleus

]

Where we have designated with σ a constant of proportionality. Thus, by definition:

σ =
Y/N
Φ

=⇒
number of events of a given type per second per nucleus

number of bombarding particles per cm2 per second

In macroscopic terms, the probability that a projectile will hit a certain target should ob-
viously be proportional to the cross sectional area presented by the target. In this sense, this
cross sectional area represents a measure of that probability. This probability will also depend
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Ze

Figure 2.13: Dispersion of projectiles with impact parameter between b and b + db. A repulsive
potential is assumed. ϑCM is the center of mass outgoing angle.

on the size (mass) and kinetic energy of the projectile. We can generalize these ideas to the
microscopic world and interpret σ as representing a ”probability” (measured in cm2) per nu-
cleus for a certain event to happen. In this sense, σ would represent the area presented by the
target nucleus to the process in question. Of course, this cross section is specific for the type
and energy of the bombarding particle.

Since the linear dimensions of a nucleus are in the order of 10-12 cm, a convenient unit for
nuclear cross sections is 10-24 cm2. This unit is called a ”barn”; 1 barn=10-24 cm2. Note that,
since atoms have dimensions in the order of 10-8 cm, atomic processes have cross sections,
roughly speaking, in the order of 10-16 cm2.

We can generalize this definition of a cross section to a differential cross section:

dσ
|dϑ|

=
(dY/ |dϑ|) /N

Φ

shown in Figure 2.13; in the notation we used above for the case of Rutherford scattering

we have:


dY = dn
Φ = n0

N = 1
, therefore, from (2.12) we get:

dσ
|dϑ|

=
dn/ |dϑ|

n0
= π

(
Zze2

2E

)2 cos(ϑ/2)
sin3(ϑ/2)

Equation (2.12) represents the number of particles deflected through an angle between ϑ and
ϑ − dϑ, that is, the particles that pass within the two cones defined by the angles ϑ and ϑ − dϑ
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(because dn does not depend on the azimuthal angle). The solid angle, dΩ, defined by these
two cones is given by: dΩ = sinϑ |dϑ| dφ = 2π sinϑ |dϑ| , so we can define the differential
cross section per unit solid angle for the Rutherford scattering process:

dσ
dΩ

=
dσ
|dϑ|
|dϑ|
dΩ

=
1

2π sinϑ
dσ
|dϑ|

=
1

2π sinϑ
π

(
Zze2

2E

)2 cos(ϑ/2)
sin3(ϑ/2)

and we finally get:

dσ
dΩ

=

(
Zze2

4E

)2 1
sin4 (ϑ/2)

(2.13)

This is the famous formula for Coulomb scattering that was first applied by Rutherford to
the scattering of alpha particles going through metal foils.

A convenient numerical form for this formula is the following:

dσ
|dϑ|

= 2π sinϑ
dσ
dΩ

=
0.8139Z2z2

E2 [MeV]
sinϑ

sin4 (ϑ/2)
10−26

[
cm2/nucleus

]
Formula (2.13) has been derived, and is valid, for the center of mass system of coordinates.

The Rutherford cross section in the laboratory system of coordinates,
(

dσ
dΩ

)
lab

, that also takes
into account the finite mass of the target, is given by Goldstein[3]:

(
dσ
dΩ

)
lab

=

(
Zze2

2Elab

)2

[
cos φ ±

(
1 − γ2 sin2 φ

) 1
2
]2

sin4 φ
(
1 − γ2 sin2 φ

) 1
2

(2.14)

where: γ = m/M =
mass of projectile

mass of target nucleus ; Elab = ECM (1 + γ)
φ : scattering angle in laboratory system
ϑ : scattering angle in center of mass system
Elab : particle’s kinetic energy in laboratory system
ECM : particle’s kinetic energy in center of mass system
In equation (2.14) above, for:
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a) m < M, only the positive sign before the square root should be used
b) m > M, the expression should be calculated for both positive and negative signs and the

results added to obtain
(

dσ
dΩ

)
lab

.
Before finishing this section, we should mention that we could have defined the macroscopic

cross section (and by extension also differential cross sections) using the more general concept
of interaction centers per unit area, and a current of particles instead of a flux:

Y
[events

s

]
= I

[
bombarding particles

s

]
× N

[
interaction center

cm2

]
×σ

[
cm2

interaction center

]
,

therefore:

σ =
Y/N

I

=
number of events of a given type per second per interaction center per cm2

number of bombarding particles per second
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Chapter 3

Interaction of photons with matter

3.1 Introduction

Electromagnetic radiation receives different names according to its origin:
”X-rays” those that are emitted in atomic transitions of bound electrons
”γ-rays” those produced in nuclear transitions
”bremsstrahlung” or ”continuous X-rays” those due to the acceleration of free electrons or

other charged particles
”annihilation radiation” that originated as a result of the encounter of a particle with its

antiparticle. The most common, and the one that will be treated here, is the encounter of an
electron with a positron.

Regardless of their origin, the energy of electromagnetic radiation is given by the well-
known formula: E = hν, where h is Planck’s constant and ν is the circular frequency of the
radiation. In this course we will be mainly interested in the interaction of gamma rays with
matter.

Contrary to the case of charged particles, a collimated beam of γ-rays undergoes an expo-
nential absorption in matter. This is due to the fact that photons are either absorbed or deviated
in a single process; therefore, as we shall see later, collimated photons that have gone through
an absorber and reached the target, have not suffered any type of interaction in the absorber.

The three most important processes through which a gamma ray interacts with matter —
depicted in Figure 3.1— are the following:

a) Compton effect

b) Photoelectric effect

c) Pair creation

There exist, to be sure, other interactions between electromagnetic radiation and matter. To
name a few, Thomson scattering which is important at low energies, photonuclear reactions that
are important above about 8 MeV. In any case, the probability of any of these interactions to
happen is negligible when compared to a), b), and c) named above.
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e

e e+

e-

Figure 3.1: The three basic interactions between a photon and matter.

3.2 Compton Effect

Back in 1923, the Compton effect was the first experimental demonstration of the dual character,
a wave and a particle, of electromagnetic radiation. In this process the gamma ray interacts with
an atomic or with a free electron, imparts kinetic energy to the electron and is itself scattered
with less energy. We depict the process in Figure 3.2.

Since an electron of moderate energy (& 0.1MeV) is already relativistic, we have to treat
the problem with relativistic kinematics.

From energy conservation we get:

hν0 = hν + m0c2

 1√
1 − β2

− 1

 (3.1)

From linear momentum conservation we get:

hν0

c
=

hν
c

cosϑ +
m0βc√
1 − β2

cos φ (3.2)

0 =
hν
c

sinϑ −
m0βc√
1 − β2

sin φ (3.3)
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e

Figure 3.2: The Compton process is the absorption of the photon by matter, for example an
atom that becomes ionized, with the simultaneous emission of a photon of lower energy.

From these conservation equations we can find expressions for ν, β, and φ for each value of
ϑ.

In his first experiments Arthur Compton measured the difference in wavelength between
the incoming and outgoing photon (the so called Compton shift). As an example we find the
mathematical expression for this shift: remembering the relationship between wavelength and
frequency, λ = c/ν, from (3.2,3.3) we get:

h
λ0
−

h
λ

cosϑ =
m0βc√
1 − β2

cos φ

h
λ

sinϑ =
m0βc√
1 − β2

sin φ

Squaring and summing:

h2

λ2
0

+
h2

λ2 −
2h2

λ0λ
cosϑ =

m2
0β

2c2

1 − β2 =
m2

0c2

1 − β2 − m2
0c2

that gives

h2

λ2
0

+
h2

λ2 −
2h2

λ0λ
cosϑ + m2

0c2 =
m2

0c2

1 − β2 (3.4)

We now write (3.1) in the form:

h
λ0
−

h
λ

+ m0c =
m0c√
1 − β2

squaring:

h2

λ2
0

+
h2

λ2 −
2h2

λ0λ
+ 2m0ch

(
1
λ0
−

1
λ

)
+ m2

0c2 =
m2

0c2

1 − β2
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that subtracted from (3.4) produces

2h2

λ0λ
(1 − cosϑ) = 2m0ch

(
1
λ0
−

1
λ

)
From where we finally get:

∆λ = λ − λ0 =
h

m0c
(1 − cosϑ) (3.5)

or:

∆λ = 0.02426 (1 − cosϑ) Å

The constant h/m0c = 2.426 × 10−10cm is called the Compton wavelength λc. Expression
(3.5) has been thoroughly checked by Compton and it is in perfect accord with experimental
results.

We would now like to have an expression for the energy of the outgoing photon. From (3.5)
we write:

1
ν

=
1
ν0

+
h

m0c2
(1 − cosϑ)

that gives:

hν =
h

1
ν0

+ h
m0c2 (1 − cosϑ)

=
hν0

1 + α (1 − cosϑ)
(3.6)

with:

α = hν0/m0c2 (3.7)

By energy conservation, for the kinetic energy of the recoil electron, Te, we get:

Te = hν0 − hν = hν0 −
hν0

1 + α (1 − cosϑ)

= hν0
α (1 − cosϑ)

1 + α (1 − cosϑ)
(3.8)
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We note that the electron energy above is given in terms of the angle ϑ of the outgoing
photon.

The equation relating the electron energy with its angle of emission, and the relationship
between electron and gamma-ray angles, are respectively:

Te =
2m0c2 cos2 φ(

1 + 1
α

)2
− cos2 φ

tan φ =
cot ϑ2
1 + α

An important parameter in gamma-ray spectrometry (where what the detector registers is
the electron generated by the original gamma-ray) is the maximum possible energy that the
Compton struck electron can acquire. This will happen when the photon is reflected backwards,
ϑ = π, thus getting:

Temax =
hν0

1 + 1
2α

From equation (3.5) we see that for a given direction of the outgoing photon, the change in
wavelength, ∆λ, is independent of the energy of the incoming photon and, of course, also inde-
pendent of the nature of the absorbing material. On the contrary, according to equation (3.8),
the photon’s energy change depends strongly on the incident photon energy. Again, because
of its importance in gamma-ray spectrometry, we show in Figure 3.3 the outgoing gamma-ray
energy dependence with the scattering angle, for different energies of the incident gamma-ray.

Figure 3.3 explains why gamma spectra obtained through a solid state detector always show
a small wide bump around say 250 keV: the gamma source close to the detector emits radiation
in all directions; the gamma rays that hit the ceiling, walls, and floor, (or the walls of the shield-
ing surrounding the source–detector setup), have the chance, after having suffered a Compton
encounter with an electron, of hitting the detector if they were emitted with an angle ϑ any-
where between say, 130 and 180 degrees. As can be seen in the graph above, these gamma rays
spread in energy between say, 200 and 300 keV, regardless of the original gamma-ray energy
emitted by the source (provided, of course, the source emits γ rays at least above 200 keV).

3.2.1 Cross section for Compton effect

The probability per electron and per unit solid angle that a photon be dispersed in the direction
determined by θ has been deduced by Klein and Nishina:

deσ

dΩθ

=

{
r2

0

2
1

[1 + α (1 − cos θ)]2

[
1 + cos2 θ +

α2 (1 − cos θ)2

1 + α (1 − cos θ)

]}
(3.9)
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Figure 3.3: Outgoing gamma-ray energy dependence with the scattering angle.

given in cm2/electron/sr, where r0 = e2/m0c2 is the so called classical electron radius.
This was one of the first (1929) successful applications of the relativistic quantum mechanics

just presented by Dirac.
Integrating expression (3.9) between 0 and π for θ, and between 0 and 2π for ϕ (the azimuthal

angle), we get the total cross section for the Compton effect:

eσC = 2πr2
0

{
1 + α

α2

[
2 (1 + α)
1 + 2α

−
1
α

ln (1 + 2α)
]

+
1

2α
ln (1 + 2α) −

1 + 3α
(1 + 2α)2

}
in cm2/electron units. This is the total collision cross section shown in Figure 5.4; it repre-

sents the probability that a photon will be removed from a collimated beam through the Comp-
ton effect while traversing an absorber containing 1 electron/cm2.

It is of interest in gamma spectrometry to know the energy distribution of Compton elec-
trons. Since there is a biunivocal relationship between (hν, θ) and (Te,φ), that is, to each energy
hν of the scattered photon corresponds one and only one electron energy Te emitted at their
respective angles, then it is possible after some algebra to transform the angular distribution of
scattered photons given by equation (3.9) to an energy distribution of the electrons, that is, the
number of electrons per energy interval deσ

dTe
:
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Figure 3.4: Probability that a photon from a collimated beam will be removed through the
Compton effect while traversing an absorber containing 1 electron/cm2.

deσ

dTe
=

πr2
0

m0c2α2 [2

+
Te

hν0 − Te

(
1
α2

Te

hν0 − Te
+

Te

hν0
−

2
α

)]
(3.10)

in cm2/electron/MeV units.
A representation of expression (3.10) is shown in Figure 3.5 for energies hν0 from 0.5 to 3.5

MeV in 0.5 MeV steps.

3.3 Photoelectric effect

In the photoelectric effect a photon hits an atom and as a result an electron is expelled and the
photon disappears.

Because of linear momentum conservation, a photon cannot be totally absorbed by a free
electron. For linear momentum to be conserved the electron must be bound, so it is conserved
by the recoil of the entire residual atom. A schematic representation for the process would be
as shown in Figure 3.6:

Due to the fact that this process involves the entire atom, the photoelectric effect can be
visualized as an interaction of a photon with the atomic electron cloud where the photon energy,
hν, is totally absorbed and an electron is ejected with a fixed kinetic energy independent of
the angle of emission:

Te = hν − Be
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Figure 3.5: Energy distribution of Compton recoil electrons for 7 values of the incident photon
energy.

where Be stands for the binding energy of the ejected electron to the atom. Since, as men-
tioned before, a photon cannot be totally absorbed by a free electron, it can then be expected
that the most bound electrons will have the greatest chance of being expelled by a photon strik-
ing an atom. In effect, it is found that about 80% of photoelectric processes take place with
electrons in the K shell, provided the photon energy is clearly greater than the binding energy
of the K-shell electrons.

As it is usually the case, we can assume that hν � Be, therefore: Te ' hν. According to
special relativity, the electron momentum is given by:

pe = (Te/c)
√

1 + 2m0c2/Te, and since the total momentum carried by the photon is given
by hν/c � Te/c, we see that the residual atom necessarily has to have, on average, a finite
momentum in the backward direction as shown in Figure 3.6.

Contrary to the case of the Compton effect, in the photoelectric effect the relativistic Dirac
equation has to be solved for a bound electron, making the problem not amenable to an exact
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e

Figure 3.6: Photoelectric effect, where the photon is absorbed with electron emission by the
atom, which recoils to conserve linear momentum in the process.

theoretical treatment. For this reason, the quantitave aspects of the photoelectric effect are
mainly empirical.

3.3.1 Total cross section for the photoelectric effect

The atomic cross section aτ (cm2/atom), gives the absolute probability that a gamma ray will
interact through a photoelectric effect.

Almost all developed theories refer to interactions with K-electrons thus giving a partial
cross section aτ(K). To take into account the possible photoelectric processes with all other
shells: L, M, etc., aτ(K) should be multiplied by the factor 1.25. That is: aτ ' 1.25 aτ(K)
which refers to the experimental fact that, as mentioned before, roughly 80% of all photoelectric
processes take place with electrons in the K shell.

An approximate expression for the total cross section aτ, very simple but useful for estima-
tions is

aτ = const.
Z4

(hν)3 (3.11)

the exponent of Z can be adjusted to fit experimental results for various values of the photon
energy,[1] as shown in figure 3.7

As seen in expression (3.11), for any given material the photoelectric cross section has a
strong inverse dependence with photon energy. As photon energy goes down, cross section
increases until the photon energy reaches a value just below the binding energy of the electrons
in the K shell. At this energy the photon is unable to eject a K-electron (the two most effective
electrons for the process to occur) and this is reflected in a sudden cross section drop. As the
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Figure 3.7: Optimized exponent of the charge Z in the expression of the photoelectric cross
section according to Rasmussen.

photon energy keeps on going down, the cross section again increases at about the same slope as
before until the photon is unable to remove an electron in the L shell; again the cross section has
a sudden drop, this time, as should be expected, not as large as for the K shell, and so on. This
behaviour of the photoelectric cross section is reflected in the graph at the end of this chapter
for the case of a lead absorber.

3.3.2 Angular distribution of photoelectrons

Approximate calculations of the differential cross section for emission of the photoelectron at
an angle θ show that at low photon energies the electron distribution is mainly oriented normal
to the photon incidence direction, but as soon as the energy hν increases above hν > m0c2 the
photoelectron distribution is oriented along the photon beam. This is appreciated in 3.8 showing
the angle distribution of photoelectrons per unit solid angle for certain photon energies showm
in the graph.[1] Obviously, the electron energies are the same for all directions.

Two relevant features of these angular distributions are that the forward emission of the
electron is zero, and that the distribution concentrates around the forward direction for larger
photon energies. In Figure 2.18 we present the half angle of a cone containing 50 per cent of
the total photoelectrons as a function of the incident photon energy. Obviously, the electron
energies are the same for all directions.
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Figure 3.8: Angle distribution of photoelectrons per unit solid angle for the photon energies
shown in the graph. The curves are not normalised respect to each other.

Figure 3.9: Half angle of the cone that contains 50 per cent of the photoelectrons as a function
of the photon energy hν.

3.4 Pair creation by photons

When the photon energy is greater than twice the rest energy of the electron (or positron):
hν > 2m0c2 = 1.022MeV, the photon may disappear and in its place an electron-positron pair
is created as shown in Figure 3.10. If no other particle participates in the process, because of
energy conservation, classicaly we should have:

hν =
(
m0c2 + Te−

)
+

(
m0c2 + Te+

)
(3.12)

where within the first parentheses we have written the total electron energy, and within the
second parentheses the total positron energy. That is, T− and T+ represent the kinetic energies of
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electron and positron respectively, and m0c2 = 0.511 MeV the rest mass of each created particle.
The pair creation process is a most dramatic demonstration of the mass-energy equivalence, a
consequence of the special theory of relativity.

e+

e-

Figure 3.10: Pair creation by a photon in the neighborhood of a nucleus.

Contrary to equation 3.12, in this case we have to use special relativity to correctly express
energy conservation:

hν = cpγ =

√(
m0c2)2

+ (cp−)2 +

√(
m0c2)2

+ (cp+)2 (3.13)

Where pγ, p−, and p+ represent the absolute value of the linear momenta −→p γ, −→p−, and −→p +

respectively carried by the original photon, and by the final electron and positron.
From equation (3.13), the following inequality is evident:

pγ > p− + p+ (3.14)

We see from expression (3.14) that in the pair creation process the gamma ray has a mo-
mentum that is greater than that carried by the electron-positron pair. Therefore–contrary to the
assumption that led us to equation (3.12)–for linear momentum to be conserved the process has
to take place in the presence of another particle that takes care of this excess momentum, this
is usually a nucleus but it can also take place in the presence of an electron. We represent the
process in Figure 3.10.

The kinetic energy acquired by the nucleus in whose neighborhood the pair creation process
occurs is negligible and we can write from (3.12) above:

T− + T+ = hν − 2m0c2

where it is clearly seen that for the process to occur the following inequality has to be
fulfilled:
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hν 1 1.022MeV

When the process occurs in the presence of an electron, the kinetic energy this electron
acquires is not negligible. Using four-momentum conservation it can be demonstrated that in
this case the photon energy threshold is 4m0c2. That is, for the process to occur it has to be:

hν 1 2.044MeV

For photons of very high energy the angular distribution of the electron-positron pair is
strongly peaked in the forward direction. On the contrary, when photons have energies in the
order of 2m0c2, this behaviour is less clearly peaked, with a more uniform distribution of the
pair.

Cross section for pair creation

The energy and angular distribution of the electron and positron need to be calculated with the
Relativistic quantum mechanics of Dirac, so we will present without demonstration the form
of the differential cross section d (aκ)(cm2/nucleus) for the creation of a positron with kinetic
energy T+ and an electron (negatron) with kinetic energy hν − 2m0c2 − T+:

d (aκ) =
σ0Z2P

hν − 2m0c2 dT+ (3.15)

where

σ0 =
1

137

(
e2

m0c2

)2

=
r2

0

137
= 5.80 × 10−28cm2/nucleus

and the dimensionless quantity P is shown in Figure 3.11 as a function of the fraction of the
total kinetic energy available to the positron

If the kinetic energies T−,T+ were the same at the moment of creation of the pair, a small
asymmetry should be expected when measuring them far away from the atom, because the
electron is born at a point r from the nucleus with negative potential energy: −Ze2/r, while for
the positron the potential is Ze2/r. An asymmetry compatible with this initial energy difference
has been observed in experiments.

To find the total cross section per nucleus for pair creation we integrate expression (3.15)
over all possible kinetic energies for the positron:

aκ =

∫
d (aκ) = σ0Z2

∫ hν−2m0c2

0

P
hν − 2m0c2 dT+

= σ0Z2
∫ 1

0
Pd

(
T+

hν − 2m0c2

)
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Figure 3.11: Dimensionless quantity P (proportional to the differential pair-production cross
section) as a function of the fraction of the total kinetic energy available to either the electron
or positron. Small differences between Al and Pb atoms are shown.
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Figure 3.12:

We see that this last integral represents the average value of P, which can be obtained from
the graph above, finally getting

aκ = σ0Z2P cm2/nucleus

Of the three gamma ray interactions we are studying, pair creation is the only one that
increases with increasing photon energy. Integration of the angular distribution of pairs gives the
total pair-production cross section per nucleus, that for large photon energies has the following
analytical result

aκ = σ0Z2
(
28
9

ln
2hν
m0c2 −

218
27

)
This result shows that pair creation dominates the attenuation of a gamma ray beam in matter

at high energies, that grows as ln(2hν/m0c2), as shown in Figure 3.12.

3.5 Attenuation of gamma radiation in matter

We will assume that we have a well collimated beam of gamma rays as sketched in Figure 3.5.
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If the gamma ray ceases to exist within the collimated beam we say that this happened
because of a ”violent” (or ”catastrophic”) collision. When such a collision occurs two different
things could have happened:

a) the gamma ray disappeared (through a photoelectric effect or pair creation)

b) the gamma ray was deviated from its original trajectory (through a Compton effect)

In either case the net effect is that the gamma ray has disappeared from the collimated beam;
therefore we can state that:

i) if the gamma ray undergoes any interaction it will be removed from the collimated beam
and not be detected

ii) if the gamma ray undergoes no interaction it will be detected

Whenever in nature there are only two outcomes for some phenomenon, its behaviour is
governed by an exponential law when it is written as a function of the parameters related to the
phenomenon (decay of excited states, attenuation of neutrons, etc.). We now show this for the
case of gamma rays interacting with matter.

We first formulate two fundamental hypotheses:

1) The probability ∆p for a given gamma ray to undergo an interaction with an atom while
traversing a layer ∆x of matter, is independent of the past history of that gamma ray. This
probability will only depend on the thickness of ∆x, and for sufficiently small thicknesses it
should be proportional to ∆x, that is: ∆p = µ∆x, where µ is just a constant of proportionality.
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2) For a given thickness ∆x, the probability ∆p is the same for all gamma rays of the same
energy

We then can write:
Probability of interaction in thickness ∆x:

∆p = µ∆x

Probability of no interaction in thickness ∆x:

1 − ∆p = 1 − µ∆x

If the gamma ray survived after traversing thickness ∆x, the probability that it will not
interact in the next interval ∆x will again be (1 − µ∆x) . Therefore, the probability of it surviving
two ∆x intervals will be (1 − µ∆x)2, and by the same argument, the probability of it surviving
an interval equal to 3∆x will be (1 − µ∆x)3, etc., and for n consecutive intervals ∆x the gamma
ray surviving probability will be (1 − µ∆x)n. Making n∆x = x where x = total thickness, then
we have:

Probability of no interaction in x:
(
1 − µx

n

)n

We now make
{

∆x −→ 0
n −→ ∞ with n∆x = x and recalling the well known limit: lim

n→∞(
1 + x

n

)n
= ex we finally get: lim

n→∞

(
1 − µx

n

)n
= e−µx.

This result is saying that the probability of, say 1 gamma/s, not interacting in thickness x is
equal to e−µx

Therefore, the probability of I0 gammas/s not interacting in thickness x will be equal to
I0e−µx

This means that in a well collimated beam with I0
[
gammas/s

]
, the number I of gamma

rays/s passing through a thickness x is given by:

I = I0e−µx (3.16)

In expression (3.16) we can use for the thickness x the following units: cm, g/cm2, atoms/cm2,
or electrons/cm2. Since the product µx must be dimensionless (it represents a probability), then
the corresponding units for µ are: cm−1, cm2/g, cm2/atom, or cm2/electron. It is customary to
designate this parameter with different symbols, depending on the units used:

µ for cm−1, µ/ρ for cm2/g, aµ for cm2/atom, eµ for cm2/electron.
Going back to having one single gamma ray, we see that the probability for this gamma

ray to traverse the thickness x without interacting with the media, and then interacting in the
subsequent thickness dx, is given by the probability function:

P (x) dx = e−µxµdx (3.17)

The probability function allows us to calculate the most probable distance (mean free path)
Λ, that a gamma ray travels in a collimated beam without undergoing an interaction:
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Figure 3.13:

Λ =

∫ ∞
0

xP (x) dx∫ ∞
0

P (x) dx
=

∫ ∞
0

xe−µxµdx∫ ∞
0

e−µxµdx
=

1
µ

[cm]

Of practical use is the ”one-half thickness” X 1
2

defined as the necessary thickness to attenuate
the radiation by one half. By definition we have:

I0

2
= I0e

−µX 1
2

then:

X 1
2

=
ln 2
µ

= Λ ln 2

Physical meaning of parameter µ

Let us consider the attenuation of a collimated beam of photons through the Compton effect
only as shown in Figure 3.13.

According to the definition of total cross section we gave before, for the removal of dI
photons per second by Compton effect in the thickness dx we would have:

eσC =
number of Compton collisions per second per electron per cm2

number of bombarding particles per second

=
dI/NZdx

I

dI
I

= −NZdxeσC
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where we have introduced the minus sign because we are speaking of photons removed from
the beam and therefore dI/dx should be a decreasing function of x.

It is useful to define the macroscopic quantity: σ = eσC ZN
[
cm−1

]
called the Compton

total linear attenuation coefficient
We have then the differential equation: dI

I = −σdx with the solution: I = I0e−σx

We note that we have taken eσC as independent of Z because we are assuming that the
energy of the bombarding photons is much larger than the binding energy of the electrons in the
media.

With exactly the same arguments as above, we can consider the attenuation of a collimated
beam of photons through the Photoelectric effect only.

Taking into account that in the case of the Compton effect eσCZ is the atomic Compton cross
section, we define also for the photoelectric effect the Photoelectric total linear attenuation
coefficient: τ = aτN

[
cm−1

]
, and the corresponding differential equation is in this case: dI

I =

−τdx with the solution: I = I0e−τx

Similarly, we define the Pair creation total linear attenuation coefficient: κ = aκN
[
cm−1

]
,

and consider the attenuation of a collimated beam of photons through the Pair creation effect
only. The corresponding differential equation is in this case: dI

I = −κdx with the solution:
I = I0e−κx

Now, the probability that a photon will reach the distance x without being removed by a
Compton effect is given by I

I0
= e−σx, not removed by a photoelectric effect by I

I0
= e−τx, and

not removed by a pair creation effect by I
I0

= e−κx.
Therefore, the probability that a photon will reach the distance x without being removed by

either the Compton, Photoelectric, or Pair creation effect, will be given by the product of each
partial probability:

I
I0

= e−σxe−τxe−κx = e−(σ+τ+κ)x

and comparing this with equation (3.16) above we see that µ = σ + τ + κ
[
cm−1

]
, that is,

the physical meaning of µ is that it represents the total linear attenuation coefficient.

A useful quantity is the mass attenuation coefficient, defined as the linear attenuation coef-
ficient divided by the absorber density. It is independent of the density (as long as Z remains
the same ) or of the physical state (gas, liquid, or solid) of the absorber. For instance, for the
specific case of the photoelectric effect:

τ

ρ

[
cm2

g

]
=

aτ
[

cm2

atom

]
N

[
atoms
cm3

]
ρ
[

g
cm3

]
=

aτ
[

cm2

atom

]
NAv

[
atoms
mol

] ρ
[

g
cm3

]
A[ g

mol ]

ρ
[

g
cm3

]
= aτ

NAv

A
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where as we know, NAv
A represents the number of atoms per gram of absorber and therefore

does not depend on its physical state.
The same consideration is true for the Compton effect and Pair Creation processes, but for

the Compton effect we further have:

σ
ρ

[
cm2

g

]
= eσCZN

ρ
= eσCNAv

Z
A

which means that, because of the almost constancy of Z
A for all elements, the mass attenu-

ation coefficient for the Compton effect is practically constant for all elements at all energies.
Furthermore, since the photoelectric effect drops so abruptly as energy increases and the pair
creation effect is almost non existent between 1 and 2 MeV, the only appreciable process around
that energy is the Compton effect; therefore, the total mass attenuation coefficient is roughly the
same for any absorber material in that energy bracket.

The relative importance of each of the three processes–photoelectric, Compton, and pair
creation–as a function of photon energy hν0 and number Z of the absorber, is shown in the
following graph where, as just mentioned, the marked preeminence of the Compton effect is
clearly seen in the region 1-2 MeV for any value of the absorber’s atomic number. The left
curve in the graph indicates the (hν,Z) points where τ = σ, and the curve on the right the points
where σ = κ.
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Figure 3.14:
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The characteristic shape of the attenuation curve as a function of photon energy is shown in
Figure 3.15 below for lead.
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Figure 3.15: Mass attenuation coefficients for photons in lead. A new feature appears with
respect to attenuation in water: photon absorption by electrons of inner atomic shells as K(1s),
and L(2s) have threshold energies that produce abrupt growths in the photoelectric absorption
curve; they are identified as K- and L-shell edges.

Finally, we present in Figure 3.16 the mass attenuation coefficients µ/ρ of photons in water.[1]
The data for water is important in itself and also because the results should be similar to those of
organic matter. We see that photoelectric interaction is important at small energies, lower than
30 KeV, and pair production dominates at energies larger than 20 MeV while Compton covers
the gap between them. The minimum energy deposited per unit path happens in the interval of
Compton dominance, with a mass absorption coefficient µabs/ρ around 0.025 cm2/gr of water.
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Figure 3.16: Mass attenuation coefficients for photons in water. It shows total absorption of
energy along the trajectory, and total attenuation that includes also the scattered energy. The
Rayleigh scattering is elastic scattering of photons and limited to small energies. Data of atomic
cross sections for Compton,photoelectric and pair production taken from C.R. White.
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Chapter 4

Static properties of nuclei

4.1 Size, charge, and nucleon distribution of nuclei

What we now know about the structure of the atom started with the experiments of Geiger and
Marsden, further interpreted by Rutherford, which consisted in the bombardment of different
metal foils with alpha particles.

In the same way, if we want to investigate the structure of the atomic nucleus, we should
bombard matter with particles suited to that purpose and with enough energy to penetrate into
the nucleus, that is, particles whose associated de Broglie wavelengths are smaller than nuclear
dimensions, say in the order of 10−13cm. For this it is best to use particles in their most ele-
mentary form; we can choose any of the following: gamma rays, protons, neutrons, electrons.
The energy requirement is fulfilled by photons of very high energy but, as we have seen in
Chapter 2, the main interaction of high energy gamma rays with matter is through Compton
and pair-creation effects with the atomic electrons. Protons and neutrons have been used for
this purpose and valuable information has been obtained through these experiments; however,
they have the disadvantage that, since nuclear forces are not as yet completely understood, the
exact interaction potential with which to interpret the results is not known. The most exhaustive
investigation of nuclear sizes and nucleon distribution in the nucleus were performed bombard-
ing with energetic electrons. This has the advantage that the electron, not having any known
structure, behaves like a point charge, is insensitive to nuclear forces, the interaction is purely
electromagnetic, and therefore the potential is well understood.

Let us find the energy of the electrons we need. We want to have electrons with a reduced
de Broglie wavelength in the order of 10−13cm. The electron rest energy is only 0.511MeV
and we expect the bombarding electrons to have a very much higher kinetic energy rending
them extremely relativistic. In that case, the expression for the electron kinetic energy can be
approximated by Te ' pec and we have:

o =
~

pe
=
~c
pec
'
~c
Te

from where we get
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Te '
~c
o

=
1.97 × 10−11MeVcm

10−13cm
= 197MeV

Therefore, electrons with kinetic energies in the order of 200MeV will be necessary and we
see that we were justified in using the extreme relativistic expression for their energy.

With electrons around this energy and up to 550MeV, produced in the Stanford Univer-
sity 2-mile linear electron accelerator, Robert Hofstadter and collaborators performed electron
elastic scattering in nuclei, studying the angular scattering patterns by means of large magnetic
spectrometers. These spectrometers are necessary to distinguish elastic from inelastic scattered
electrons for it is the elastically scattered electrons those that will give information about nuclei
in their stable ground state.

Schematically, the experimental setup shown in figure 4.1 is very simple.

Electron beam

Thin target

Beam catcher

Moving detector of
scattered electrons

Figure 4.1: Experimental set up for the study of the nucleus by elastic scattering of relativistic
(≥ 200MeV) electrons.

P

Figure 4.2: Electron scattered by a nucleus modeled as a charged sphere of radius R with radial
symmetry. The effective total charge acting on the electron at an inner point of radius r1, is the
charge q (r1) contained inside that sphere.

We shall assume that the nucleus has its positive charge distributed with radial symmetry,
with charge density ρ (r), within a sphere of radius R. We know from electromagnetism that
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the effective total charge acting on the electron when it has reached point P at the surface of an
inner sphere of radius r1, is the charge q (r1) contained inside that sphere (figure 4.2):

q (r1) =
r1∫
0

4πr2ρ (r) dr ; if the charge were uniformly distributed, the electrostatic potential

would be:

V (r) =
Ze2

2R

[
3 −

( r
R

)2
]

for r < R.
Since q (r1) is less than the total nuclear charge Ze, for penetrating trajectories as that in-

dicated in the graph above the electron will experience a smaller deflection than it would if
the nucleus were a point charge Ze. The discrepancy in the electron final trajectories for the
case of a charged sphere as compared with a point charge will be more noticeable for the larger
deflections because they are due to collisions with smaller impact parameter.

The attractive potential exerted on the electron changes its momentum pe as the radius r
changes. Therefore, the electron reduced de Broglie wavelength oe = ~/pe also changes and
we are in the presence of a phenomenon similar to that of visible light moving through media
with different refractive indexes. In this analogy we think the nucleus as a crystal sphere and we
know that in this case a beam of light traversing such sphere generates a diffraction pattern with
minima and maxima when we place a screen behind the crystal obstacle. Thus, we expect the
scattered electrons to present constructive and destructive interferences as seen in Figure 4.3,
that shows the results for a beam of 154 MeV electrons elastically scattered from a thin gold
target. The small circles represent experimental points and the solid curve the best fit obtained
assuming a uniformly charged sphere. Also shown for comparison is the curve that would have
been obtained had the nucleus been a point charge.

Figure 4.3: Experimental elastic scattering cross section of 154 MeV electrons from Gold. The
electron reduced wavelength o ≈ 1 fm is small enough to sense nuclear charge density variations
and show diffraction patterns on the scattered wave.
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To interpret theoretically the results above, a certain charge distribution is assumed within
the nucleus, the very energetic electrons are treated with Dirac´s relativistic wave mechanics to
calculate, for that distribution, a differential cross section dσ (E, ϑ) /dΩ which is then compared
with experimental results.

Hofstadter et al. assumed for the nuclear charge density the following expression (usually
called the Fermi density function), valid for all nuclei with A > 30

ρch (r) =
ρ0

ch

1 + exp [(r − R) /a]
(4.1)

where ρ0
ch is a normalization constant chosen in such a way that:∫

ρch (r) d3r = 4π
∞∫
0
ρch (r) r2dr = Ze

and R and a are parameters that are adjusted to obtain the best possible fitting of dσ (E, ϑ) /dΩ

to experimental results; once they are found we have:

Ze =

∞∫
0

4πr2ρch (r) dr

= 4πρ0
ch

∞∫
0

r2dr
1 + exp [(r − R) /a]

≈
4
3
πR3ρ0

ch

thus getting:

ρ0
ch =

Ze
4
3πR3

Expression (5.1) has the property that, for r � R, ρch is essentially equal to ρ0
ch; for r = R,

ρch is equal to ρ0
ch/2; and ρch falls to negligible values as r increases to values past R by about

4a. An approximate representation of ρch (r) as a function of r is given in figure 4.4:
It is seen that the nuclear radius R has been defined as the distance at which the density has

fallen to one half ρ0
ch. Also, a nuclear skin t is defined as the thickness for which the density

falls from 90% to 10% of the maximum value ρ0. It is easy to see that t = 4a ln 3 ' 4.4a,
showing that nuclei do not present sharp edges. On the contrary, the skin thickness as defined
above represents about 40% of the radius even for heavy nuclei.

A representation of ρch (r) as a function of r is given in figure 4.4 for four different nuclei.
So far we have dealt with the distribution of charge in nuclei. We want to study now the

distribution of matter in nuclei. In the supposition the protons behave like point charges, we can
say that the proton density is

ρp (r)
[
protons/cm3

]
= ρch (r)

[
Coulombs/cm3

]
×

[
6.25 × 1018protons//Coulombs/

]
Since nuclear forces are of a very short range and are charge independent, it is reasonable

to assume that neutrons would have nearly the same spatial distribution as that of protons. That
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Figure 4.4: Model for the nuclear charge density ρch(r) in terms of the parameters R, ρ0 and a.
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Figure 4.5: Charge distribution ρch for 40Ca, 51V , 59Co and 197Au with parameters R, ρ0 and a
optimized to fit experimental results.

is to say that the relationship between neutron density ρn (r), and proton density ρp (r), should
be the same at any point within the nucleus:

ρp (r) =
ρ0

p

1 + exp [(r − R) /a]

ρn (r) =
ρ0

n

1 + exp [(r − R) /a]
where:

ρ0
n =

N
Z
ρ0

p
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and the density of nuclear matter ρ (r) results

ρ (r) =
ρ0

1 + exp [(r − R) /a]

[
nucleons/cm3

]
where

ρ0 =
A
Z
ρ0

p

A plot of ρ (r) vs. r is shown in figure 4.6. We see that at their central part all nuclei have
approximately the same nuclear density.

Figure 4.6: Nucleon density ρ (r) for 40Ca, 51V , 59Co 102S b, 197Au and 209Bi.

With all nuclei studied through electron scattering, the best average results obtained are:
ρ0 ' 1.65 × 1038

[
nucleons/cm3

]
= 0.165

[
nucleons/fm3

]
R ' (1.07 ± 0.02) × A1/3fm
a ' (0.55 ± 0.07) fm
where we have used the ”fermi” (abbreviated fm) as a unit of length: 1fm = 10−13cm =

10−15m (this last unit is called a femtometer, with the same abbreviation).
It has to be pointed out here that all the results described above have been obtained through

experiments of electron scattering on nuclei; therefore, since in this case the interaction is purely
electromagnetic, we speak of the determination of the ”electromagnetic radius” of the nucleus.
Other experimental determinations of the nuclear radius have been carried out by many different
methods, namely: scattering of alpha particles, maximum energy of the β decay in a mirror
nuclei transition, decay lifetime in alpha-particle radioactivity, absorption of neutrons in matter,
study of muonic atoms, scattering of protons, scattering of neutrons. These last two experiments
give results for what is called the ”nuclear potential radius” of the nucleus, for in these cases the
nuclear potential is involved in the interaction. The important thing is that the results obtained
with these experiments have all led to the conclusion that the nuclear radius can be represented
by the simple formula:

R = r0A1/3 (4.2)
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where r0 is a constant that varies between 1.07 and 1.50 × 10−13cm depending on which
experiment is performed. It should be no surprise that all these experiments do not show the
same result for r0 as they are in effect measuring different phenomena, therefore using different
definitions for the nuclear radius. Whenever we need it, we shall adopt in this course the value
r0 = 1.25 × 10−13cm.

Going back to expression (1) above, although it is implicit in the functionality adopted for
ρ (r), we stress the point that since the nuclear volume is given by:

V =
4
3
πR3 =

4
3
πr3

0A

then

ρ0 =
A
V

=

(
4
3
πr3

0

)−1

= constant

The experimental result that the density of nuclear matter is practically constant for all nuclei
is the first indication of saturation of nuclear forces. Had the volume V not increased linearly
with A, say it increased at a lower rate, it would have meant that as A increases nucleons are
packed more tightly together (and vice versa); since this is not the case, we think of nucleons as
interacting with their closest neighbors only, thereby getting their mutual attraction saturated.

We want to close this discussion on nuclear sizes by trying to get some perception for
such small dimensions as we found even for the largest nuclei in nature (less than 10−12cm)
as compared to atomic dimensions.

Let us consider a medium size nucleus, say A ' 125 for which we now know R ' 6.25 ×
10−13cm, and compare it with the radius of the atom it belongs to. All atom radiuses in nature are
roughly anywhere between 1 and 2×10−8cm, say 1.5×10−8cm. That is, in its linear dimensions
a typical nucleus is roughly about 24, 000 times smaller than the atom. Since it is difficult for
the human mind to appreciate dimensions of such small magnitude, we resort to comparisons
with the dimensions of objects that are familiar to us. Thus, we ask ourselves, if we magnify
the nucleus to the size of a tennis ball (diameter = 6.7cm), what size will then acquire the atom?
The answer is that the radius of that atom, that is the distance at which we would find the valence
electrons, will be about 800m. In this image we have to think of the tennis ball as surrounded by
about (in our example) 52 tiny points, of negligible size and weight as compared to the tennis
ball, playing the role of the electrons, and total vacuum everywhere else. Since we know that
atoms combinations are realized through the interaction of their outer electrons, that means that
the next closest tennis ball (in any direction from our original tennis ball) will be about 1, 600m
away. With this picture in mind we immediately arrive to the following conclusions:

1) Except for nuclei within the atoms, matter in its normal state, as we know it on Earth, is
practically empty.

In keeping with the previous example: if we shoot with an energetic tennis ball, the likeli-
hood of it hitting another tennis ball (all separated by at least 1.6km from one another) will be
extremely small as compared to an interaction with the coulomb field due to the electrons. In
terms of probabilities (cross sections), since in this example our multiplying factor for linear
dimensions from atom to nucleus is 1/24, 000, the relationship for areas will be (1/24, 000)2

'

0.2 × 10−8. Recalling what was mentioned in Chapter 2, typical nuclear cross sections are in
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the order of 10−24cm2 while typical atomic cross sections are in the order of 10−16cm2. That is,
typically there will be only one nuclear interaction for every 10−16/10−24 = 108 atomic interac-
tions.

2) Nuclear matter is unimaginably dense.
Since the atom is so ”huge” and the electrons so light, practically all the mass must be

concentrated in the nucleus making it extremely dense. In effect, we found before for the nuclear
density: ρ0 ' 1.65×1038

[
nucleons/cm3

]
. Since the mass of one nucleon is approximately equal

to 1u = 1.66×10−24g we have ρ0 ' 2.7×1014g/cm3. That is, if we could pack a cubic centimeter
with only nuclear matter it would have a mass of about 2.7 × 108 tons!

To justify the statement above that electrons are very light: m0 = 9.11 × 10−28g = 1/1823u.
Thus, in the example of the medium size nucleus with A = 125, the total mass of electrons is
about 4, 400 times smaller than the nuclear mass.

4.2 Charge of nuclei

By the second decade of the 20th century, the charge to be assigned to the nucleus of a given
element was not well determined. The scattering of alpha particles experiments performed by
Geiger and Marsden in 1909 could predict the charge of the target nucleus with an accuracy of
20% at most. Since Mendeleev´s time elements in the periodic table were arranged according
to their atomic weight and given a correlative number. As a consequence, it had been noticed a
discrepancy (now we know it is not the only one) between the respective positions of the neigh-
bor elements Nickel (M=58.6934) and Cobalt (M=58.9332) as compared with their atomic
properties.

In the year 1913, H.G.J. Moseley bombarded with energetic electrons different metals used
as anodes, within an evacuated tube. These electrons were energetic enough to ionize the atoms
studied by ejecting their inner electrons (K- and L-shell electrons). Using a crystal spectrometer
Moseley measured the frequencies of the X-rays emitted during rearrangement of the electrons
within the atom and showed that all elements studied emit characteristic K- and L-X-rays with
higher and higher frequencies as they go up in the periodic table. In figure 4.7 below Moseley
plotted the successive integer numbers corresponding to each element studied (starting with
number 13 which was the position of Al in the periodic table, according to its atomic weight;
aluminum was the lightest metal used in his experiments) as a function of the square root of the
measured frequency.

In this graph (which is a reproduction from the original paper) the lower family of lines
corresponds to the K-series and the upper to the L-series X-rays. The correlation with the
sequential numbers was so strong that when a certain point did not fall within the corresponding
straight line, Moseley would assign to that point the sequential number indicated by the straight
line. In this way, and contrary to the ordering so far used in the periodic table (which was
then dictated by atomic weights), Moseley placed argon before potassium, cobalt before nickel,
and tellurium before iodine, thus reversing their previous order. Also, and because of some
vacant horizontal lines, Moseley was able to predict the existence of so far unknown elements
with sequential numbers: 43 (technetium), 61 (promethium), and 75 (rhenium); giving the

66



Static properties of nuclei

Figure 4.7: Measurements by Moseley of the correlation between the characteristic K- and
L-shell X-ray frequencies ωP of metallic atoms and their position P in Mendeleev’s table. Con-
trary to the assumption that P was the atomic weight of each element in the Table, Moseley
proved that it was its electric charge Z.
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Figure 4.8: Henry G. S. Moseley.

approximate frequencies of the K- and L-X-rays they should emit. Because of the systematic
behaviour between successive numbers and the characteristic frequency of the X-rays emitted
by the corresponding elements, Moseley ascribed a definite physical meaning to these numbers
and proposed that they represented the number of protons within the corresponding atomic
nucleus recently discovered by Rutherford. In Moseley´s own words: ”... Now Rutherford has
proved that the most important constituent of an atom is its central positively charged nucleus,
and van den Broek has put forward the view that the charge carried by this nucleus is in all cases
an integral multiple of the charge on the hydrogen nucleus. There is every reason to suppose that
the integer which controls the X-ray spectrum is the same as the number of electrical units in the
nucleus, and these experiments therefore give the strongest possible support to the hypothesis
of van den Broek. ...”

- - - - - - - - - -
Henry Moseley was a brilliant english physicist graduated from Oxford in 1910 with high

honors. He started doing research in the group of Ernest Rutherford in Manchester. There he
performed his first work demonstrating that x-ray spectral lines are characteristic of the atom
emitting the radiation, and soon afterwards returned to Oxford. Despite the experimental de-
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ficiencies of his laboratories, he measured the x-ray spectral lines of nearly all metals from
aluminum to gold. The results of his study showed a clear and simple progression of the ele-
ments that was based on what we know now as the number of protons in the atomic nucleus,
rather than the order based on atomic weights that was then the basis of the Periodic Table; in
short words: he is the discoverer of the atomic number Z. This was the second and last of his
independent publications.

First World War began in August 1914 and immediately Moseley volunteered for active
service in the Army, where he was incorporated as signals officer with the Royal Engineers. He
was killed on August 1915, at the age of 27, by a Turkish bullet on the Gallipoli Peninsula. Had
he survived he would almost certainly have been awarded the Nobel Prize for physics. Even
though his entire research career extended over only 40 months, in that lapse of time he was able
to design, construct and produce results of the same importance as those of his contemporaries
Rutherford and Bohr.

Isaac Asimov said ”In view of what Henry Moseley may have accomplished... his death
might well have been the most costly single death of the war to mankind generally.”

It is worth noting that in the graph above, the K-series line does not pass through the origin
but has an intercept on the y axis at the approximate value of 1.Therefore, calling Z the variable
on the y axis, the equation that fits the K-series line would have the form:

Z − 1 = const ×
√
ν

Since these X-rays are due to the filling of a vacancy in the K shell by an electron from the
L shell, Moseley rightly interpreted that, because of the screening of the nuclear charge by the
remaining electron in the K shell, the effective nuclear charge is Z − 1.

Likewise, the L-series line does not pass through the origin. It has an intercept on the y axis
at the approximate value of 7.4.Therefore, the equation that fits the L-series line would have the
form:

Z − 7.4 = const ×
√
ν

In this case, the X-rays are due to the filling of a vacancy in the L shell by an electron from
the M shell, but now the atom structure gets much more complicated because of the now known
subshells both at the L and M levels, thereby getting the approximate 7.4 screening parameter.

By 1913, adopting Rutherford´s model of the atom, Niels Bohr rightly assumed that the bulk
of atomic mass was residing at the nucleus and proposed that the electron orbits are quantized,
that electrons do not emit radiation when in one of these stationary orbits, and that a quantum
of radiation is indeed emitted when an electron has a transition from an orbit to a lower one.
With this simple but revolutionizing model Bohr was able to explain the spectral emission of the
hydrogen atom. According to this theory, the energies of the different quantum states available
to the electron in the hydrogen atom (Z = 1) are given by :

En = −
2π2m0e4

h2

1
n2 = −

m0e4

2~2

1
n2

The negative sign of the energy is due to the fact that this is a bound state, that is: the energy
is zero when the proton and the electron are separated by an infinite distance.
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On the assumption that the different energy states of electrons in an atom of nuclear charge
Z would approximately be given by:

En = −
2π2m0e4Z2

h2

1
n2

then, for the energy hν of the X-ray radiation emitted in an electron transition going from ini-
tial state n = n2 to final state n = n1 we would get:

hν = En2 − En1 =
2π2m0e4Z2

h2

(
1
n2

1

−
1
n2

2

)
Thus, for an electron jumping from the L shell (n2 = 2) to the K shell (n1 = 1), and remem-

bering that the net nuclear charge would now be Z − 1, we get:

hν =
2π2m0e4 (Z − 1)2

h2

(
1 −

1
22

)
so:

Z − 1 =

√
2h3

3π2m0e4

√
ν = const ×

√
ν

Therefore, Moseley´s research not only gave support to the atomic model recently presented
by Bohr, but also demonstrated that the nuclear charge Z is an integer number.

4.3 Nuclear mass

The nuclear mass is a most important parameter in nuclear physics. It allows for the systemati-
zation of some nuclear properties, to study nuclear stability, the calculation of kinetic energies
released in nuclear reactions and in nuclear decays, etc. Nowadays, nuclear masses (actually,
as we shall see, what is experimentally measured is the atomic mass) are measured with great
precision; in fact, being measured with up to ten significant figures, nuclear masses are one of
the best measured parameters in the whole physics realm.

The main and most accurate method to measure atomic masses is through ”mass spectro-
graphs” and ”mass spectrometers” that essentially consist of an ion source plus a combination of
electric and magnetic fields deviating the atom whose mass is to be determined. As mentioned
above, the calculation of kinetic energies released in nuclear reactions and in nuclear decays
are easily performed if the intervening masses are known. Conversely, the systematic study of
kinematics in nuclear reactions, and energies involved in nuclear decays, allows for the deter-
mination of nuclear masses. The critical comparison and combination of the results provided
by these two methods, are normally presented in very extensive tables of atomic masses, among
other nuclear properties, (IAEA NuDat 2.6 http://www-nds.iaea.org/nudat2/).
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Figure 4.9: Mass spectrometer.

4.3.1 Mass spectrometers - The doublet method

A simplified sketch of a mass spectrometer is depicted in figure 4.9.
We briefly show in a very simplified way the idea of one of the methods used to measure

atomic masses. The symbols used in the following analysis are self explanatory from the sketch
below. For the accelerated ion to go through the central ray path in the electrostatic analyzer,
the centrifugal force, Fc = mv2

r , has to balance the electrostatic force exerted on the ion, zeE
. On the assumption that d � r we can treat the electrostatic analyzer as having a uniform
electrostatic field, like in a parallel plate condenser. In that case the electrostatic field strength
is given by: E ' V

d . We can then write:

Fc =
mv2

r
= zeE ' ze

V
d

(4.3)

On the other hand, when entering the magnetic analyzer, which has a uniform magnetic
field B normal to the ion trajectory, the ion describes an arc of a circle satisfying the following
condition:

Bρ =
p
ze

(4.4)
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where p = mv is the linear momentum of the ion. Bρ is usually called the ”magnetic rigidity”
of the magnet: the greater the magnetic rigidity, the less curved the particle´s trajectory.

Combination of Eqs. (4.3) and (4.4) gives:

m
ze

=
ρ2d
r

B2

V

Before the initial acceleration the experimenter chooses, generally, singly or doubly ionized
ions. We see then that the mass of the ion can be determined if we know the geometrical
parameters of the mass spectrometer, and the electric and magnetic fields applied for the ion
to travel through the central ray path that is defined by the collimation slits. If in the mass
spectrometer depicted above the last collimation slit is removed and the ion collector replaced
with a photographic plate we end up with a mass spectrograph where ions with masses differing
a small amount will leave line images separated by distances that can be read in terms of atomic
masses if the spectrograph is properly calibrated.

Atomic masses are measured in units of u, defined as

1u =
M

(
12C

)
12

that is, in this scale the mass of a 12C atom is exactly 12u. If the spectrometer depicted above is
calibrated with 12C ions, the mass of some other ion can be measured on this scale. However,
the method, as described above, is not very accurate, at most about 1 in 10,000 of the mass
to be measured. A much more accurate method of measuring atomic masses is the so called
”doublet method” where what is measured is the very small difference between two masses
that are purposely chosen to be almost equal. In the doublet method both ions are produced
simultaneously in the ion source and they will show in the photographic plate as two different
lines with a small separation. For the description of the method, we shall use the following
notation for a molecule: A1 Xn1

A2Yn2 , where
X,Y : chemical symbols of elements forming the molecule
A1, A2 : mass number of the specific isotope in elements X,Y
n1, n2 : number of atoms of each element entering the molecule
and to simplify notation, the complete symbol A1 Xn1

A2Yn2 will represent the mass of that
molecule.

In the example below, showing the use of the doublet method, we follow closely the de-
scription given by Enge[1]

Let us assume we want to determine the mass of 160Gd isotope. For this purpose we prepare
a molecule with a mass close to the mass we want to measure, that is, we should prepare a
molecule with a total mass number equal to 160, and choose the molecule 12C12

1H16. When
dealing with light atoms, where one usually uses the most abundant isotope, unless otherwise
indicated, we will drop the mass number from the notation. Therefore, we measure the line
separation between 160Gd and the molecule C12 H16 obtaining:

C12 H16−
160Gd = (198.05 ± 0.09) mu (4) where 1 millimass unit: mu = 0.001u
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We see that this measurement has an uncertainty of ±1 part in 2,200 (0.045%) in the ”mass
distance” between the two lines left by the ions. However, it represents ±1 part in 1.8×106

(5.6×10-5%) of the total mass to be measured (∼ 160u).
To find the mass of 160Gd we need now to know the mass of the hydrogen atom, 1H, which

can be found, for instance, by measuring the three following doublets:
C H4 − O = 36, 381.5 ± 0.9 µu = a
C4 − S O = 33, 016.4 ± 1.3 µu = b

O2 − S = 17, 754.3 ± 0.9 µu = c
(5)

From this set we can get the masses of hydrogen, oxygen, and sulfur, all considered as
substandards. We are now interested in the mass of hydrogen; taking into account that the mass
of C is exactly 12u we get:

3a + c − b = 12H −C

then

H = 1 +
1

12
(3a + c − b) = 10078235 ± 3 × 10−7u

where the uncertainty quoted for H comes from:

∆H =
1

12

√
(3∆a)2 + (∆b)2 + (∆c)2 = 0.26µu

and we finally get:

160Gd = 12 × 12 + 16 × 1.0078235 − 0.19805 = 159.92713 ± 0.00009u

We note that in solving the set of equations (5), we have simply taken the molecule C H4

(the same is true for the C4, S O, and O2 molecules) as if the constituent atoms were free, that
is, not held together by electronic forces within the molecule. In doing this we are ignoring
the molecule binding energy which reduces its mass as compared to the sum of atomic masses
forming the molecule. However, as we shall see later when studying binding energies, this
procedure is totally justified for the error made is well below the experimental uncertainties
stated above.

Although we have described briefly the mass spectrometers based on electric and magnetic
deflection devices, there are many other types of mass spectrometers (MS) that have been devel-
oped in the last 50 or 60 years. We mention: time of flight MS, quadrupole MS, secondary ion
MS, gas and liquid chromatography MS, ion cyclotron resonance MS, Penning trap MS, etc.
Some of the highest-precision mass measurements have been achieved with the last mentioned
techniques.

A word about mass units. Before 1960 there were two different definitions for mass units:
the physical one 16O/16 (notation a.m.u.), and the chemical one O/16, where O stands for
the average mass of a standard mixture of the three stable isotopes of oxygen. During 1960
these two units were eliminated and this led to the definition of a ”unified mass unit” (thus the
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symbol u), as one twelfth of the mass of one free atom of 12C in its atomic and nuclear ground-
states. One of the reasons for the adoption of this standard is that when comparing known with
unknown masses using the ”doublet method”, it is easy to prepare hydrocarbon compounds of
practically any desired mass.

4.4 Electric multipole moments

We consider a nucleus of mass and atomic numbers A,Z in a stable state and so described by a
stationary eigenfunction Φ of the nuclear Hamiltonian; Φ depends on the space −→r i and spin σi

coordinates of the A nucleons, where 1 ≤ i ≤ Z corresponds to the protons and Z + 1 ≤ i ≤ A to
the neutrons. We use the compact notation xi ≡

{
−→r i, σi

}
.

All measurable properties can be determined from the wave function Φ = Φ(x1, ...xi, ...xA),
for example the electric charge density ρ(−→r ) is the sum of the probabilities of finding in the unit
volume around −→r each one of the Z protons

ρ(−→r ) = e
Z∑

i=1

∫
dx1...dxi−1dσidxi+1...dxA

∣∣∣Φ(x1, ...xi−1;−→r σi; xi+1...xA))
∣∣∣2

where dx integrates over space d3r and sums over spin σ+, σ−. Due to invariance of |Φ|2

under the exchange xi ↔ x j reduces to

ρ(−→r ) = Ze
∫

dσdx2...dxA

∣∣∣Φ(−→r σ, x2, ..xA))
∣∣∣2 (4.5)

The charge density ρ(−→r ) produces an electric potential φ(
−→
R ) in the space surrounding the

nucleus

4.4.1 Electric potential generated by a nucleus charge density

A given distribution of electrical charges produces an electric potential in the space surrounding
the charges. Studying the characteristics of this potential, e.g. through the use of an elemental
charge probe, can give us information about the distribution of the charges originating such
potential. For a nuclear charge density ρ(−→r ) localised within a distance a from the origin, the
potential it produces at a point

−→
R is given by:

φ
(
−→
R
)

=

∫
d3r

ρ(−→r )∣∣∣∣−→R − −→r ∣∣∣∣
We assume that r � R, and use a cartesian frame where

−→r ≡ (x, y, z) = (x1, x2, x3)

−→
R = (X1, X2, X3)
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Expanding
∣∣∣∣−→R − −→r ∣∣∣∣−1

and keeping terms up to order (a/R)3 we get:

φ
(
−→
R
)

=

∫
d3rρ(−→r )

 1
R
− 2−→r ·

−→
R
R3 +

r2

R3


−1/2

'

∫
d3rρ(−→r )

 1
R

+

3∑
i=1

xi
Xi

R3 +
1
R5

3
2

3∑
i=1, j=1

xix jXiX j −
1
2

r2

R5

3∑
i=1

X2
i

 + O[(a/R)4]

=
q
R

+
1
R3

3∑
i=1

piXi +
1
R5

1
2

3∑
i=1, j=1

Qi jXiX j (4.6)

where

q =

∫
d3rρ(−→r ) = eZ (4.7)

is the total charge,

−→p =

∫
d3rρ(−→r )−→r (4.8)

the dipole moment, and

Qi j =

∫
d3rρ(−→r )

[
3xix j − r2δi j

]
(4.9)

the elements of the electric quadrupole tensor.
Like the gravitation and the electromagnetic, the strong interaction is invariant under space

inversion, then the charge density is an even function of −→r which makes the dipole term (4.8)
to be identically zero. The quadrupole term (4.9) gives the first possible non-zero interaction; it
is a symmetric tensor:

Qi j = Q ji

Furthermore, by a rotation of the coordinate frame (x1, x2, x3)→ (x′1, x
′
2, x

′
3) it is possible to

diagonalise Qi j → Q′i j

Q′i j =

∫
d3rρ(−→r )

[
3x′i x

′
i − r2

]
δi j (4.10)

where (x′1, x
′
2, x

′
3) are called the principal axis of ρ(−→r ).

Furthermore, for a spherically symmetric density Eq. (4.10) gives

Q′11 = Q′22 = Q′33 = 0

showing that spherically symmetric nuclei have a null quadrupole tensor: Q=0.
Nuclei can be found to have spherical symmetry: ρ(−→r ) = ρ(−−→r ) as happens with the elec-

tron density of closed shell atoms; also, for some nuclei the symmetry is reduced to cylindrical
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Figure 4.10: Principal axes of a nucleus with cylindrical symmetry.

as happens for open shell atoms: ρ(x′1, x
′
2, x

′
3) ≡ ρ

√
(x′1)2 + (x′2)2, x′3). In this case shown in

Figure (4.10) there is a symmetry of revolution around the x′3 axis, for a classical system this

direction corresponds to the total angular momentum
−→
J ; for a quantum system ΦJM this x′3

corresponds to the largest projection M = J of the magnetic quantum number.
The quadrupole tensor for a nucleus with cylindrical symmetry as presented in Fig. (4.23)

can be determined from the knowledge of Q′33, as follows: using Eq. (4.10) we calculate the
trace of the tensor, defined by

Q′11 + Q′22 + Q′33 =

∫
d3rρ(−→r )

[
3
(
x′1

)2
+ 3

(
x′2

)2
+ 3

(
x′3

)2
− r2

]
≡ 0

and since Q′11 = Q′22 we get:

Q′11 = Q′22 = −
1
2

Q′33

The value Q′33 that fully determines all the elements of Q is identified as the quadrupole
moment of the charge distributionQ[cm2], that we define by

Q =
1
e

Q′33 (4.11)

4.4.2 Energy of a nucleus in an external electric field

The energy of a nuclear charge distribution ρ(−→r ) in an external electric potential φext(−→r ) is

U =

∫
d3rρ(−→r )φext(−→r ) (4.12)

We approximate the external potential in (4.12) by the first few terms of a Taylor series

U =

∫
d3rρ(−→r )

φext(0) +
−→
∇ r φext(−→r )

∣∣∣
0
.−→r +

1
2

∑
i, j

∂2 φext(−→r )
∣∣∣
0

∂xix j
+ ...
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replacing the nuclear charge (4.7) and dipole (4.10) we get

U = eZφext(0) −
−→
E ext(0).−→p +

1
2

∑
i, j

∂2φext(−→r )
∂xi∂x j

∣∣∣∣∣∣
0

∫
d3rρ(−→r )xix j + ... (4.13)

where eZφext(0) is an irrelevant additive constant,
−→
E ext(0) the external electric field acting

on the dipole −→p = 0 giving no contribution, then the energy U of the nucleus in the external
potential can be written as

U '
1
6

∑
i, j

∂2φext(−→r )
∂xi∂x j

∣∣∣∣∣∣
0

∫
d3rρ(−→r )3xix j. (4.14)

Notice the difference between the integral in (4.14) and the quadrupole tensor (4.9):∫
d3rρ(−→r )

[
3xix j − r2δi j

]
−

∫
d3rρ(−→r )3xix j =

∫
d3rρ(−→r )r2δi j

that appears in the diagonal terms, but this difference gives no contribution if added to (4.14):

1
6

∑
i

∂2φext(−→r )
∂x2

i

∣∣∣∣∣∣
0

∫
d3rρ(−→r )r2. =

1
6
∇2

rφext(−→r )
∣∣∣
0

∫
d3rρ(−→r )r2

because the Laplacian of φext(−→r ) evaluated inside the nuclear region where there are no
charge sources of the external potential is zero. Then the energy of the nucleus due to the
interaction with an external field is

U '
1
6

∑
i, j

∂2φext(−→r )
∂xi∂x j

∣∣∣∣∣∣
0

Qi j

where Qi j is the electric quadrupole tensor defined in Eq. (4.9).
The quantum state of the nucleus ΦJM determines the quadrupole tensor Q, so the energy U

of the nucleus in the external field depends on the quantum numbers JM. Decay from the initial
JM to lower energy states JḾ leads to the emission of radio frequency photons with energy
∆U = UJM − UJḾ. Measurement of ∆U serves as a check on the models used to approximate
ΦJM.

4.4.3 Examples of electric quadrupole moments

We have seen in this chapter that nucleons show an approximate symmetrical distribution in nu-
clei and that to a first approximation nuclei can be thought of as a sphere of radius proportional
to A1/3. With this picture in mind, before going any further on the subject, and to illustrate some
important features of electric quadrupole moments in nuclei, let us consider the minimum possi-
ble number of elemental charges (say protons) having a spherically symmetric distribution with
respect to the origin in an x, y, z coordinate system. Assuming a sphere of radius a this is accom-
plished with six protons located at coordinates (a, 0, 0), (−a, 0, 0), (0, a, 0), (0,−a, 0), (0, 0, a),
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and (0, 0,−a), as depicted in Fig. 4.11a, where we have numbered the charges respectively from
1 to 6. That is, all six charges are at a distance a from the origin.

Figure 4.11: Spherical distribution.

Using expressions (4.9), (4.11) we want now to calculate the quadrupole moment Q pro-

duced by this configuration: Q = e
6∑

k=1

[
3z2

k − r2
k

]
=

(
0 − a2

)
+

(
0 − a2

)
+

(
0 − a2

)
+

(
0 − a2

)
+(

3a2 − a2
)

+
(
3a2 − a2

)
=

−4a2 + 2a2 + 2a2 = 0 ∴ Q = 0
We want to again calculate Q for a different charge distribution: preserving the z axis sym-

metry, charges 1, 2, 3, and 4 are moved in such a way that they now lie on a circumference of
radius b, with b < a, on the x, y plane, keeping charges 5 and 6 where they are. This is shown
on Fig. 4.12a below.

Q = e
6∑

k=1

[
3z2

k − r2
k

]
=

(
0 − b2

)
+

(
0 − b2

)
+

(
0 − b2

)
+

(
0 − b2

)
+

(
3a2 − a2

)
+

(
3a2 − a2

)
=

−4b2 + 2a2 + 2a2 = 4
(
a2 − b2

)
∴ Q > 0

We calculate again Q, this time keeping charges 1, 2, 3, and 4 as in the original configuration
(at distance a from the origin) but symmetrically approaching charges 5 and 6 to a distance b
from the origin (b < a), as shown on Fig.4.13a below.

Q = e
6∑

k=1

[
3z2

k − r2
k

]
=

(
0 − a2

)
+

(
0 − a2

)
+

(
0 − a2

)
+

(
0 − a2

)
+

(
3b2 − b2

)
+

(
3b2 − b2

)
=

−4a2 + 2b2 + 2b2 = −4
(
a2 − b2

)
∴ Q < 0

We can summarize all the results as: Q = ±2
3eZ

(
a2 − b2

)
.

As seen in Figs. 4.11,4.12,4.13 above, we know from experiment that, charge wise, nuclei
behave as a uniform charge distribution within a volume of radius Rnucleus (not to be confused
with the R we are using here), rather than a distribution of discrete charges. Figures 4.11b,
4.12b, and 4.13b above, shown side by side respectively with Figs. 4.11a, 4.12a, and 4.13a,
represent what we would expect a nucleus more likely to look like.
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Figure 4.12: Prolate spheroidal distribution.

Figure 4.13: Oblate spheroidal distribution.

In Fig. 4.11b we have sketched a uniformly charged sphere as a generalization of the spher-
ically symmetric distribution of discrete charges represented in Fig. 4.11a. Figures 4.12b and
4.13b are sketches of uniformly charged ellipsoids as generalizations of the discrete distribu-
tions respectively represented in Figs. 4.12a and 4.13a; in all cases assuming symmetry about
the z axis.

To calculate the electric quadrupole moment for these continuous distribution of charges we
generalize expression (4.9); as before we choose vector

−→
R to coincide with the z axis. Assuming

a charge density ρ (r), and taking into account that
−→
R · −→r = Rr cosϑ = Rz, expression (4.9)

takes the form:

Q0 =
1
e

∫ (
3z2 − r2

)
ρ (r) dτ =

1
e

∫
ρ (r) r2

(
3 cos2 ϑ − 1

)
dτ (4.15)
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Note that, in order to measure electric quadrupole moments in cm2 as is customarily done,
we have introduced in (4.15) a new definition:

Q0 =
Q′33

e
(4.16)

which specifically refers to the quadrupole moment of a continuously distributed charge with
a symmetry axis about which Q0 is calculated, and is called the ”intrinsic electric quadrupole
moment”. Solving integral (4.15) for the ellipsoid of Fig. 6, with diameter 2a along the z axis
and diameter 2b in the x, y plane, and assuming a constant charge density, ρ (r) = ρ0, we obtain:
Q′33 = ρ0

8π
15 ab2

(
a2 − b2

)
. Since the volume of the ellipsoid is equal to 4π

3 ab2 and therefore the
total charge is Ze = ρ0

4π
3 ab2, we get the final expression:

Q′33 =
2
5

Z
(
a2 − b2

)
(4.17)

As can be seen from this result, in the case of homogeneous charge density, we get: Q́0
33 = 0

for a sphere (a = b) (Fig.fig:quad-23 b), Q′33 > 0 for a prolate ellipsoid (a > b) (Fig. fig:quad-
22b), and Q′33 < 0 for an oblate ellipsoid (a < b) (Fig. fig:quad-33b). We see then that by
measuring the electric quadrupole moment it is possible to evaluate the deviation of a charge
distribution from sphericity.

4.4.4 Nuclear angular momentum

As we have seen in previous chapters, a nucleus is an assembly of Z protons and N neutrons,
that is, A = Z + N nucleons tightly packed together.

The angular momentum of nucleon k in classical physics is defined by the vector
−→
l k =

−→r k ×
−→p k. Classical physics is deterministic: repeating the measurement of

−→
l k on the nucleon

prepared in identical conditions produces the same result
−→
l k.

In the correct quantum description the angular momentum is represented by the operator
−̂→
l k = −→r k × (−i~

−̂→
∇ rk

). There are three differences with the classical description:
1. Only the module and one of its components can be measured simultaneously.
2. Quantum physics is probabilistic: repeating the measurement on the nucleon prepared in

identical conditions gives in general a distribution of probabilities of obtaining the results

∣∣∣∣−→l k

∣∣∣∣ = ~
√
`(` + 1)

lk,z = ~m

where the orbital quantum number ` adopts the values 0, 1, 2..., and m = `, `− 1...,−`. Only

when the operator
−̂→
l k commutes with the Hamiltonian Ĥk of the nucleon:

−̂→
l kĤk− Ĥk

−̂→
l k = 0 can

the nucleon be found with definite values of
∣∣∣∣−→l k

∣∣∣∣ and lk,z. See the Notes on Quantum mechanics,
where we demonstrate these properties of angular momentum and those that follow.
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The nucleon also presents an intrinsic angular momentum called spin. A measurement of
the module gives the unique value ∣∣∣−→s k

∣∣∣ = ~
1
2

(
1
2

+ 1)

while the z component has two possibilities:

sk,z = ~ms

the spin quantum number s analogous to ` is s = 1/2 and ms = ±1/2.
This spin is just as the spin possessed by the electron: its orientation has only two possibili-

ties, namely, parallel or anti-parallel to any given direction.
We define the angular momentum operator of nucleon k:

−̂→
j k =

−̂→
l k + −̂→s k (4.18)

the quantum number jk equivalent to ` is:∣∣∣∣∣` − 1
2

∣∣∣∣∣ ≤ | jk| ≤ ` +
1
2

(4.19)

i.e. a half-integer value: jk =
∣∣∣` − 1

2

∣∣∣ , ` + 1
2 .

The total angular momentum of the whole nucleus is the vector sum of the angular momenta
of its nucleons:

−̂→
J =

∑
k

−̂→
j k =

−̂→
L +
−̂→
S (4.20)

with total orbital angular momentum

−̂→
L =

∑
k

−̂→
l k (4.21)

and total spin angular momentum

−̂→
S =

∑
k

−̂→s k (4.22)

A nucleus in the absence of external forces can be prepared in states with well defined
values of module

∣∣∣∣−→J ∣∣∣∣ and one component Jz:

∣∣∣∣−→J ∣∣∣∣ = ~
√

J(J + 1)

Jz = ~M, |M| ≤ J

we infer from (4.20) that a nucleus with an even number of nucleons (even A) must have
a quantum number J with integer value: J = 0, 1, 2..., and a nucleus with an odd number of
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nucleons (odd A) J = 1
2 ,

3
2 , .... These conditions on J apply to all states, ground and excited, of

the nucleus with mass number A.
All nuclear angular momenta observed confirm the above mentioned rules.
It has been experimentally found that all nuclei in their ground state have a relatively low

total angular momentum number J. Some examples of natural nuclei with largest J́ s, for both
stable and unstable nuclei in their ground state, are (also shown are the respective parities):

Stable: 10B : 3+, 73Ge : 9/2+, 83Kr : 9/2+, 87S r : 9/2+, 209Bi : 9/2−

Unstable: 50V : 6+, 115In : 9/2+, 138La : 5+, 176Lu, 7−

On the extreme assumption that nucleon intrinsic spins are all aligned we would get, aside
from the contribution of their orbital angular momenta, a J at least equal to 1

2 A (observe that on
this assumption the nucleus 176Lu, with the largest known J, would have at least J = 88). The
fact that all experimental J́ s are very much lower than 1

2 A, is telling us that there must be some
kind of a pairing effect in nuclei, through which a pair of nucleons cancel out their intrinsic
spins. Furthermore, taking into account that, as pointed out at the end of Chapter 1, all nuclei
with A > 40 exhibit a neutron excess, reaching up to about 60% more neutrons than protons
in heavy nuclei, we are forced to postulate that this pairing effect takes place between nucleons
of the same kind. Another important experimental result, referring to their ground state, is the
following:

All even A nuclei where Z and N are both even, have J = 0.
All even A nuclei where Z and N are both odd, have J integer greater than 0.
Table 5 at the end of Chapter 4 gives a summary of the statements above.

4.4.5 Angular momentum and the electric quadrupole

Neglecting the interaction with atomic electrons we consider the atomic nucleus an isolated

system; therefore, isotropy of space makes the total nuclear angular momentum
−̂→
J a constant of

the motion.
The nucleus can be prepared in a state Φ with precise values of the energy E and all other

mutually commuting physical magnitudes (observables): they are the module
∣∣∣∣−→J ∣∣∣∣ and one

projection Jz of the total angular momentum with eigenvalues
∣∣∣∣−→J ∣∣∣∣ = ~

√
J(J + 1), Jz = ~M with

|M| ≤ J. The quantum number J receives the rather misleading name of ”nuclear spin”.
A non-zero

∣∣∣∣−→J ∣∣∣∣ defines a privileged direction in space that reduces the symmetry from spher-
ical to cylindrical and allows for the existence of a nuclear quadrupole moment with this direc-
tion as axis of symmetry. When J = 0 there are no privileged directions, the charge density has
spherical symmetry and the quadrupole moment is zero.

It is not possible to know with certainty the direction of the angular momentum
−̂→
J because

only one component has a definite value, the closest we can come is by finding the direction z
that has the maximum projection Jz = ~J.

The relation between the measured Qzz and the body-fixed Qz′z′ defined in (4.9) is given in
Figure 4.14
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Figure 4.14: Spherical coordinates in an external and a body-fixed frame. The axis of symmetry
of the body is along the z′ axis.
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The relation between the projection Jz and the module
∣∣∣∣−→J ∣∣∣∣ fixes the angle β :

cos β =
Jz∣∣∣∣−→J ∣∣∣∣ =

J
J(J + 1)

(4.23)

The polar angle θ in terms of body-frame θ′, φ′ and relative angle β is:

cos θ = cos θ′ cos β + sin θ′ sin β cos(φ − φ′)

Qzz =

∫
d3rρ(−→r )r2

(
3 cos2 θ − 1

)
=

∫
d3r′ρ(r′, θ′)r2

[(
3 cos2 θ′ cos2 β′

+3 sin2 θ′ sin2 β′ cos2(φ − φ′)
+ 6 cos θ′ cos β′ sin θ′ sin β′ cos(φ − φ′) − 1

]
the integral in the azymuthal angle φ′ is analytical and from

∫ 2π

0
dφ′ cos2 φ′ = π,

∫ 2π

0
dφ′ cos φ′ =

0 we get

Qzz =

∫
d3rρ(−→r )r2

(
3 cos2 θ − 1

)
= π

∫ ∞

0
dr′r′2

∫ π

0
dθ′ sin θ′ρ(r′, θ′)r2

[
6 cos2 θ′ cos2 β′

+3 sin2 θ′ sin2 β′ − 2
]

= π

∫ ∞

0
dr′r′2

∫ π

0
dθ′ sin θ′ρ(r′, θ′)r2

[
9 cos2 θ′ cos2 β′

−3 cos2 θ′ − 3 cos2 β′ + 1
]

=
(
3 cos2 β′ − 1

)
π

∫ ∞

0
dr′r′2

∫ π

0
dθ′ sin θ′ρ(r′, θ′)r2

(
3 cos2 θ′ − 1

)
=

(
3 cos2 β′ − 1

)
Qz′z′ (4.24)

replacing β from (4.23) we get the relation between the measured quadrupole Qzz and the
value defined along the axis of symmetry of the nucleus:

Qzz =

(
3

J2

J(J + 1)
− 1

)
Qz′z′

=
J(2J − 1)
J(J + 1)

Qz′z′ (4.25)

This result, valid for J > 0, shows that the measured quadrupole moment Qzz cancels when
the angular momentum number is J = 1/2.
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4.4.6 Practical aspects of electric quadrupole moments in nuclei

Electric quadrupole moments of nuclei are in general very small. The meaning of this statement
is the following: according to definition (4.16), Q0 has the dimensions of an area and the quan-
tities involved, a and b according to expression (4.17), are directly related to squared nuclear
dimensions; therefore, it is fare to relate the cross sectional area of a nucleus, πR2 = πr2

0A2/3,
to its corresponding quadrupole moment. When this comparison is performed, except for a few
exceptions in the rare earth region, the nuclear cross sectional area is larger than the electric
quadrupole moment. The fact that Q0 is in general small, even for heavy nuclei in spite of the Z
multiplication factor in expression (4.17), means that a and b do not differ much; it also means
that, in general, nuclei depart very little from spherical symmetry. This allows us to define a
mean radius R and an eccentricity ε in the case of ellipsoidal shaped nuclei:

R = a+b
2 , ∆R = a − b, ε = ∆R

R
∴ Q0 = 2

5Z
(
a2 − b2

)
= 2

5Z (a + b) (a − b) = 4
5ZR

2
ε

Thus, a measurement of Q allows for the determination of the eccentricity ε. Referring
to two rather extreme values of quadrupole moments of nuclei found in nature, namely, 2

1H
(Q = + 0.00286 × 10−24cm2 ) and 176

71 Lu (Q = + 4.92 × 10−24cm2 ), it is found that 2H departs
only slightly (about 4%) from spherical symmetry while 176Lu, having the largest known Q in
nature, exhibits an eccentricity of only about 30%.

The physical reason for such small values of quadrupole moments for most nuclei will
be understood when studying the nuclear shell model of the nucleus. In the meantime we
just mention that studies of nuclear structure show that closed shells of nucleons, protons or
neutrons, have spherical symmetry and do not contribute to the total angular momentum of the
nucleus (partial J = 0), and therefore that do not contribute to the quadrupole moment either.
Therefore, the quadrupole moment exhibited by some odd-A nuclei can be attributed to the
unpaired nucleon outside a closed shell, or to the lack of a nucleon to complete a shell. In
this case the problem reduces to calculating the quadrupole moment generated by one proton
orbiting with radius r on the equatorial plane z = 0 (where we associate r to the nuclear radius).
Taking into account that in expression (6) above the integral over the charge density is equal to
Ze, the corresponding expression for a set of discrete charges would be: Q0 = Z

∑Z
k=1

(
3z2

k − r2
k

)
.

Applying this to our simple case of a single particle outside a closed shell, we get: Qsp = −Zr2.
In reality, when treating this problem quantum mechanically, as we should, the corrected result
is: Qsp = −Z 2 j−1

2 j+2

〈
r2

〉
with j the total angular momentum of the single particle and

〈
r2

〉
the

mean-square radius of the particle orbit. In the case of a single proton hole to complete a shell,
this is equivalent to a negative charge and we get a positive Qsp, that is, a spheroidal nucleus of
the prolate type.

Although these ideas reproduce rather well some experimentally determined quadrupole
moments in the case of a single unpaired nucleon, the large quadrupole moments of some nuclei,
especially in the rare earth region, can only be explained by assuming a collective motion of
nucleons within the nucleus.

Figure 4.15 shows experimentally determined quadrupole moments for odd-A nuclei. In
this graph the ”reduced quadrupole moment” Q/ZR2 is plotted as a function of the number of
nucleons (protons or neutrons) that is odd.
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Figure 4.15: Experimental reduced quadrupole moments Q/ZR2 for odd-A nuclei, plotted as a
function of the number of either odd protons or neutrons.

4.4.7 Isotope shifts of atomic radiative transitions and isotope
separation

A lot of research has been devoted to isotope separation of atoms and molecules using the
dependence of electron binding energies on the nuclear charge distribution ρi(−→r ), that is char-
acteristic for each isotope. One example is the atomic vapor laser isotope separation(AVLIS) of
Uranium:

The absorption lines of 235U and 238U differ due to the finite size of the nuclei and to the
magnetic dipole and electric quadrupole moments, for example the 235U line of 502.73 nanome-
ters corresponds to one of 502.74 nm for 238U. Using lasers with extreme tuning precision
acting on a vapor beam of mixed 235U and 238U it is possible to excite only the 235U, which
afterwards is ionised by photoionisation and separated from the beam by an electric field. Cita-
tion:http://en.wikipedia.org/wiki/Atomic vapor laser isotope separation

4.4.8 Nuclear Magnetic Moments

The atomic nucleus is a source of electric and magnetic fields that act on the electrons of the
atom and beyond on the rest of particles of the medium. We have already studied the electric
field produced by the protons. The protons are also a source of magnetic field: for non zero or-
bital angular momentum

−→
L they describe a closed loop of electric current that has an associated
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Figure 4.16: Closed loop of current i that encloses an area A, producing a magnetic dipole
µ = iA.

magnetic dipole defined by

−→µ = I
−→
A

=
e

2Mpc
−→
L

where i is the electric current and
−→
A the area enclosed by the loop oriented along the normal

direction, as seen in Figure (4.16). In the Appendix at the end of this chapter we deduce this
result and show, starting from the law of Ampère giving the magnetic field

−→
B produced by

electric currents, that the sources of
−→
B are magnetic dipoles. Different from the electric field

−→
E

whose basic sources are electric charges (monopoles), in Nature there are no magnetic charges.
Let us calculate the magnetic dipole of a classical charge e moving in a circular orbit of

radius r depicted in Figure 4.17 moving at velocity v: the charge takes a time T to make one
revolution, then: v = 2πr/T , soI = e/T = ev/2πr and according to what was established for
the example of Figure (4.16) we would have in this simple case:

µ =
ev

2πr
πr2 =

e
2

vr

Actually the magnetic dipole moment µ, as well as r and v, are vectors and if properly treated
as shown by Eq. (4.50) of the Appendix we would have obtained the more general expression:

−→µ =
e
2
−→r × −→v

By definition:
−→µ = e

2
−→r × −→v for a positive charge

−→µ = − e
2
−→r × −→v for a negative charge
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Figure 4.17: Magnetic moment µ = evr/2 generated by a charge e moving with velocity v on a
circular loop of radius r .

Introducing the orbital angular momentum
−→
L = −→r × −→p = M −→r × −→v we can write:

−→µ =
e

2M
−→
L (4.26)

The transition from the classical viewpoint to the quantum mechanical one is achieved by

replacing the classical angular momentum
−→
L with its quantum equivalent: the operator

−̂→
L =

− i~e
2Mc
−→r ×
−→
∇ r

−̂→µ =
e

2M
−̂→
L (4.27)

For the purely quantum case of the spin angular momentum the associated magnetic dipole
is

−̂→µ s =
e

Mc
−̂→
S (4.28)

We have to take into account that for more complicated systems, the coefficient in front of
−̂→
L may change, but the proportionality between −̂→µ and

−̂→
L remains. Therefore, introducing g, the

”gyromagnetic ratio”, we have:

−̂→µ = g
e

2M
−̂→
L

For instance, in the case of a system as complicated as the atomic nucleus, since its total
angular momentum results from the addition of orbital angular momentums on the one hand and
spin angular momentums of the component nucleons on the other, it is not possible to calculate
the magnetic dipole moment of the nucleus from a knowledge of its total angular momentum
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−→
J alone. We can ”simplify” matters, however, by considering the magnetic dipole moment
generated by the orbital angular momentum of each nucleon and likewise, the magnetic dipole
moment generated by the spin angular momentum of this nucleon. Thus, we would write:

−̂→µ ` = g`
e~

2Mp

−̂→
L (4.29)

−̂→µ s = gs
e~

2Mp

−̂→s (4.30)

and for that nucleon:

−̂→µ j = g j
e~

2Mp

−̂→
j (4.31)

where

−̂→
j =
−̂→
` + −̂→s (4.32)

On the basis of these definitions, for the whole nucleus we would write:

−̂→µ J = gJ
e~

2Mp

−̂→
J (4.33)

where, as we know,

−̂→
J =

∑
k

−̂→
j k (4.34)

For convenience we introduce the definition of the following units:
Bohr magneton: µB ≡

e~
2m0

= 9.27400915 × 10−21erg/G

Nuclear magneton: µN ≡
e~

2Mp
= 1

1836µB = 5.05078324 × 10−24erg/G

By convention all magnetic moments are referred to the maximum value they can get along
the direction of an external magnetic field, which we choose coincident with the z direction.
They correspond, therefore, for the contribution of the orbital angular momentum, to the di-
rection where m` = ` and, for the contribution of the spin angular momentum, to the direction
where ms = s.

Likewise, we call the magnetic dipole moment of a nucleus, its maximum component in the
z direction (direction of the field), that is: µ ≡ µz in the state where mJ = J.

We would have then, for a particle with orbital angular momentum `: µ` = g` e~
2M ` and,

according to the previous definition for the component in the z direction: µ`z = g` e~
2M m`. It is

found that the magnetic dipole moment, in the z direction, due to the motion of the electrons
in the atom, is given by the expression: µ`z = e~

2m0
m` ∴ g` = 1 in this case. It is believed that

this is also true for the orbital motion of the protons in the nucleus, with the provision that m0

is replaced by Mp in the previous expression.
Regarding the magnetic dipole moment generated by the spin angular momentum:
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In the case of a charged body rotating around its own axis, the magnetic dipole moment it
generates can be found, classically, as calculated in the example depicted in Fig. (4.17). If we
assume that the charge distribution in the body is the same as the mass distribution, the same
previous result is obtained: µ`z = e~

2M m`.
On the basis of this result, we would then expect for the magnetic dipole moments generated

by the spin angular momentum of the electron, proton, and neutron, the values respectively
indicated in the third column of Table 1; however, the values experimentally obtained are those
indicated in the fourth column.

Table 1
Notation Particle Expected magnetic Measured magnetic

dipole moment dipole moment
µ(e)

s electron (in µB) −1/2 −1.00115965218076
µ

(p)
s proton (in µN) 1/2 2.792847356
µ(n)

s neutron (in µN) 0 −1.91304272

The magnetic dipole moment experimentally found for the electron is theoretically justified,
to the tenth decimal figure!, through the use of quantum electrodynamics. However, even if we
accept this result as applicable to the proton, we would still have to explain for the value of the
ratio µ(p)

s /µN , a difference of 1.79285, and in the case of the neutron, a difference of −1.91304.
Although some progress has been made in terms of the quark model of proton and neutron
(mainly in obtaining a very rough value of −2/3 for the ratio µ(n)

s /µ
(p)
s ), a theory that would

satisfactorily explain the absolute experimental values obtained for µ(p)
s and µ(n)

s is still lacking.
These results suggest that the electron is a very simple and well understood elementary particle,
and that on the other hand, the proton and neutron have very complex structures with non trivial
charge distributions.

We see then, by comparing the third and fourth columns in the table above, that approxi-
mately:

µ(e)
s = −2 e~

2m0
s = −2µBs ∴ g(e)

s = 2

µ
(p)
s = 5.586 e~

2Mp
s ∴ g(p)

s = 5.586

µ(n)
s = −3.826 e~

2Mp
s ∴ g(n)

s = −3.826

Depending on whether the nucleon is a proton or a neutron, we would have for the corre-
sponding gyromagnetic ratios:

g` = 1 gs = 5.586g` = 0 gs = −3.826 (4.35)

for protons and neutrons respectively
and in either case we would have, for the magnetic dipole moment contributed by the nu-

cleon: −→µ = −→µ` + −→µs

Restricting, for the time being, our discussion to a single nucleon, we see that although
−→µ` and −→µs are respectively aligned with

−→
` and −→s , due to the anomalies shown above for the
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values of g(p)
s and g(n)

s , the sum vector −→µ will not be aligned with
−→
j =
−→
` + −→s . Instead, it will

precess about
−→
j and only the component of −→µ in the direction determined by

−→
j , which we shall

designate as −→µ j, will remain constant. However, as
−→
j itself precesses about z (the direction of

an external magnetic field), the physical magnitude that can be experimentally measured is the
time average of −→µ j along the direction of the external field, that is, its component along the z
axis, which we shall designate as µ jz . We set to find this µ jz . Figure 3 represents a sketch of all
the vectors just described.

According to our previous definitions we write:
−→µ` = µNg`

−→
`

−→µs = µNgs
−→s

−→µ j = µNg j
−→
j

µ jz = −→µ j ·
−→
k where

−→
k represents the unit vector along z, therefore µ jz = µNg j

−→
j ·
−→
k = µNg j j

where j is the quantum number corresponding to the nucleon total angular momentum
−→
j .

Remembering: −→µ = −→µ`+
−→µs, we find its vector component on the

−→
j direction in the following

way:

−→µ j =

−→µ ·
−→
j∣∣∣∣−→j ∣∣∣∣


−→
j∣∣∣∣−→j ∣∣∣∣ =

(−→µ` + −→µs

)
·

−→
j∣∣∣∣−→j ∣∣∣∣


−→
j∣∣∣∣−→j ∣∣∣∣ = µN

(g`−→` + gs
−→s

)
·

−→
j∣∣∣∣−→j ∣∣∣∣


−→
j∣∣∣∣−→j ∣∣∣∣ = µNg j

−→
j

Therefore

g j =

(
g`
−→
` + gs

−→s
)
·

−→
j∣∣∣∣−→j ∣∣∣∣2 = g`

−→
` ·
−→
j∣∣∣∣−→j ∣∣∣∣2 + gs

−→s ·
−→
j∣∣∣∣−→j ∣∣∣∣2

From Fig. 3, and using the law of cosines, we see that:

∣∣∣−→s ∣∣∣2 =
∣∣∣∣−→j ∣∣∣∣2 +

∣∣∣∣−→` ∣∣∣∣2 − 2
−→
` ·
−→
j ∴
−→
` ·
−→
j =

∣∣∣∣−→j ∣∣∣∣2 +
∣∣∣∣−→` ∣∣∣∣2 − ∣∣∣−→s ∣∣∣2

2
and also: ∣∣∣∣−→` ∣∣∣∣2 =

∣∣∣∣−→j ∣∣∣∣2 +
∣∣∣−→s ∣∣∣2 − 2−→s ·

−→
j ∴ −→s ·

−→
j =

∣∣∣∣−→j ∣∣∣∣2 +
∣∣∣−→s ∣∣∣2 − ∣∣∣∣−→` ∣∣∣∣2

2
we get:

g j = g`

∣∣∣∣−→j ∣∣∣∣2 +
∣∣∣∣−→` ∣∣∣∣2 − ∣∣∣−→s ∣∣∣2

2
∣∣∣∣−→j ∣∣∣∣2 + gs

∣∣∣∣−→j ∣∣∣∣2 − ∣∣∣∣−→` ∣∣∣∣2 +
∣∣∣−→s ∣∣∣2

2
∣∣∣∣−→j ∣∣∣∣2

and remembering the relationship between the absolute value of angular momenta and their
corresponding quantum numbers:
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∣∣∣∣−→j ∣∣∣∣2 = j ( j + 1)
∣∣∣∣−→` ∣∣∣∣2 = ` (` + 1)

∣∣∣−→s ∣∣∣2 = s (s + 1)

g j = g`
j ( j + 1) + `2 − s2 + ` − s

2 j ( j + 1)
+ gs

j ( j + 1) − `2 + s2 − ` + s
2 j ( j + 1)

g j = g`
j ( j + 1) + (` + s) (` − s) + (` − s)

2 j ( j + 1)
+ gs

j ( j + 1) − (` + s) (` − s) − (` − s)
2 j ( j + 1)

we have to introduce here the two possible values for j:
Case a) j = ` + s = ` + 1

2 ∴ 2 j = 2` + 1

g(+)
j = g`

j ( j + 1) + (` + s + 1) (` − s)
2 j ( j + 1)

+ gs
j ( j + 1) − (` + s + 1) (` − s)

2 j ( j + 1)
=

g`
j ( j + 1) + ( j + 1) (` − s)

2 j ( j + 1)
+ gs

j ( j + 1) − ( j + 1) (` − s)
2 j ( j + 1)

=

g`
j + (` − s)

2 j
+ gs

j − (` − s)
2 j

= g`
2`

2` + 1
+ gs

1
2` + 1

= g` +
gs − g`
2` + 1

Case b) j = ` − s = ` − 1
2 ∴ 2 ( j + 1) = 2` + 1

g(−)
j = g`

j ( j + 1) + j
(
` + 3

2

)
2 j ( j + 1)

+ gs

j ( j + 1) − j
(
` + 3

2

)
2 j ( j + 1)

=

g`
( j + 1) +

(
` + 3

2

)
2 ( j + 1)

+ gs

( j + 1) −
(
` + 3

2

)
2 ( j + 1)

=

g`
2` + 2
2` + 1

+ gs
−1

2` + 1
= g` −

gs − g`
2` + 1

Results a) and b) can be combined:

g(±)
j = g` ±

gs − g`
2` + 1

And we finally get for the expression of µ jz = µNg j j :

µ(±)
jz

= j
[
g` ±

gs − g`
2` + 1

]
µN (4.36)
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4.4.9 The Single Particle Model - Schmidt lines

For complex nuclei, its magnetic dipole moment is the sum vector of the contributions coming
from the intrinsic spins and orbital motions of all its component nucleons.

Remembering the conclusions we arrived at when discussing nuclear angular momentum of
nuclei in this Chapter, all Z-even-N-even nuclei have J = 0 in their ground state. Therefore,
in principle, we can think of any odd-A nuclei as having an even-even core (with a J = 0
contribution to the total angular momentum, and therefore, also a µJ = 0 contribution to the
magnetic dipole moment) plus one nucleon outside that core that will be responsible for both
the total angular momentum and the magnetic dipole moment of such nucleus. This is the basis
of a very simple model of nuclear structure: the ”single particle model”.

Since, according to this model, the only contributor to both the total angular momentum
and the magnetic dipole moment of the nucleus is the single unpaired particle, let us study this
contribution for the two possible different cases we can have for an odd-A nucleus:

Odd A
{

Z odd, N even; the unpaired particle is a proton
Z even, N odd; the unpaired particle is a neutron

By means of expression (4.36)) above we can calculate the four different cases we can have
for an odd-A nucleus, namely: unpaired proton with spin up or spin down, and unpaired neutron
with spin up or spin down.

Taking into account that for the spin up case, j = ` + 1
2 we have: 2` + 1 = 2 j; and for spin

down, j = ` − 1
2 we have: 2` + 1 = 2 j + 2. Then, remembering the values for the gyromagnetic

ratios shown in (4.35 ), we get:

unpaired
proton


spin up µJz = J

[
g` +

gs−g`
2J

]
µN = J

[
1 + 5.586−1

2J

]
µN = (J + 2.29) µN

spin down µJz = J
[
g` −

gs−g`
2J+2

]
µN = J

[
1 − 5.586−1

2(J+1)

]
µN =

J
(
1 − 2.29

J+1

)
µN

(4.37)

unpaired
neutron


spin up µJz = J

[
g` +

gs−g`
2J

]
µN = J

(
−3.826

2J

)
µN = −1.91µN

spin down µJz = J
[
g` −

gs−g`
2J+2

]
µN = J

[
3.826

2(J+1)

]
µN =

J
(

1.91
J+1

)
µN

(4.38)

Notice that, since according to this model the nucleus total angular momentum J is the
same as the j of the unpaired particle, in the expressions above we have replaced j with J. As
we know, the possible values that J can take are: 1/2, 3/2, 5/2, 7/2, etc. Using these values we
can calculate, by means of expressions (7) and (8), the magnetic dipole moments predicted by
the single particle model. The results are shown in Table 2, and plotted in Fig. (4.18) below.
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Table 2
Magnetic dipole moment µJ (in units of µN)

Unpaired proton Unpaired neutron
J = L + 1

2 J = L − 1
2 J = L + 1

2 J = L − 1
2

J J + 2.29 J − 2.29J
J+1 −1.91 1.91J

J+1
1
2 2.79 −0.263 −1.91 0.637
3
2 3.79 0.126 ” 1.146
5
2 4.79 0.864 ” 1.364
7
2 5.79 1.719 ” 1.486
9
2 6.79 2.626 ” 1.563

etc.

Figure 4.18: Magnetic dipole moments predicted by the single particle model.

If we draw the magnetic dipole moments experimental values on this graph, for either case
(odd Z or odd N), they all fall in the region between the Schmidt limiting lines with a few
values on the lines themselves. This shows, on the one hand, that the magnetic moments must
be explained through some more complicated interaction that takes into account that nucleons
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are strongly correlated, and that just one unpaired particle with an even-even core is a very crude
approximation. On the other hand, the fact that the single particle model is able to predict the
lines between which all measured magnetic dipole moments fall, would show that this model
of individual nucleons moving in an average potential is certainly addressing to some pertinent
features of the nuclear structure.

Since, as we are seeing, the single particle model does not predict very well the magnetic
moments of odd A nuclei, we will not consider here the more complicated case of even A nuclei
with Z odd and N odd, with one unpaired proton plus one unpaired neutron outside an even-even
core.

4.4.10 Appendix: Magnetic fields and its sources

We now come to look at the magnetic field. Magnetic forces are produced by moving charges
and act on moving charges: particle 2 of charge, position and velocity (q2,

−→r 2,
−→v 2) exerts a force

−→
F 12 on particle 1 of charge, position and velocity (q1,

−→r 1,
−→v 1) given by

−→
F 12 =

q1

c
−→v 1 ×

−→
B(−→r 1) (4.39)

where c is the velocity of light, and
−→
B(−→r 1) is the magnetic field generated by particle 2

−→
B(−→r 1) =

q2

c
−→v 2 ×

−→r 1 −
−→r 2∣∣∣−→r 1 −
−→r 2

∣∣∣3 (4.40)

We can derive the magnetic field from a vector potential
−→
A(−→r ):

−→
B(−→r 1) =

−→
∇ r1 ×

−→
A(−→r 1)

with:

−→
A(−→r 1) =

q2
−→v 2

c
1∣∣∣−→r 1 −
−→r 2

∣∣∣ (4.41)

Magnetic dipole of a current loop

A current i in a closed loop is formed by differential elements of charge moving with speed v:

ρcv
−→
d` = i

−→
d`

where ρc is the linear charge density. The magnetic potential generated at −→r 1 by the loop is
the sum of the contributions (4.41) of each current element I

−→
d` :

−→
A(−→r 1) =

i
c

∮ −→
d`∣∣∣−→r 1 −
−→r

∣∣∣ (4.42)

95



Nuclear Physics

When we are interested in the potential at points far away from the loop r1 � r the expansion

∣∣∣−→r 1 −
−→r

∣∣∣−1
=

1
r1

+
−→r 1
−→r

r3
1

...

produces

−→
A(−→r 1) =

I
c

1
r1

∮
−→
d` +

I
c

1
r3

1

∮
−→
d`

(
−→r 1.
−→r + ∅(r)

)
(4.43)

and since
∮ −→

d` = 0:

−→
A(−→r 1) ' −

i
c

∮ −→r 1.
−→r

r3
1

` (4.44)

We calculate this integral for a general shape of the loop assuming it in a plane (x, y) for
simplicity

−→r = x̂ex + ŷey

−→
d` = dx̂ex + dŷey

=
(
cosα(`)̂ex + sinα(`)̂ey

)
d`

and choose the y axis so the field point −→r 1 is in the (y, z) plane (see Figure (??))

−→r 1 = y1̂ey + z1̂ez

= r1

(
sin θ̂ey + cos θ̂ez

)
then Eq. (??) results:

−→
A(−→r 1) � −

i
c

sin θ
r2

1

∮
y
−→
d`

= −
i sin θ

cr2
1

∮
y(dx̂ex + dŷey)

the integral
∮

ydy = 0 cancels, for
∮

ydx we calculate separately the contribution of the
branch y = y+(x) > 0 from the one with y = y−(x) < 0:

−→
A(−→r 1) �

i sin θ
cr2

1

êx

(∫ xmax

xmin

y+(x)dx +

∫ xmin

xmax

y−(x)dx
)

=
i sin θ

cr2
1

êx

∫ xmax

xmin

[
y+(x) − y−(x)

]
dx
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since y+(x) − y−(x) is the width of the loop at the value x, the integral gives the area Ω

enclosed by the loop:

−→
A(−→r 1) �

i sin θ
cr2

1

êxΩ (4.45)

The result (4.45) is valid for a general field point −→r 1, in each case the versor êx is normal to
the z axis and the vector −→r 1, so in spherical coordinates with êz as polar axis êx represents the
versor êϕ of the azimuthal angle ϕ:

−→
A(r1, θ, ϕ) =

iΩ
c

sin θ
r2

1

êϕ (4.46)

Defining the magnetic dipole vector in the direction n̂ = êz normal to the surface Ω

−→µ =
iΩ
c

n̂ (4.47)

the vector potential
−→
A results

−→
A(−→r 1) =

−→µ × −→r 1

r3
1

(4.48)

is of order r−2
1 and analogous to the electric potential φ produced by an electric dipole −→p :

φ(−→r 1) =
−→p .−→r 1

r3
1

The magnetic field
−→
B(−→r 1) =

−→
∇ r1×

−→
A(−→r 1) generated by the loop at distances r1 � r is, using

spherical coordinates

−→
B(−→r ) =

−→
∇ r ×

−→
A(−→r )

=
1

r sin θ
∂

∂θ

(
sin θAϕ

)
êr −

1
r
∂

∂r

(
rAϕ

)
êθ

=
iΩ
c

[
1

r sin θ
∂

∂θ

(
sin2 θ

r2

)
êr −

1
r
∂

∂r

(
sin θ

r

)
êθ

]
=

µ

r3

(
2 cos θ̂er + sin θ̂eθ

)
(4.49)

Magnetic dipole of a charge moving in a closed orbit

When a solitary charge e moves in a closed orbit the mean electric current in the loop is given
by

〈i〉 =
e
T
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The area enclosed by the orbit is given by

−→
Ω =

∮
1
2
−→r ×
−→
d`

−→
d` is along the tangent of the orbit, so we express it in terms of the velocity −→v of the particle:

−→
d` =

−→v
v

d`

so

−→
Ω =

1
2

∮ −→r × −→v
v

d`

both −→r and −→v depend on the position
−→
` . In the case where the charge is bound to a

central potential the angular momentum
−→
L = m−→r × −→v is an integral of the motion

−→
Ω =

−→
L

2m

∮
dt

=

−→
LT
2m

where T is the period. The magnetic dipole (4.47) then results

−→µ =
〈i〉Ω

c
n̂ =

e
−→
L

2mc
This result is valid in classical physics; in quantum physics we should replace the observ-

ables −→µ and
−→
L by operators acting on the wave function:

−̂→µ =
e
−̂→
L

2mc
=
−i~e
2mc
−→r ×
−→
∇ r (4.50)
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Chapter 5

Elementary notions about nuclear forces

5.1 Introduction

Until the atomic nucleus was discovered, all physical phenomena could be explained through
the known gravitational and electromagnetic forces. However, the existence of the nucleus and
the character of the forces holding it together presents a serious challenge:

• This force cannot be a classical force that depends only on the distance between particles.
Taking into account that in a nucleus of mass number A there are A (A − 1) /2 interacting
pairs, we would expect the total binding energy to be proportional to ∼ A2 and therefore
heavier nuclei to have their nucleons packed more closely together, thus presenting a
smaller and smaller radius and higher and higher density. However, we have seen in
previous chapters that, experimentally, B(A) is proportional to A and that nuclear matter
density is approximately constant.

• The gravitational potential energy between a proton and a neutron (with d ' 2×10−13cm)
is about 10−36 times smaller than the average binding energy for two nucleons: B/A '
8MeV.

• Since the neutron has no electrical charge, the electrostatic potential energy between pro-
ton and neutron is zero.

• The magnetic potential energy due to the interaction of proton and neutron through their
intrinsic magnetic moments µp and µn, is of the order of µpµn/d3 that for a separation
of d ' 2 × 10−13cm would only be about 0.03MeV. In any case, whether the acting
force is attractive or repulsive depends on the average relative orientations of proton and
neutron respective spins, but obviously this force will have opposite signs for parallel
and antiparallel spin orientations. However, it is known that in both cases the forces are
attractive and therefore nuclear forces cannot be of a magnetic origin.

We see then that gravitational, electrostatic, and magnetic forces are inadequate to explain
what holds nucleons in nuclei together, and they can only represent a very small perturbation to
the specific nuclear forces.
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Figure 5.1: Due to the short range of the nuclear force, nucleons only interact with closest
neighbors and keep relative distances close to r0. The constancy of the nuclear density suggests
a potential with a narrow minimum at r0, as shown in the inset.

In the case of the atom the electron-electron and electron-nucleus interactions are the elec-
tromagnetic forces, for the nucleus we have the added difficulty of finding an expression for the
potential generating the nuclear force (also called strong force). The formalism to describe both
problems is that of quantum mechanics.

The mere existence of the atomic nucleus as a bound system indicates that the force between
nucleons must be attractive and much stronger than Coulomb forces that tends to disrupt them.
The nuclear properties such as their density ρ, that is approximately constant except on or close
to the surface and with the same value for all nuclei, suggest that the potential between two
nucleons should be of very short range, and present a strong and narrow minimum at a distance
r0 fixed by the known nuclear density: ρ ≈ r−3

0 . Therefore, nucleons interact only with their
closest neighbors and move inside the nucleus keeping an approximate distance r0 between
them as depicted in Figure 5.1. The potential between– nucleons should then have a short and
strongly attractive part up to a distance r0 where it starts changing to a strong repulsive barrier.
Studies of nucleon-nucleon scattering at high energies give detailed information on the form
of the potential Vnn and its dependence on the separation, angular momentum and spin of the
nucleon pair (see the Appendix at the end of this Chapter).

Spin dependence of nuclear forces

In order to learn the most elementary characteristics of nuclear forces, we will study the different
ways in which two nucleons, namely: two neutrons, a neutron and a proton, and two protons,
can combine. This is analogous to basic studies in atomic physics where one starts with the
simplest atom one can think of, the hydrogen atom. We present what we know about two-
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Table 5.1: Nuclear properties of nuclei with two nucleons.
Di-neutron Deuteron Di-proton

n-n n-p p-p
Mass[u] unbound 2.0141017779 unbound
B [MeV] 2.224

J [~] 1
µ/µN 0.8574382308

Q
[
10-24cm2

]
0.002860

Half-life Stable

nucleon systems in Table 5.1.
Digression
Before continuing, we will refer to the meaning of the notation we will be using in what

follows.
As before, ` is the quantum number of orbital angular momentum and L is the quantum

number corresponding to the composition of more than one orbital angular momentum. In both
cases, the notation usually adopted is that historically used in atomic spectroscopy

Table 5.2: Atomic spectroscopy notation

` 0 1 2 3 4 5 6 .......
Symbol s p d f g h i .......

L 0 1 2 3 4 5 6 .......
Symbol S P D F G H I .......

where the first four letters come, respectively, from the old designation for the line spectra,
according to their intensity: sharp (or strong), principal, diffuse, and fundamental.

As we know, two nucleons can combine their intrinsic angular momentum (spin) in two
ways, antiparallel or parallel, respectively giving the total spin contribution of S = 0 or S = 1 to
the total angular momentum of the nucleus. As we have seen when studying angular momenta,
the spin can take 2S + 1 (= 1 or 3) different orientations in space and, therefore, when S = 0
it is customary to designate it as a singlet state, and as a triplet state when S = 1; thereby the
notation: 1XJ or 3XJ, where X stands for the symbol corresponding to the L value in Taable 5.2,
subscript J to the quantum number of total angular momentum, and superscript 1 or 3 to the
singlet or triplet character of the state in question. When speaking of forces between nucleons,
we shall use the notation 1 (np) or 3 (np) depending on whether the nucleons are respectively in
their singlet or triplet state. This also holds for the forces 1 (nn) and 1 (pp) whose lowest energy
state can only be singlet according to the Pauli exclusion principle.

Going back to Table 5.1, we see that the deuteron magnetic moment can be almost exactly
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accounted for by the combination of the intrinsic dipole moments of proton and neutron when
their spins point in the same direction (this also results in J = 1 for the deuteron):

µD ' µp + µn = 2.792847356 + (−1.91304272) = 0.879804636 in units of µN

this last value differs by only 2.6% of the experimental value shown for µD in Table 5.1.
This immediately suggests that in its ground state the deuteron is a pure 3S1 state. An S state
(L = 0) means spherical symmetry which would also mean, as we have seen in Chapter 4, an
electric quadrupole moment QD = 0 for the deuteron. However, we know that, although small,
as shown in Table 5.1 the deuteron has QD , 0, therefore cannot have spherical symmetry and
thus cannot be a pure S state; nevertheless, the very small value of QD confirms the almost
spherical symmetry of the state. Since the wave function describing the deuteron’s ground state
has to have a definite parity (given by Π = (−1)L) and, as just shown above, this wave function
is almost a pure 3S1 state (Π = (−1)0 = 1), it can only mix with an even L state. Let’s find
out now in how many ways can the constituents of a deuteron, a proton and a neutron, combine
their intrinsic spins and possible mutual orbital angular momentum, to result in the experimental
J = 1 for the deuteron’s ground state.

From the Notes on Quantum Mechanics:[2]

|J − S | ≤ L ≤ J + S (5.1)

We know that S can take up only two values, S = 0 or S = 1:
Then, for J = 1 and S = 0, replacing into 5.1 we get: 1 ≤ L ≤ 1 ∴ L = 1 which

would produce a 1P1 state.

while for J = 1 and S = 1 we get: 0 ≤ L ≤ 2 ∴ L = 0, 1, or 2 which would
respectively produce a 3S1, 3P1, or a 3D1 state.

These results can be pictured through vector diagrams, shown in Table 5.3.
It can be shown that in order to obtain the experimental value of the deuteron’s magnetic

moment, it is necessary to postulate that its ground state is a mixture of about 96% 3S1 plus 4%
3D1 wave. This means that the deuteron is in a 3S1 state roughly 96% of the time and in a 3D1

state the other 4%; this mixture also accounts for the existence of a quadrupole electric moment
for the deuteron.

Although, in principle, as seen in Table 5.3 the deuteron ground state could be a mixture of
1P1 and 3P1 states, it can be shown that if one tries to combine the theoretical dipole magnetic
moments corresponding to each of these states, it is impossible to reproduce the experimental
deuteron magnetic dipole moment, regardless of the proportion (from 0 to 100%) that we choose
for either 1P1 or 3P1.

It is an experimental fact that the deuteron has no excited state. The lowest excited state
we can think of would be that with proton and neutron antiparallel spins and no orbital angular
momentum (therefore no centrifugal force that would increase the energy of the state), that is
S = 0, L = 0, J = 0. Since the state S = 1, L = 0, J = 1 is bound, and S = 0, L = 0, J = 0
is not, this means that nuclear forces are spin dependent. It has to be pointed out that the force
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Table 5.3: P-N-configuration
Proton-neutron system configurations with J = 1

Even Parity States Odd Parity States

originated in this spin dependence is many orders of magnitude larger than that obtained from
the interaction of the nucleons magnetic moments.

As a consequence it can be stated that the (np) force is larger in the triplet state than in the
singlet state. This is a purely experimental result coming from the fact that the deuteron ground
state, having J = 1, is a 3S bound state while the 1S is unbound.

Briefly stated:

3 (np) > 1 (np)

result that is confirmed by all neutron-proton and proton-proton collision experiments.

5.2 Charge independence of nuclear forces

We want to see now whether proton and neutron, having different charge states, also have a
different behavior as far as nuclear forces are concerned. The first evidence of charge indepen-
dence comes from Table 1 where we see that (n-n) and (p-p) pairs are both unbound although
one could have expected it to be more likely for the (n-n) pair to be bound because they lack a
Coulomb repulsion.

To further look into the problem, let us study the systems consisting of three nucleons:
one proton with two neutrons and two protons with one neutron; thus, we will be respectively
comparing the 3H and 3He nuclei, whose nuclear characteristics are shown in Table 5.4.

A representation of these two nuclei showing the spin orientation of each nucleon is indi-
cated in Fig.5.2
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Table 5.4: Nuclear properties of nuclei with three nucleons
3H 3He

Mass [u] 3.016049277 3.016029319
J [~] 1/2 1/2
µ/µN 2.97896244 -2.12749772

B [MeV] 8.481 7.718
B per nucleon [MeV] 2.827 2.573

Decay mode 3H → 3He + β− + ν Stable
Half-life

[
y
]

12.32 ——
Decay energy [keV] 18.6 ——

Figure 5.2: Representation of 3H and 3He showing the spin orientation of each nucleon.

We want to write the binding energy of both 3H and 3He in terms of the three possible two
body interactions contributing in each case. Since we are dealing here with the specific nuclear
forces (not taking into account, for the time being, the Coulomb interaction between protons),
we refer to these binding energies as specific and designate them as Bspc.

Bspc

(
3H

)
=3 (np) +1 (np) +1 (nn)

Bspc

(
3He

)
=3 (np) +1 (np) +1 (pp)

These are all S state interactions because L = 0

We can write:

Bspc

(
3H

)
= 3 (np) + 1 (np) + 1 (pp)︸                       ︷︷                       ︸

Bspc(3He)

+ 1 (nn) − 1 (pp)︸           ︷︷           ︸
∆

= Bspc

(
3He

)
+ ∆ (5.2)

where the symbol ∆ stands for the difference in energy between the 1 (nn) and 1 (pp) inter-
actions.

Since there is no Coulomb repulsion in the 3H nucleus for it has one proton only, then
Bspc

(
3H

)
should be identical to the experimental binding energy B

(
3H

)
, as defined in Equation

(8) of Chapter 6. On the other hand, in the case of the 3He nucleus, the two-proton Coulomb
repulsion energy, Ep−p, subtracts from the purely nuclear binding energy Bspc

(
3He

)
, giving the

experimental binding energy B
(

3He
)
.
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Before continuing with our analysis of the 3H − 3He pair, let us first find an expression for
Ep−p:

We assume the two protons have a constant and the same probability of being found within
the volume of a spherical nucleus of radius R. Therefore, each proton generates a charge density:

ρ =
e

4
3πR3

and a potential U (r) = 2πρ
(
R2 −

r2

3

)

The interaction energy, Ep−p, of the charge density generated by one proton in the potential
due to the other one is given by:

Ep−p =

∫
Uρd−→r = 2πρ2

∫ (
R2 −

r2

3

)
r2drdΩ =

32
15
π2ρ2R5 =

6
5

e2

R

Remembering our definition of binding energy we now have:

B
(

3H
)

= MH + 2Mn − M
(

3H
)

= Bspc

(
3H

)
B

(
3He

)
= 2MH + Mn − M

(
3He

)
= Bspc

(
3He

)
− Ep−p

∴ Bspc

(
3He

)
= B

(
3He

)
+ Ep−p

Then, from expression 5.2, we can write:

B
(

3H
)

= Bspc

(
3H

)
= B

(
3He

)
+ Ep−p + ∆

and using the expressions for the experimental binding energies:

MH + 2Mn − M
(

3H
)

= 2MH + Mn − M
(

3He
)

+ Ep−p + ∆

after simplification:

Mn − MH︸     ︷︷     ︸
782.3 keV

−
[
M

(
3H

)
− M

(
3He

)]︸                    ︷︷                    ︸
18.6 keV

= Ep−p + ∆

On the assumption that ∆ = 0, we get:

Ep−p = 764 keV =
6
5

e2

R
(3He

) ∴ R
(

3He
)

=
6 × 1.44 × 10−13MeVcm

5 × 0.764MeV
= 2.26 × 10−13cm

and this is a very reasonable radius for a nucleus with A = 3 taking into account that
electron scattering experiments (see Chapter 4) give for 3He a root mean square radius equal to
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(1.97 ± 0.10) × 10−13cm, if a Gaussian charge distribution is assumed (Phys. Rev. Letters 11,
132 (1963)).

The conclusion is that the assumption ∆ = 0 is a reasonable one, in which case we can write:
1 (nn) = 1 (pp) .

Mirror nuclei Two nuclei, having the same mass number A, are said to be mirror nuclei (or
Wigner nuclei) when the number of protons in one of them is equal to the number of neutrons
in the other and vice-versa; that is, (Z,N) and (N,Z) are mirror nuclei. Examples: 50

28Ni − 50
22Ti,

12
7 N − 12

5 B, 31
16S − 31

15P. In what follows we will study neighbors mirror nuclei, that is, two nuclei
that have the same Z = N core with one nucleus having one single proton outside that core and
the other nucleus one single neutron; thus, the nuclei in question are (Z + 1,N) and (Z,N + 1).

The 3H − 3He pair just studied are neighbors and the lightest mirror nuclei, with Z = N = 1
(in reality, proton and neutron are mirror nuclei). We now want to extend that study to heavier
mirror nuclei.

We see that, as far as interaction energies between all possible pairs are concerned, the
difference between two neighboring mirror nuclei is that in one case the extra proton interacts
with the (Z,N) core while in the other case it is the neutron that interacts with the same (Z,N)
core, with all interactions between members of the core being of course equal in both cases.

Figure 5.3 represents two neighboring mirror nuclei and, to the right, in each case, the sum
of the outside nucleon interaction with each nucleon within the core. All possible interactions
between nucleons within the core are omitted in both cases because, as mentioned above, they
are in principle identical.

Figure 5.3: Neighboring mirror nuclei (Z + 1,N), (Z,N + 1). At the right, the sum of the outside
nucleon interaction with each nucleon within the core.

When comparing these interactions, we see from the graph that, because Z = N, the number
of all (np) interactions in one nucleus equals the number of all (pn) interactions in the mirror
nucleus, therefore they cancel out. Thus, the difference in binding energy between mirror nuclei
should be, as seen in the graph, due to the possible difference between (pp) ( Z in number) and
(nn) ( N = Z in number) interactions.

Using the same notation as before we can write, for the binding energies of the (Z + 1,N)
and (Z,N + 1) nuclei, respectively:

Bspc (Z + 1,N) = B (Z + 1,N) + ECoul (Z + 1) (3) (5.3)
Bspc (Z,N + 1) = B (Z,N + 1) + ECoul (Z) (5.4)
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As for the case of 3H and 3He, we first assume that (nn) and (pp) forces are equal. If this
assumption is true, expressions (3) and (4) should also be equal. In terms of nuclear masses this
is:

(Z + 1) MH + NMn−M (Z + 1,N)+ ECoul (Z + 1) = ZMH + (N + 1) Mn−M (Z,N + 1)+ ECoul (Z)

After simplification and rearrangement:

(Mn − MH) + [M (Z + 1,N) − M (Z,N + 1)]︸                                 ︷︷                                 ︸
∆M

= ECoul (Z + 1) − ECoul (Z)︸                         ︷︷                         ︸
∆ECoul

(Mn − MH) + ∆M = ∆ECoul (5.5)

For the Coulomb interaction between two protons we found before:

Ep−p =
6
5

e2

R

For a nucleus with Z protons we have Z (Z − 1) /2 pairs of p − p Coulomb interactions, in
which case the total Coulomb repulsion will be:

ECoul (Z) =
3
5

e2

R
Z (Z − 1)

Then we get:

∆ECoul = ECoul (Z + 1) − ECoul (Z) =
3
5

e2

R
[(Z + 1) Z − Z (Z − 1)] =

3
5

e2

R
2Z

As immediately seen from Fig. 5.3, in mirror nuclei, A = 2Z + 1, and remembering that
R = r0A1/3 we get:

∆ECoul =
3
5

e2

r0

A − 1
A1/3 therefore, from (5): ∆M =

3
5

e2

r0

A − 1
A1/3 − (Mn − MH) (5.6)

where ∆M = M (Z + 1,N) − M (Z,N + 1) is readily obtained from atomic mass tables. It
is clear from 5.6 that a plot of ∆M as a function of (A − 1) /A1/3 should result in a straight line
with a slope equal to 3e2/5r0 and a y intercept equal to − (Mn − MH) = −0.782MeV. This plot
is shown in Fig. 5.4 below.

Although the y intercept is not quite −0.782MeV, when more refined models are applied to
the previous calculations, the agreement with this expected value is good, which substantiates
the original assumption we made when comparing expressions 5.3 and 5.4, that the 1 (nn) and
1 (pp) forces are equal. This is the principle of charge symmetry of nuclear forces which is
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Figure 5.4: Experimental results for ∆M as a function of (A − 1) /A1/3, following an approxi-
mately linear dependence.

generalized by assuming that for equal spin and angular momentum states of two nucleons,
nuclear forces are the same:

1 (np) = 1 (pp) = 1 (nn) (5.7)

which is also expressed as: nuclear forces are charge independent. This principle has been
confirmed by all experimental results in nuclear physics. Just to mention a few:

1) In proton-proton and neutron-proton collision studies, the S wave scattering is in both
cases the same for the singlet state where the comparison is possible.

2) The nucleon-nucleon scattering at high energies does not violate the charge independence
principle.

3) Comparing the three nuclei comprising the isobaric triplet 14
6 C, 14

7 N, and 14
8 O, we see that

they all have a common structure made up of 6 protons and 6 neutrons, with 14C having an extra
two neutrons, 14

7 N an extra proton-neutron pair, and 14
8 O an extra two protons. This situation is

represented in Fig. 5.5.
The lower part of Fig. 5.5 shows a simplified sketch of the structure common to the three

isobars. Adding to this structure the three possible combinations of two nucleons, we get
14
6 C, 14

7 N, and 14
8 O. Because of the Pauli exclusion principle, 14C makes up its ground state with

the two extra neutrons opposing their spins, thus: Jg.s.

(
14C

)
= 0+; likewise, 14O makes up its

ground state with the two extra protons opposing their spins, thus: Jg.s.

(
14O

)
= 0+. In the case

of 14N, its lowest possible energy state is that with parallel spins for the proton-neutron pair
(as should be expected taking into account that the (np) interaction is strongest in its triplet
state), thus: Jg.s.

(
14N

)
= 1+; the first excited state of 14N is at 2.31MeV above its ground state,

which is achieved by flipping the spin of one of the constituents in the proton-neutron pair, thus:
Jexc

(
14N

)
= 0+. Since what we are trying to establish here is the validity, or not, of expression

5.7, we have to compare the ground states of 14C and 14O with the first excited state of 14N,
where in all three cases we have singlet interactions. Once differences in Coulomb repulsion
energies, as well a differences due to proton-neutron mass difference, are taken into account, all
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Figure 5.5: Structure of the isobaric triplet 14
6 C, 14

7 N, and 14
8 O, with a common structure made

up of 6 protons and 6 neutrons, with 14C having an extra two neutrons, 14
7 N an extra proton-

neutron pair, and 14
8 O an extra two protons.

three states we are considering happen to have approximately the same total energy, thus giving
strong support to expression 5.7.

It is here worth noting the following: as seen in Chapter 1, stable light nuclei tend to have
Z = N, with the ratio N/Z increasing as nuclei gets heavier, which is reflected in the bending
downwards of the stability line when N is represented on the x− axis. Therefore, all unstable
nuclei on the Z = N line tend to change one of its protons into a neutron, thus getting closer
to the stability line. This process, where a positive electron is emitted, is called ”β+ decay”. In
fact, all mirror nuclei we were just considering, except for the pair 3H−3He, follow the process:

M (Z + 1,N)
β+

−→ M (Z,N + 1). As we shall see when studying the energetics of this decay, the
maximum kinetic energy of the emitted β+ is given by: Eβmax = ∆M − 1.022MeV; therefore,
according to expression 5.5 we can write:

Eβmax = ∆ECoul − (Mn − MH) − 1.022MeV =
3
5

e2

r0

A − 1
A1/3 − 1.804MeV

which can be approximated to:

Eβmax =
3
5

e2

r0
A2/3 − 1.804MeV (5.8)

In the early stages of nuclear physics, when atomic masses were not as precisely known
as they are today, a plot of equation 5.8, the maximum β+ energy as a function of A2/3 in the
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decay of mirror nuclei, produced one of the first determinations of the nuclear radius constant:
r0 ' 1.45 × 10−13cm.

In our case, the slope of the straight line represented in Fig. 3 is 0.683MeV, that combined
with the value e2 = 1.44MeVcm results in a nuclear radius constant: r0 = 1.26 × 10−13cm.

5.3 Saturation of nuclear forces

As pointed out at the introduction to this chapter, in a nucleus of mass number A there are
A (A − 1) /2 interacting pairs and we would in principle expect the total binding energy to be
proportional to ∼ A2. However, we know from the curve B(A)/A vs. A, that it reaches a wide
plateau thus showing that B(A) is proportional to A. This clearly shows a saturation character
of nuclear forces. By studying the progressive changes in energy per bond, and in energy per
nucleon, as A increases, we can appreciate this saturation character in Table 4 below.

We can observe at the beginning of the Table that as A increases, the energy per bond
shown in the 6th column also increases. However, this value drops abruptly for A > 4, a clear
manifestation of saturation of nuclear forces. Of course, and because of this saturation property,
the energies per bond shown in column 6 for higher Ás have no physical meaning.

5.4 Appendix

Nucleons are composite particles

The spatial structure of nucleons can be inferred from experiments of electron dispersion. In
analogy with the Rutherford experiment of alpha particles on gold atoms, the dispersion of
electrons with energies of several hundred MeVs on nucleons indicates that the electrical charge
of a nucleon is distributed in three point particles: a proton is formed by two particles identified
as u of charge +2e/3 and one called d of charge −e/3, while the neutron is formed by two of
charge −e/3 and one of +2e/3. These particles are called quarks.

Any composite system with spin 1/2 must contain an odd number of fermion constituents
of spin 1/2, so the quarks are fermions of spin 1/2. Therefore, fermions may be formed as a
bound state of an odd number of quarks, and bosons with an even number of quarks, see Figure
5.6.

The mass of the quarks are not exactly known because they can not be found isolated, so
our knowledge of their masses is indirect.

Quarks belong to a family of six members (called six ”flavors”) together with the corre-
sponding antiparticles:
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Table 5.5: Saturation of nuclear forces
B (A) Energy per Energy per B/A2

A Nucleus Bond diagram Number bond nucleon
of bonds [MeV]

2 2H chch 1 2.22 2.22 1.11 0.556

3 3He chch 3 7.72 2.57 2.57 0.858

4 4He chch 6 28.30 4.72 7.07 1.77

6 6Li chch 15 31.99 2.13 5.33 0.889
...

7 7Li
... 21 39.24 1.87 5.61 0.801

9 9Be 36 58.16 1.62 6.46 0.718
10 10B 45 64.75 1.44 6.48 0.648
11 11B 55 76.20 1.39 6.93 0.630
12 12C 66 92.16 1.40 7.68 0.640
13 13C 78 97.11 1.24 7.47 0.575
14 14N 91 104.7 1.15 7.48 0.534
...

...
...

...
...

...
...

56 56Fe 1540 492.3 0.320 8.79 0.157
...

...
...

...
...

...
...

208 208Pb 21528 1636.39 0.076 7.87 0.038

Name symbol Mass(MeV/c2) Charge(e)
up u 1.5-3.3 2/3
down d 3.5-6.0 -1/3
charm c 1160-1340 2/3
strange s 70-130 -1/3
top t 169100-173300 2/3
bottom b 4130-4370 -1/3
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Figure 5.6: Up (u) and down (d) quarks and antiquarks in bound states generate protons, neu-
trons, pi-mesons and the rest of hadrons. The colors represent different types of strong charge.

Quarks are never found isolated and interact through a field called of gluons, analogous to
the photons for the electromagnetic interaction that exchange energy and momentum between
particles; this field should grow undefinitely with distance preventing the existence of isolated
quarks.

The proton is a bound state (uud) while the neutron is (ddu). There is an analogy with
the case of bound states of neutral atoms where the interaction is the electromagnetic field:
for the atom the Coulomb forces between electrons and the nucleus inside the atom are much
stronger than the external forces between atoms, similarly for the nucleon the strong gluon
field between the three quarks falls abruptly to zero outside the nucleon producing a weaker
interaction between nucleons.

The nuclear force can therefore be understood as a residual effect of the even more powerful
strong force which binds quarks together, to form the nucleons themselves. While the strong
force naturally explain the interaction between nucleons, a simple model presented by Hidei
Yukawa in 1934 continues to be the preferred approach to study the nucleon-nucleon interac-
tion. Yukawa proposed the existence of light mesons as the particles that exchange energy and
momentum between nucleons, with nucleons and mesons assumed as elementary particles. The
success of his model was reinforced when the π meson was discovered in 1947.

The nuclear forces arising between nucleons can be seen analogous to the forces between
neutral atoms produced by induced dipole moments, called van der Waals forces; they are much
weaker than the attractive electrical forces that hold the atoms themselves together and their
range is shorter. The Yukawa equivalent in atomic physics could be a model where the van der
Walls force is transmitted by short range photons emitted by induced atomic dipoles.

Another interaction between quarks is the weak interaction. There are three weak interaction
fields, each with its associated particle that carries energy, momentum and now also mass and
electrical charge: the Z, W+ and W− bosons with masses of the order of 90GeV/c2; we will see
that the range of the forces is inversely proportional to the mass of the associated particle, so
this is really a ”weak interaction” because its range is of the order of 10−3 f m.

By the weak interaction a d quark transforms in a u quark plus an electron and neutrino:
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d = u + e− + νe

that makes the neutron unstable, decaying in a proton plus an electron and a neutrino:

n→ p + e− + νe

The mean life of a neutron is of the order of 15 minutes, pointing the weakness of the
interaction. Furthermore, when the neutron belongs to a nucleus the decay may be prohibited:
the energy liberated in the neutron decay should be larger than the change in the energy of the
nucleus U(Z + 1,N − 1) − U(Z,N).

5.4.1 Forces in Quantum mechanics

Newton postulated the instantaneous propagation in vacuum of the force of gravitation between
massive bodies, but he never was convinced of his proposal.

Special Relativity and Quantum Mechanics postulate that forces are originated in the ex-
change of particles carriers of energy-momentum between bodies, and the speed of those parti-
cles is limited by the speed of light. The classical concept of action at a distance is abandoned:
two charges exchange photons, two masses gravitons, two nuleons π mesons by the nuclear
force and W,Z± bosons by the weak force.There are interacting particles and messenger parti-
cles created and absorbed by them.

The emission of a photon by an isolated charge violates the conservation of energy and
momentum, but the energy-time uncertainty principle allows the existence of the photon for a
time interval δt given by

δEδt ∼ ~

if the emitted photon has energy E = ~ω the uncertainty δE in the energy is at most E :

δt ∼ ~/E
∼ ~/ω

since the frequency can be as small as desired the photon may travel a distance δr ∼ c~/ω→
∞ as ω → 0, so the electromagnetic is a long range interaction. The same happens for gravita-
tion, the particle that carries this interaction is the graviton which as the photon has null mass
and moves at the speed c. Different is the case of forces mediated by particles with finite mass.

The force between nucleons is called the nuclear force and originates in the strong interac-
tion between quarks, the particles that carry this force are pi mesons, bosons of zero spin and
electric charges 0, +1 or -1; their masses are

Mπ+ = Mπ− = 139.57MeV/c2

Mπ0 = 134.96MeV/c2
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The energy uncertainty due to a nucleon that emits a πmeson is then of the order of 135MeV ,
so the lifetime τ of the π meson is limited by the energy-time uncertainty principle:

τ . δt ' ~/Mπc2

so, since the speed is limited by c the distance cτ traveled by the π meson is at most

cτ . ~/Mπc = 1/µ

This is the range of the nuclear force, of the order of 1.4 f m.
We will infer the potential energy Vn(r) of the nuclear force mediated by the π meson field

assuming an analogy with the electric potential mediated by the photon field and determined by

the wave equation[3], obtained by replacing the momentum and energy operators −̂→p = −i~
−→
∇ r,

Ê = −i~ ∂
∂t in the energy-momentum relation for a photon c2 p2 = E2:

∇2
rφ(−→r , t) =

1
c2

∂2

∂t2φ(−→r , t) (5.9)

with solution

φ(−→r , t) = Ve(r)τ(t)

=
e
r

e−iωt

For the meson field of the nuclear force the relation between energy and momentum includes
the meson rest mass

c2 p2 + M2
πc

4 = E2

so the wave equation proposed is

∇2
rφπ(
−→r , t) + M2

πc
2φπ(−→r , t) =

1
c2

∂2

∂t2φπ(
−→r , t)

with solution

φπ(−→r , t) = Vπ(r)e−iωt

Vπ(r) = γ2 e−µr

r
(5.10)

where µ = Mπc/~, and γ is a constant that occupies the place of the electric charge e and is
fixed by the boundary conditions satisfied by the nuclear force. The result (5.10) was obtained
by H.Yukawa in 1937.

Since there are three types of pions there are three energies of interaction of the form (??),
those mediated by charged pions π+, π− exchange the electrical charges of the nucleons trans-
forming protons in neutrons and viceversa. These interactions do not act between nucleons of
the same type: (p,p) or (n,n).
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The result obtained for the nuclear force can be applied to the weak interaction replacing in
the exponent µ the mass Mπ ' 135MeV by that of the W,Z+ or Z− bosons: MW ' 9 × 104MeV:
µ = MWc/~ ' 10−3 f m., that is the extremely small range of the weak force.

5.4.2 Internucleon potential energy

The Yukawa potential explains the short range of the force between two nucleons, but the inter-
action is much more complex and can not be described by a simple attractive central potential.

The study of two-nucleon systems show that only the (pn) pair presents a bound state, the
deuteron, with well defined energy eigenvalue E = 2.22495 MeV , total angular momentum
and spin quantum numbers J = 1, S = 1. We notice from these measurements that the spin
magnitude S is a good quantum number, so the ground state wavefunction can be separated in
space and spin coordinates

ψ(−→r , t) = φ(−→r )χS =1(σ1, σ2)

Also, the absence of a (pn) singlet state S = 0 of the same energy with identical space
wavefunction φ(−→r ), allowed because p, n are distinguishable particles, indicates that the nu-
clear potential V̂N(−→r ) must depend on the spin operators −̂→s 1,

−̂→s 2.
The orbital angular momentum of the deuteron is a mixture mainly of L = 0 with a small

presence of L = 2 states, so L is not a constant of the motion and there must be a torque
−→
N = −→r ×

−→
F acting on −→r . The vector

−→
N can not be chosen arbitrarily but it should correspond to

some direction fixed by the system of particles, and the only one for the deuteron is that of the

total spin
−̂→
S , a constant of the motion. The associated potential energy is assumed to depend on

−̂→
S .−→r ; this is called the tensor contribution to V̂N .

Another dependence on the spin manifests in large nuclei, where nucleons generate a shell
structure that can be explained by the presence of a large spin-orbit coupling that may con-

tribute to the potential with terms of the form
−̂→
S .
−̂→
L .

An approximate expression for V̂n(−→r ) can be built incorporating pure central, tensor and
spin-orbit contributions; the proposed spin dependence is chosen for its simplicity rather than
completitude:

V̂n(−→r ;
−̂→
S ) = VC(r; S ) + VT (r)


(
−̂→
S .−→r

)2

r2 −
−̂→
S .
−̂→
S

 + VS O(r)
−̂→
S .
−̂→
L (5.11)

The functions Vi(r) have the same general behaviour of the Yukawa potential at medium
and large values of r, and present a sharp repulsive barrier at r < 1 f m. They have adjustable
parameters that are fixed to reproduce as close as possible observed properties of systems of two
nucleons, both of the bound state of (pn) and the p→ p, n→ n and p→ n binary collisions: the
elastic cross sections have been measured with high precision and in a wide range of energies
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Figure 5.7: Central, tensor and spin-orbit contributions to the nuclear potential defined in
Eq.(5.11) optimized from experimental results of n-n, p-n and p-p collisions. Singlet and triplet
states have different forms of central potential, and only triplet states have non-zero tensor and
spin-orbit contributions.

in the late seventies by French laboratories and the optimized result of Eq.(5.11) is the so called
”Paris potential”[2]. The optimized forms for the functions VC, VT , VS O are shown in Figure
5.7.

Only the triplet states see the spin dependence of the potential, while cross sections data for
nucleons in the singlet state lead to the same internucleon potential. The binding of the deuteron
is due to the deep attractive well of the tensor contribution to V̂n.

The proposed potential V̂n(−→r ;
−̂→
S ) describes direct interactions between two nucleons where

each particle conserve its original electric charge. There are processes where the charge is ex-
changed between nucleons, in the formalism of field theory where the nucleons emit and absorb
mesons this corresponds to the exchange of charged π± mesons; in principle a model exchange

potential V̂ex
n (−→r ;

−̂→
S ) with the form of (5.11) could be built from experimental measurements.

The problem with this phenomenological approach is that heavier mesons other than pions
are exchanged by the nucleons as well as they simultaneously absorb and emit two, three or
more mesons. The systematic inclusion of all these processes requires the use of the formalism
of relativistic quantum field theory, either at the level of meson exchange or the really rigorous
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and fundamental quantum chromodynamics, where quarks interact exhanging gluons. The lat-
ter is a formalism analogous to electrical charges exchanging photons within an atom or with
charges belonging to other atoms.
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Chapter 6

Nuclear binding energy

To understand the important concept of binding energy of a complex system let us first accept:
a) the principle of conservation of energy
b) the special theory of relativity
Let us imagine now we make the following experiment: we have in our hands a certain

object, say a piece of chalk, and we want to split it in two. Calling M the mass of this piece of
chalk, according to b) the total energy contained in the chalk is E = Mc2. We now break the
chalk in two different pieces with arbitrary masses M1 and M2 whose respective total energies
are, again according to b), M1c2 and M2c2. Since the two new pieces originated from M, if we
are not careful in our way of thinking we would wrongly state that

Mc2 = M1c2 + M2c2 (6.1)

and this would be wrong because we would be ignoring a), the principle of conservation of
energy. In effect, there is no doubt that the original chalk will not break spontaneously and that
it will remain in one piece forever unless we exert some force on it and break it. Therefore, if
we are to break the original chalk in two, we have first to spend some energy in the process; let
us assume we spent an energy B1−2 in breaking the chalk; we can now correct expression (6.1)
above and write:

Mc2 + B1−2 = M1c2 + M2c2 (6.2)

from where we get
B1−2 = (M1 + M2 − M) c2 (6.3)

Since B1−2 has to be greater than zero, we conclude:

M1 + M2 > M (6.4)

and unless we are willing to renounce to either a) or b) above, expression (6.4) is a true and
inescapable result. We can now split both M1 and M2 in two pieces each, and keep on splitting
every new piece in two until we have reduced the original chalk to a fine powder . If we assume
that this powder is made up of n small particles, each of mass mi, and that to reach that state we
have spent an energy B, then according to (6.3) we can write:
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Figure 6.1: Energy to be provided for the dissociation of nucleus (Z,N) into Z free protons and
N free neutrons.

B =
∑n

i=1
mic2 − Mc2

then ∑n

i=1
mi > M (6.5)

Regarding expression (6.4), or for that matter expression (6.5), notice that, even for a piece
of chalk, Mc2 is such a large energy (for M=10 grams, Mc2 is equivalent to the energy delivered
by a 600 MW powerhouse during 17 days) that the energy spent in breaking it, or smashing it
to powder, is totally negligible when compared to Mc2. Therefore, although (6.4) and (6.5) are
indeed correct, and although we can measure macroscopic weights down to say 10−7 grams, to
all practical purposes we cannot physically detect a mass difference between (M1 + M2) and M
(the mass difference would be roughly in the order of 10−18 grams). However, as we shall see,
in the domain of atomic and nuclear physics these mass differences can be easily measured.

Expressions (6.4) and (6.5) tell us that any body has a mass that is smaller than its con-
stituents. We can now understand why B1−2 is called a ”binding energy”: B1−2 is the energy
with which M1 and M2 are bound together to form M. In other words, as we have already seen
B1−2 is the energy necessary to separate M in M1 and M2. Or conversely, B1−2 is the energy that
would be released if we were able to join M1 and M2 back to the original chalk of mass M.

Extending these ideas to the field of nuclear physics, we want to find the binding energy of
the nucleus (Z,N), that is, the energy necessary to separate the Z protons and N neutrons an
infinite distance from each other. Figure 6.1 depicts schematically what would be the initial and
final states in this process.

According to what we have seen already, we can write:

Mnucleus (Z,N) c2 + Bnucleus (Z,N) = ZMpc2 + NMnc2 (6.6)

Bnucleus (Z,N) =
[
ZMp + NMn − Mnucleus (Z,N)

]
c2

Since what we experimentally know are the masses of neutral atoms, in practice we define
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the nuclear binding energy B (Z,N) as:

B (Z,N) = [ZMH + NMn − M (Z,N)] c2 (6.7)

where, in expression (6.6), we have added Z electrons to each side of the equation, thus
getting the mass of the neutral atom M (Z,N) instead of the mass of the bare nucleus on the left
side, and the mass of Z neutral hydrogen atoms instead of the mass of Z protons on the right
side. In reality, in going from expression (6.6) to expression (6.7), we are neglecting to consider
the binding energy of electrons in the atom. However, they are negligible when compared to the
nuclear binding energy B (Z,N). It is easy to show that B (Z,N) = Bnucleus (Z,N) + Belectrons (Z)−
ZBH, where Belectrons (Z) represents the binding energy of all electrons in the atom (Z,N), and
BH (equal to 13.6eV) the binding energy of the hydrogen atom. An approximate semi empirical
formula for calculating Belectrons (Z), based on the Thomas-Fermi model of the atom, is the
following: Belectrons (Z) = 15.73Z7/3 in eV (not valid for low Z). What we are stating above is
that B (Z,N) ' Bnucleus (Z,N) because Bnucleus (Z,N)≫ Belectrons (Z) − ZBH

A few examples are shown in Table 6.1.

Table 6.1: Nuclear binding energy of some nuclei.
Nucleus B [MeV] Belectrons (Z) − ZBH [MeV]

2
1H 2.22 0.0
12
6 C 92.2 0.00095

40
20Ca 342 0.0168
120
50 S n 1021 0.1442
208
82 Pb 1636 0.4584
238
92 U 1802 0.5998

We see that in the worse case, 238U, the difference between B and Bnucleus is only about 0.03.
In Figure 6.2 we consider the process depicted in Fig. 6.1 in reverse. If we had an assem-

blage of Z protons and N neutrons separated an infinite distance from each other (that is, no
interaction between them) and were able to bring them together to form the nucleus (Z,N), we
would then get a release of energy equivalent to the mass disappeared in the process, which will
be given by the same expression (6.7):

In order to drop the constant c2, it is customary to express masses directly in units of energy,
either keV or MeV. We would now simply have

B (Z,N) = ZMH + NMn − M (Z,N) (6.8)

The energy-equivalent factor is given by: c2 = 931.494013MeV/u
where, as we know:
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Figure 6.2: Energy release in the formation of the nucleus (Z,N) starting from Z and N free
nucleons.

1u =
M

(
12C

)
12

= 1.66053873 × 10−24g

= 931.494013MeV (6.9)

In these units we have

MH = 938.7829835MeV
Mn = 939.5653304MeV
m0 = 0.5109989013MeV

We had mentioned before that for any macroscopic mass, Mc2 represents an enormous
amount of energy. Let us see how much energy there is in a mass of 1kg; from (6.9) we get:

1kg =
931.5MeV

1.66 × 10−27 = 5.6 × 1029MeV = 9 × 1016J

' 1017Ws = 2.5 × 1010kWh = 2.8 × 103MWy

This last figure is equivalent to the energy that the nuclear power plant Atucha I (∼350
MW) would deliver during 8 years. But, as we shall see, we can only use a small percentage
of the nuclear energy contained in matter. This is because the final form after any nuclear
transformation is still matter (the ”ashes” left after the ”combustion”), therefore what we can
use is only the difference between the initial and final state, that is, the energy that bound them
together, B, before the event took place (an exception to this is the annihilation between a
particle and its anti-particle, where 100% of matter is converted into radiation energy). Even so,
nuclear energy is, by and large, more efficient than any of the other forms of energy contained
in matter.

From Eq. (6.8) we have: M (Z,N) = ZMH + NMn − B (Z,N) and since Mn ' MH
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Table 6.2: B (Z,N) as compared to M (Z,N) for a few nuclei.
Nucleus M (Z,N) [u] M (Z,N) [MeV] B (Z,N) [MeV]
deuteron 2.014102 1876.124 2.224

triton 3.016049 2809.432 8.481
3He 3.016029 2809.413 7.718

α particle 4.002603 3728.401 28.295
...

...
...

...
56Fe 55.934937 52103.059 492.250
...

...
...

...
118Pd 117.919064 109840.903 991.797
118Sn 117.901608 109824.642 1004.930
...

...
...

...
236U 236.045569 219875.034 1790.365

then M (Z,N) ' (Z + N) MH − B (Z,N) = AMH − B (Z,N); since M (Z,N) ' AMH

we conclude that B (Z,N) � AMH or similarly B (Z,N) � M (Z,N)
This can be seen in the few examples shown in Table 6.2 by comparing columns 3 and 4.
We see that for 56Fe, its binding energy is close to 1% of the total mass of the nucleus.

Except for the lightest nuclei, this is about true for all nuclei.
We may ask now: with what average energy is each nucleon bound to its nucleus? That is,

we are interested in the behaviour of the relation B (Z,N) /A.
Figure 6.3 shows the behaviour of B (Z,N) /A vs. A

Figure 6.3: Binding energy as a function of the mass number A.

We observe that for most nuclear species: B (Z,N) /A ' 8MeV with a wide plateau at around
A ' 60.

An inspection of this curve also shows that it is possible to obtain energy either from the
aggregation of two light nuclei–nuclear fusion–or from the splitting of a heavy nucleus into
two lighter ones–nuclear fission. In effect, the graph shows that if two light nuclei are fused
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together, the result is a heavier, more strongly bound nucleus which means a lower total mass
and therefore there must be a release of energy. On the other extreme, if a heavy nucleus could
be split into two lighter ones, the two resultant nuclei shall be more strongly bound than the
original one and a similar argument applies.

To put these considerations into numbers we use Table 2: if we were able to join two protons
and two neutrons into an alpha particle, energy in the amount of 28.3MeV would be released
when this alpha particle is formed. However, it is not easy, if not impossible, to get together
in the laboratory two free protons and two free neutrons to form an alpha particle. We can,
however, get the same final result by fusing two deuterons, or a proton to a triton, or a neutron
to a helium-3 particle. The energy released in these cases will be less than the 28.3MeV binding
energy of an alpha particle because in each case we start out with an already formed particle,
therefore some energy (which is ”lost” to us) had been released beforehand. From the values
shown in the fourth column of Table 2 we can calculate the energy released in each case:

2 protons + 2 neutrons release 28.3MeV
1 deuteron + 1 deuteron release 28.3 − 2 × 2.2 = 23.9MeV
1 triton + 1 proton release 28.3 − 8.5 = 19.8MeV
1 3He + 1 neutron release 28.3 − 7.7 = 20.6MeV

Therefore, when an alpha particle is assembled with the naturally possible lighter parti-
cles, the energy released is roughly 20MeV. That is, in nuclear fusion the energy released per
intervening nucleon is approximately 20MeV/4 = 5MeV/nucleon.

We have circumscribed this discussion to the alpha particle because it is the strongest bound
nucleus amongst the lighter nuclei (A < 12)–therefore the one that would deliver the highest
amount of energy when formed.

On the other hand, if at large A we consider 236U which is a fissionable nucleus, and assume
a symmetric fission, then the end result will be two 118Pd nuclei. To figure out the amount of
energy gained in this fission process we can think as follows: we separate the 236U nucleus (92
protons and 144 neutrons) into all its constituents for which we need to spend, according to the
fourth column in Table 2, 1790 MeV . Now we take one half of all the free protons plus one half
of all the free neutrons and form with them one nucleus of 118Pd, with the release, according to
Table 2, of 992 MeV. We do the same with the rest of the free particles getting another 118Pd
nucleus and the release of another 992 MeV. The nucleus 118Pd is radioactive and through a
series of β− and γ decays, with a total release of 13 MeV, it finally reaches the stable nucleus
118S n. The net balance in this process is equal to: −1790 + 2 × (992 + 13) = 220MeV. Since
236 particles intervened in this particular fission, the energy released per intervening nucleon is
approximately 220MeV/236 = 0.93MeV/nucleon. We see then that nuclear fission is about 5
times less efficient than nuclear fusion in releasing energy. In other words, to produce a certain
amount of energy, we should need about 5 times more mass if obtained through fission than if
obtained through fusion.

Going back to expression (6.8) for the binding energy, we can write:

(ZMH + NMn)c2 = M (Z,N) c2 + B (Z,N)

and to simplify notation we call:
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ZMH + NMn = M1, and M (Z,N) = M0; therefore

M1 = M0 +
B
c2 =

(
1 +

B
M0c2

)
M0

To calculate B/M0c2 we recall that for all nuclei with A 1 12, B/A ' 8MeV and we also
know from (6.9) above that M0c2 ' A × 930MeV; therefore

B
M0c2 '

8A [MeV]
930A [MeV]

' 0.01 ∴ M1 ' 1.01M0

What this means is that due to binding energy, nuclear masses change by about 1%. By com-
parison, due to the binding of electrons in the atom, atom masses change orders of magnitude
less. In the case of the hydrogen atom, it represents 1 part in 108. In effect:

Be

MHc2 '
13 [eV]

940 × 106 [eV]
'

1.4
108

This is the reason why nuclear bombs are about 106 (0.01/10-8) times more destructive than
bombs based on chemical reactions.

It was just mentioned that due to binding energy, nuclear masses change by about 1% as
compared to the mass of its components. This explains why the atomic mass unit u was cho-
sen to be the average nucleon mass M

(
12C

)
/1 of a strongly bound nucleus: had we chosen

the mass of the hydrogen atom (1.0078250321u) to be the unit of mass–or for that matter
the mass of a proton–the result would have been a very inconvenient unit. In effect, for in-
stance the mass of the 238U isotope of uranium (238.050788 u) would have been equal to
238.050788/1.0078250321=236.20 hydrogen mass units; that is, a number for the mass that
is not telling us the number of nucleons of the nucleus in question.

6.1 Mass excess

Mass excess ∆M is defined as the difference between the atomic mass M (Z,N), expressed in
mass units u, and the mass number A:

∆M = M (Z,N) − A

As we know, when using mass units to express the mass M (Z,N) of any atom, M (Z,N) is
a number very close, by excess or defect, to the integer A, as can be seen in the second column
of Table 2. Therefore, by using ∆M instead of M (Z,N) when building mass tables of all atoms,
only the important decimal numbers are considered and the writing of superfluous numbers
avoided. To also avoid writing too many zeroes it is customary to multiply all mass excesses by
103 or 106 thus expressing masses either in milliu or in µu.

From (6.8) we have: M (Z,N) = ZMH + NMn − B (Z,N) ; subtracting the mass number
A = Z + N in both sides of the equation:

129



Nuclear Physics

M (Z,N) − A = ZMH + NMn − B (Z,N) − (Z + N)
= Z (MH − 1) + N (Mn − 1) − B (Z,N)

applying now the definition of mass excess:

∆M = Z∆MH + N∆MN − B (Z,N)

and finally

B (Z,N) = Z ∆MH + N ∆MN − ∆M (6.10)

We see that expression (6.10) has exactly the same algebraic structure as expression (6.8),
therefore to calculate binding energies, or mass balances where only sums and subtractions are
involved, one can directly use the ∆Ḿs presented in the tables. Most mass tables found in the
literature present ∆M values either in keV or MeV.

6.2 Avogadro constant, Atomic weight, Mol, Isotopic
abundance

There are different ways of determining the mass in grams of one universal mass unit u. Just
to mention one, the ratio e/MH is measured, and since the electron charge is known with high
precision, the hydrogen atom mass is determined and from there we get the conversion factor
already mentioned in (6.9):

1u = 1.660538782 × 10−24g

We call Avogadro constant, NA, the number of atomic mass units u entering in 1 g. That is:

NA =
1

1.660538782 × 10−24 = 6.02214179 × 1023u/g

Taking into account that the mass of an isotope, measured in atomic mass units u, is equal
to M, then the number of atoms of that isotope per gram will be given by:

N◦ atoms
gram

=
NA

M
;

[NA

M

]
=

u/g
u/atom

=
atoms

g
(6.11)

Since each cm3 has a mass of δ grams (δ = density), then the number of atoms per unit
volume will be given by:

N◦ atoms
cm3 = δ

NA

M
(6.12)

We define the ”mol” of a given element as the mass of that element, in grams, numerically
equal to its atomic weight M. Therefore, the number of atoms of that element contained in 1
mol will be given by:
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N◦ atoms
mol

=
N◦ atoms

g
× M

[ g
mol

]
=

NA

M
× M = NA

Therefore, we can think of Avogadro constant either as the number of atomic mass units u
contained in 1 g, or as the number of atoms contained in 1 mol.

The concept of mol can be extended to molecules, in which case 1 mol of any chemical
compound has NA molecules.

The modern definition of ”mol” as given by BIMP (Bureau International des Poids et
Mesures) is:

1. The mole is the amount of substance of a system which contains as many elementary
entities as there are atoms in 12 grams of pure carbon-12; its symbol is ”mol”.

2. When the mole is used, the elementary entities must be specified and may be atoms,
molecules, ions, electrons, other particles, or specified groups of such particles.

Then, by definition, one mol of pure 12C has a mass of exactly 12 g. Another consequence
of the definition is that X moles of any substance will contain the same number of molecules as
X moles of any other substance.

In the case of an element that has more than one isotope, we express on the one hand, the
abundance of each isotope in atom percent, that is, the number of each isotope contained in a set
of 100 atoms of that element, and on the other hand the atomic weight of each isotope. Three
examples are shown in Table 6.3.

Table 6.3: Some elements with their isotopic abundance and respective atomic weight
Element A η [%] M [u]

Al 27 100 26.9815386
Cl 35 75.76 34.96885268

37 24.24 36.96590259
Fe 54 5.845 53.939611

56 91.754 55.934937
57 2.119 56.935394
58 0.282 57.933276

In the examples shown in the table, for the case of Al, an isotopic abundance of η = 100%
means that in a group of 100 atoms, all 100 have a mass number A = 27; for the case of Cl, the
isotopic abundances η = 75.76%, and 24.24% mean that in a group of 10,000 atoms, in average
7,576 have a mass number A = 35 and 2,424 have a mass number A = 37, etc.

Therefore, if a certain element has n isotopes, each having an atomic weight Mk [u] and
abundance ηk, the mass of those 100 atoms, expressed in u, will be given by:

M100 atoms =
∑n

k=1 ηkMk , and the atomic weight of the element having n isotopes will be:

Matom =
M100 atoms

100
=

1
100

∑n

k=1
ηkMk
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For the examples of Table 3 we would get (uncertainties taken from modern mass tables):

MAl = 26.9815386 ± 0.0000008u

MCl =
75.76 × 34.96885268 + 24.24 × 36.96590259

100
= 35.453 ± 0.002u

likewise,

MFe =
1

100
[5.845 × 53.939611 + 91.754 × 55.934937

+2.119 × 56.935394 + 0.282 × 57.933] 276
= 55.845 ± 0.002u

Note that, in the case of chlorine and iron, the much larger uncertainties of the isotopic abun-
dances, as compared to those of their respective atomic weights, is reflected in the uncertainty
in the atomic weight of the element.

Then, if we want to know the number of atoms of isotope i contained in 1g of that isotope,
we have:

N◦ atoms of isotope i
gram

=
NA

Matom

ηi

100
also,

N◦ atoms of isotope i
cm3 = δ

NA

Matom

ηi

100
It is worth mentioning here that, although the mass of an individual nuclei is an intrinsic

property of that nuclei, the atomic weights of many elements having more than one stable
isotope are not. On the one hand, the relative abundance of the different isotopes of some
elements may vary, due to geological phenomena, depending on their geographical location.
This is the case of some rare earth elements (lead is another example) due to the constant
feeding from the decay of long lived parents. Natural fractionation processes are another cause
of relative isotopic abundance variations. On the other hand, relative isotopic abundances can
be artificially changed in the laboratory; to give just one example, helium gas can be purchased
with a 3He isotopic abundance greater than 99.95%. In this example, the atomic weight of this
3He enriched helium will be practically 3, as compared to practically 4 for natural helium.

6.3 Mass parabolas and Nuclear stability

Protons and neutrons are so much alike that back in 1932, just after the neutron had been
discovered by Chadwick, Heisenberg proposed to regard them as two different states of a single
particle, the nucleon, depending on its ”isobaric spin” value. From this viewpoint, one can
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think of ”isobars”, that is, nuclei with the same number of nucleons (equal mass number A), as
different configurations of the same quantum system. To see the characteristics of one particular
such system, let us study the behaviour of the nuclei family with, say, A = 133. To this effect
we build Table 6.4 of their groundstate masses, taken from ”Pocketbook of Data for Nuclear
Engineers”, rev. 00 - August 2012, I. Marquez.

Table 6.4: Atomic Mass for isobars with A = 133
Z N Element M [u] M [MeV]
49 84 In 132.93838 123831.31
50 83 Sn 132.92394 123817.85
51 82 Sb 132.91525 123809.76
52 81 Te 132.91096 123805.76
53 80 I 132.90780 123802.82
54 79 Xe 132.90591 123801.06
55 78 Cs 132.90545 123800.63
56 77 Ba 132.90601 123801.15
57 76 La 132.90822 123803.21
58 75 Ce 132.91152 123806.29
59 74 Pr 132.91633 123810.77
60 73 Nd 132.92235 123816.37
61 72 Pm 132.92978 123823.29
62 71 Sm 132.93899 123831.87
63 70 Eu 132.94944 123841.61
64 69 Gd 132.96178 123853.10

It is worth noting that if we want to draw M vs. Z to scale using one whole page in this book,
all masses in the drawing would lie on a horizontal line about 0.1mm thick, at M = 123800MeV,
or M = 133u . In other words, to all practical effects isobars have the ”same” mass, reflected in
the fact that, for this particular case, they differ by no more than 0.042%. However, if we scale
up the y-axis about 1,000 times we will see the structure shown in Figure 6.4 below.

As mentioned before, we can think of isobars as different configurations of the same quan-
tum system. This is demonstrated by the fact that this system has, and eventually reaches,
its lowest possible energy state; in this particular example the nucleus 133Cs, the only stable
nucleus in the chain A = 133.

If we start out with the most massive nucleus on the left branch of the plot, 133In (Z = 49) in
its ground-state, it will decay to 133S n (Z = 50), this in turn will decay to 133S b (Z = 51), and so
on till reaching 133Cs (Z = 55), the least massive (least total energy) member of the family. To
do this, Nature makes use of the following mechanism: within the nucleus a neutron transforms
into a proton (Z increases in one unit) and an electron is ejected in the process, thus charge and
number of nucleons are conserved. Although an electron is ejected, it is called in this case a β
particle for historical reasons, and the process is called β− decay. If we start out with the most
massive nucleus on the right branch of the plot, 133Gd (Z = 64) in its ground-state, it will decay
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Figure 6.4: Masses M of the isobaric chain for A = 133 shown as a function of Z. Notice the
small energy separation between nuclides, of the order of a few keV’s.

to 133Eu (Z = 63), this in turn to 133S m (Z = 62), and so on till again reaching 133Cs (Z = 55). In
this case the mechanism is as follows: within the nucleus a proton transforms into a neutron (Z
decreases in one unit) and a positive electron is ejected in the process, again charge and number
of nucleons are conserved. This mechanism is known as β+ decay. A competitive process to β+

decay is ”electron capture”: the nucleus captures an atomic electron (generally a K-electron)
and a proton transforms into a neutron. As we shall see when studying energetics in β decay, if
the mass difference between initial and final states is less than 2m0c2 = 1.022MeV, β+ decay is
not energetically possible and the process proceeds exclusively through electron capture. This
is the case depicted as ”EC” in Figure 6.4 above showing that 133Ba decays to 133Cs through
electron capture only.

A very important feature of the M vs. Z curve is that it can be almost precisely fitted with a
parabola; this will be understood when we study the liquid drop model of the nucleus.

As we shall see, an important parameter in the configuration and stability of nuclei is
whether they have an even or odd number of nucleons. We have just studied the isobaric chain
A = 133. To study a chain with an even number of nucleons we plot in Figure 6.5 the mass
distribution for the chain A = 124.

Being A = Z + N an even number, then any nucleus (Z,N) in the chain will be either an
(even, even) or (odd, odd) nucleus.

The interesting aspect of the mass distribution in the case of an isobaric family with A
even, is that all even-even nuclei lie on a lower parabola and all odd-odd nuclei on another
parabola which is about 2 MeV above the first one. Figure 6.5 that, in principle, both 124S n
(Z = 50) and 124Xe (Z = 54) could decay to 124Te (Z = 52). However, the processes known
as ”double beta decay”–two neutrons simultaneously transforming into two protons, or two
protons simultaneously transforming into two neutrons or its competitive process of double
electron capture–have not been observed for the A = 124 chain. Therefore, there are three
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Figure 6.5: Mass distribution of nuclides with A = 124.

stable nuclei with A = 124: 50S n, 52Te, and 54Xe.
There are other examples for even A isobaric chains with just two or one stable nuclei.

Figure 6.6 show these examples.
Taking into account that any physical system will tend to reach its lowest possible energy

state, we would then expect that if A is odd–either (even − odd) or (odd − even) type nucleus–
there will be only one single stable nucleus; and if A is even there will be, as shown in Figs. 6.5,
6.6, two or three stable nuclei–in all three cases an (even − even) type nucleus. According to
this, we would also expect no stable nuclei of the (odd − odd) type in Nature; this is true except
for the four lightest (odd − odd) type nuclei, namely, 2

1H, 6
3Li, 10

5 B, and 14
7 N, where coulomb

repulsion is not yet strong enough to make these nuclei unstable.
There are a few near-exceptions in the case of odd A, namely, all following pairs exist in

nature: 87Rb −87 S r, 113Cd −113 In, 115In −115 S n, 123Te −123 S b, and 187Re −187 Os; however,
it has been experimentally demonstrated that all nuclei named first in these pairs, are actually
very long lived radioactive nuclei with half lives ranging from 4.3×1010 to greater than 9.2×1016

years, respectively decaying to those nuclei named in second term. These cases of very long
lived radioactive nuclei occur because in all instances little energy is available for the decay, and
also because β decay selection rules makes these transitions highly forbidden. We also mention
147S m, lying at the bottom of the A = 147 parabola but disintegrating through α decay with
a half life of 1.06×1011y. We mention in passing that except for A = 5 and A = 8, the only
other case of no stable isobar in nature is for the family A = 147. The existence of the two
first exceptions are extremely important to the fusion processes occurring in stars, no such great
importance can be attributed to the non existence of a stable nucleus with A = 147.

There are also near-exceptions in the case of even A of the (odd, odd) type, namely: 40
19K,

50
23V , 138

57 La, 176
71 Lu, and 180

73 Ta. Again, all these nuclei have been shown to be actually radioactive
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Figure 6.6: Two cases of isobaric families with even A The masses of odd-odd nuclei lie on a
parabola about 2 MeV above the corresponding to even-even nuclei first one. As shown in the
graphs, there are either three or one stable nuclei.

with half lives greater than 109y.
These experimental results are summarized in Table 6.5.

Table 6.5: Occurrence of nuclei in Nature according to nuclear type.
A Z N Nuclear type Number observed Ground state total

Stable Radioactive angular momentum
Long lived

even even even even-even 159 8 Integer (zero)
odd even odd even-odd 53 4 Half integer
odd odd even odd-even 50 3 Half integer
even odd odd odd-odd 4 5 Non-zero integer
Total 266 20

Just for completeness sake, we have included in this table on the row for even−even nuclear
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type, eight long lived nuclei as follows: 144Nd, 148S m, 152Gd, 174H f , 186Os, 190Pt, 232Th, and
238U, all of them decaying through the emission of an α particle. Also included among the long
lived even − odd nuclear type, besides the three already mentioned in the text, is 235U. The last
column summarizes the results on nuclear angular momenta already discussed in the previous
chapter.
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Chapter 7

The Liquid-drop Model

7.1 Introduction

The Liquid-Drop Model, also known as ”The Semiempirical Mass Formula”, proposed in the
mid thirties by C.F. Weizsacker[1] , was probably the first model of nuclear structure. Since at
the time nuclear masses were known mainly for stable nuclei, the lack of knowledge of masses
of radioactive nuclei made it difficult to plan and design experiments, for instance on nuclear
reactions; therefore, the model was originally developed mainly as a tool for the prediction of
nuclear masses. Shortly after, in 1936, Niels Bohr theorized that some nuclear reactions go
through a first stage where a compound nucleus is formed and successfully extended the liquid
drop model to explain this type of reactions. In turn, Borh´s model of a compound nuclear
reaction was used in 1939 by Lise Meitner and Otto Frisch to give a theory for the recently
discovered phenomenon of nuclear fission.

The basis for an analogy of a nucleus to a liquid drop is twofold: the constancy of nuclear
density, and the saturation of nuclear forces. Therefore, the model should only be useful for A >
15 which is about true also for the saturation of nuclear forces. In what follows we develop the
model making use of these facts and introducing necessary corrections where physical insight
dictates to do so:

a) In previous chapters we have shown that experimentally (scattering, nuclear quadrupole
moments, etc.) the atomic nuclei are approximately spherical and of constant density:

ρ =
A
V

=
A

4
3πR3

R = r0A1/3 = 1.25A1/3/fm

b) In the same way as forces acting on chemical bonding get saturated, forces that keep
nucleons together in nuclei are also saturated. This means that nucleons in nuclei interact with
only a limited number of nearby nucleons. In this sense, they are obviously different from
Coulomb forces.

c) The force between two protons is the same as that between two neutrons: 1 (pp) = 1 (nn).
We are less interested in the forces acting between proton and neutron pairs because we are
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not considering very light nuclei where they do interact very strongly. In heavier nuclei the
Coulomb repulsion has changed the nuclear levels of protons in such a way that they cannot
longer interact very strongly with neutrons. This is illustrated in the following basic diagram of
the energy levels of a nucleus in its ground-state presented in Figure 7.1:

Figure 7.1: Proton and nucleon separation energies.

7.2 The Semiempirical Mass Formula

To start developing our formula, we take into account what was stated in a) above: approxi-
mately spherical nuclei whose volume is proportional to A (number of particles); therefore we
consider a nucleus as if it were analogous to a liquid drop of an incompressible fluid of ex-
tremely high density. Naturally, the most important term in the total mass is the sum of the
individual mass of the constituents. Expressed in mass units u:

M0 = 1.007825Z + 1.008665 (A − Z) (7.1)

and we should now introduce appropriate corrections to this main term, that should reflect what
we already know about the nucleus.

7.2.1 Volume term

From what we have already studied, we know that M0 should give us a value greater than the
actual mass of the nucleus (Z,N) . From our comparison with a liquid drop we have:

Qv : heat of vaporization
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Mm : mass of each molecule
A : number of molecules
Then, to vaporize a drop of total mass AMm, we need a certain amount of heat given by:

Q = QvAMm where we see that Q/A = QvMm = constant; that is, the binding energy per
molecule does not depend on the number of molecules in the system.

For the atomic nucleus we know that B/A/ ' 8/MeV, therefore our first correction will be:

M1 = −a1A with a1 > 0 (7.2)

and for the time being we can say that a1 ' 10/MeV, that is, since c2 = 931.49403/MeV/u,
a1 ' 0.010u

7.2.2 Surface term

Expression (7.2) corrects in excess the mass M0 given by expression (7.1): nucleons at the
surface are not completely surrounded by other nucleons and therefore feel less attraction than
nucleons at the core. We introduce then the second correction term: the ”surface tension”
correction that should be proportional to the area of the drop:

M2 = +a2A2/3 with a2 > 0 (7.3)

Comments on the surface term
In Figure 7.2 below we have pictured a nucleon on the surface surrounded by its closest

neighbors (in green), and another one at the interior of the nucleus surrounded also by its closest
neighbors (in red).

Figure 7.2: surface term

We call f1 the fraction of nucleons on the surface:

f1 =
nucleons on the surface

A

and call f2 the ratio between the number of nucleons surrounding a surface nucleon to the
number of those surrounding an interior nucleon:

f2 = nucleons surrounding a surface nucleon/nucleons surrounding an interior nucleon
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Obviously f1, f2 < 1
Since A (1 − f1) represent the number of nucleons in the interior, and A f1 those on the sur-

face, we should have:

M1−2 = −a1A (1 − f1) − a1A f1 f2 = −a1A + a1A f1 (1 − f2) = M1 + a1A f1 (1 − f2)

We see that the surface effect term can be written as:

M2 = a1A f1 (1 − f2) (7.4)

and we want to estimate f1 and f2.
For the sake of argument we think of nucleons as little balls. In that case, taking into account

that Figure 7.2 should be thought of as tridimensional, an interior nucleon is surrounded by 12
nucleons, and a surface nucleon by 9 nucleons. However, in this last instance, the 6 neighbors
on the surface are not as effective as the 3 interior nucleons and, since we are dealing here with
very rough arguments, we arbitrarily assume that, in average, only 5 of the 6 surface nucleons
effectively interact with the central nucleon. Therefore we say that only 8 nucleons effectively
act on a surface nucleon as compared to 12 in the case of an interior nucleon. Therefore,
f2 = 8/12 = 2/3.

To estimate f1 we remember the expression presented in Chapter ?? for the nuclear radius:
R ' r0A1/3, where 1.07 ≤ r0 [fm] ≤ 1.50. And, to simplify matters, and get round numbers, we
assume that a nucleon on the surface is to be found within a surface layer whose thickness is r0.
Then we can write:

f1 = nucleons on the surface/A ' surface volume/total volume =
4πR2r0

4
3πR3

=
3r0

R
=

3
A1/3

Replacing in Eq. (7.4) the estimates found for f1 and f2 we get:

M2 = a1A
3

A1/3

1
3

= a1A2/3

Comparing this with expression (7.3) above, and taking into account the rough approxima-
tions we made, the conclusion is that a2 and a1 should be of the same order of magnitude, that
is a2 ≈ a1.

7.2.3 Coulomb term

We have to introduce now a positive term to take into account the electrostatic repulsion between
protons. For this we first review what was seen in Chapter ?? on nuclear forces:

We assume that each proton has a constant charge density inside the nucleus of radius R:

ρ =
e

4
3πR3
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the electrostatic potential of such a charge distribution results

U (r) = 2πρ
(
R2 −

r2

3

)

The interaction energy, E(p−p)
Coul , of the charge density generated by one proton in the potential

due to another one is given by:

E(p−p)
Coul = ρ

∫
U (r) d3r =

6
5

e2

R

For a nucleus with Z protons we have Z (Z − 1) /2 pairs of p − p Coulomb interactions, in
which case the total Coulomb repulsion will be:

ECoul (Z) =
3
5

Z (Z − 1)
e2

RCoul

where RCoul represents the radius of a spherical nucleus with uniform distribution of protons.
Explicitly:

ECoul (Z) =
3
5

Z (Z − 1)
A1/3

e2

r0,Coul
= a3

Z (Z − 1)
A1/3 with a3 =

3e2

5r0,Coul

Replacing constants, with r0,Coul ' 1.5fm, we get: a3 = 0.0006183/u
We then get for the Coulomb correction term:

M3 = +a3
Z (Z − 1)

A1/3 (7.5)

If we do not introduce any other correction our mass formula would be:

M (A,Z) = 1.007825Z + 1.008665 (A − Z) − a1A + a2A2/3 + a3
Z (Z − 1)

A1/3 (7.6)

Let us see, using this formula, what condition should Z and A fulfill in order to have maxi-
mum stability (minimum M ). We calculate then:

∂M
∂Z

∣∣∣∣∣
A=const

= 0
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from where we obtain the condition:

Z = 0.679A1/3 + 0.5

expression that is in strong conflict with reality for it predicts that the most stable nucleus
with, say, Z = 16, should have almost 12, 000 nucleons!!:

A =

(
Z − 0.5
0.679

)3

= 1.19 × 104

Evidently, we need to introduce some other corrections.

7.2.4 Symmetry term

It was pointed out at the end of Chapter 1 that there is a clear tendency for light nuclei (up
to A = 40) to have symmetry in their number of protons and neutrons; and that for heavier
nuclei the change of this tendency is, roughly speaking, just to compensate the protons Coulomb
repulsion. In other words, for light nuclei (up to A = 40), the stability line in the chart of
nuclides responds to the equation: Z = N, and we observe that nuclei that are not on the
stability line decay either through β− or β+ emission so that they move towards the stability line
and eventually become stable.

The proton or neutron excess is given by: |N − Z| = |A − 2Z| and, according to what we said
above, we want to add a fourth positive correction term that reaches a minimum when Z = N.
In order to find an expression for this new term we make the following considerations:

We know that unlike nucleons interact more strongly between them, as compared to like
nucleons, when they have the opportunity to do so. In this sense, a nucleus that has Z = N
will be more stable. For instance, 14C, with 6 protons and 8 neutrons, decays through β− to 14N
which has equal number of neutrons and protons. We can argue that if |N − Z| , 0 there will
necessarily be more interactions among excess nucleons (nucleons of the same kind) than in the
nucleus with Z = N. Therefore, excess nucleons bring about a reduction in the binding energy (a
mass increase) that has to be accounted for. We can imagine one of the excess nucleons moving
part of the time in the ”region” where Z = N. In that region the nucleon interactions should be
explained by the considerations we have already developed above resulting in expression (7.6).
On this line of thought, we are considering two imaginary regions within the nucleus (see Fig.
7.3): the region with only excess nucleons, |A − 2Z| in number, and the region where Z = N,
where we have 2Z nucleons.

The fraction of the total nuclear volume occupied by excess nucleons is |A − 2Z| /A and
therefore, the fraction of the time that an excess nucleon spends in this region–where it only
interacts with nucleons of its type, thus diminishing the binding energy–will be proportional
to |A − 2Z| /A, and also the loss of binding energy will be proportional to |A − 2Z| /A for that
nucleon. Since there are |A − 2Z| excess nucleons, the total binding energy lost will be propor-
tional to |A − 2Z|2 /A.
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Figure 7.3: symmetry term

For another, a little more sophisticated, way of deriving the same prescription for this
correction, let us resort to Figure 7.4. In the left hand side we have depicted the upper lev-
els of a nucleus that in its initial ground-state has an equal number of protons and neutrons:
Z0 = N0 = A/2. To simplify matters we assume that the levels are equidistant, with an energy
separation equal to ∆, and remember, according to the Pauli exclusion principle, that there could
be only two nucleons of the same kind in each level. In the right hand side of Figure 7.4 we
show the final state of the same nucleus after having promoted a certain number of protons,
necessarily to neutrons because we always want the final nucleus in its ground-state.

Figure 7.4: symmetry term 2

We know that the nucleus at left, with all of its lower energy levels occupied, is at its lowest
energy state and want to calculate how much energy is needed to get to the configuration at
right. In other words, how much more internal energy the final state has.

After promoting protons from the initial state to neutrons in the final state, we can obviously
write:
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Z0 = N0 = A/2 and Z + N = A

with Z0 − Z = number of protons promoted;
Z0 − Z

2
= number of new neutron levels

Energy for the promotion of 2 protons from:
level n to level (n + 1): 2 [(n + 1) − n] ∆ = 2 × 1∆ , 0
level (n − 1) to level (n + 2): 2 [(n + 2) − (n − 1)] ∆ = 2 × 3∆ , 1
level (n − 2) to level (n + 3): 2 [(n + 3) − (n − 2)] ∆ = 2 × 5∆

...............................................................................................

...............................................................................................
level

[
n −

(
Z0−Z

2 − 1
)]

to level (n+Z0−Z
2 ): 2

{(
n + Z0−Z

2

)
−

[
n −

(
Z0−Z

2 − 1
)]}

∆ = 2×(Z0 − Z − 1)

∆ = 2 ×
(

A
2 − Z − 1

)
∆ , N − 1

and for the total energy needed to go from (Z0,N0) to the configuration (Z,N) we have:

EZ0→Z = 2∆

[
1 + 3 + 5 + · · · +

(A
2
− Z − 1

)]
=

∆

2
(A − 2Z)2

Although we have assumed a constant energy gap between levels, in reality, the larger the
mass number A, the smaller the energy gap ∆, and we can write: ∆ ∝ A−1. According to this,
the correction term should be proportional to (A − 2Z)2 /A, and we write for the symmetry term:

M4 = +a4

(
A
2 − Z

)2

A
(7.7)

We see that this term becomes zero when Z = N.

7.2.5 Pairing term

We presented in Table 6.5 at the end of Chapter 6 the occurrence of nuclei in Nature according
to nuclear type. Below we present in Table 7.1 a slightly modified version of that table. A
simple inspection shows that nuclei have different degrees of stability depending on whether Z
and N are both even, or both odd, or of different parity.

We then have to introduce in our mass formula another correction term that should account
for a nuclear behavior where odd A nuclei have average binding, even A, of the even-even type,
stronger binding (the correction term should lower the mass), and even A, of the odd-odd type,
lower binding (the correction term should increase the mass). Calling δ (A) this new correction
term, we define for δ (A) the dependence shown in Table 7.2 below where it is assumed that the
pairing correction δ (A) is a function of A only.

So far our mass formula, expressed in mass units u, looks like:
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Table 7.1: Occurrence and stability of nuclei in Nature according to nuclear type.
A Z N Nuclear type Number observed Stability

Z-N Stable+long lived
even even even even-even (e-e) 159+8=167 Very high
odd even odd even-odd (e-o) 53+4=57 Average
odd odd even odd-even (o-e) 50+3=53 Average
even odd odd odd-odd (o-o) 4+5=9 Low

Table 7.2: Pairing term
Nuclear type δ (A)

e-e δ (e, e) = − f (A)
e-o δ (e, o) = 0
o-e δ (o, e) = 0
o-o δ (o, o) = + f (A)

M (A,Z) = 1.007825Z + 1.008665 (A − Z) − a1A + a2A2/3 +

0.0006183
Z (Z − 1)

A1/3 + a4

(
A
2 − Z

)2

A
+ δ (A) (7.8)

where we have now to find the unknown coefficients in this formula and an explicit expres-
sion for δ (A). Expression (7.8) has to satisfy three different criteria which will allow the finding
of the unknown coefficients. These criteria are:

a) As we have seen empirically in Chapter 5, for a given value of A, M (A,Z) vs Z
should represent a parabola with a minimum coincident with the stable nucleus for that isobar
family.

b) It should be possible to obtain an expression of Z as a function of A for the stable isobars.
This expression should be extracted from the result obtained from criterion a).

c) M (A,Z) should give the correct mass for all odd A nuclei, where δ (A) ≡ 0. On the other
hand, from a knowledge of masses for A even, and β disintegration energies, we will find an
expression for δ (A).

Using criterion a) for nuclei with odd A we can find the coefficient a4:

∂M
∂Z

∣∣∣∣∣
A=cons

= 0 = −0.00084 + 0.0006183
2Z − 1

A1/3 − 2a4

(
A
2 − Z

)
A

(7.9)

from where we get:
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a4 =
A

2
(

A
2 − Z

) (
0.0006183

2Z − 1
A1/3 − 0.00084

)

Through the known data for the masses of odd A stable nuclei, and performing a fitting by
the least-squares method, we obtain a4 = 0.0816u = 76.0MeV.

In the development of the semiempirical formula we have been using unified atomic mass
units u for the masses; it is also common to express the coefficients in MeV. When necessary,
we can use the conversion factor c2 = 931.49403MeV/u.

We use now criterion b) to find Z as a function of A:
From equation 7.9 and using the value found for a4 we get::

Z =
A + 0.0075A2/3

1.98 + 0.015A2/3 '
A

1.98 + 0.015A2/3 (7.10)

This expression correctly predicts the stable elements from about Z = 16 to Z = 92.
If we now replace in equation (7.8) the value just found for a4 and the expression of Z given

by (7.10), we get an expression for M as a function of A for the stable elements, with the two
unknowns a1 and a2.

Using criterion c): from the experimental values of masses for odd A nuclei and after a
least-squares fitting we obtain: a1 = 0.01507u, a2 = 0.014u

and now using known masses for A even, our best fit gives us: f (A) = 0.036A−3/4

finally getting for M (A,Z), in unified atomic mass units u, the expression:

M (A,Z) = 0.99360A − 0.00084Z + 0.014A2/3 + 0.0006183
Z (Z − 1)

A1/3 + 0.0816

(
A
2 − Z

)2

A
+ δ (A)

with:
δ (e, e) = −0.036A−3/4

some authors give:

δ (e, e) = −0.0129A−1/2

δ (e, o) = 0
δ (o, e) = 0

δ (o, o) = +0.036A−3/4

for the last equation, other authors give:

δ (o, o) = +0.0129A−1/2 (7.11)
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Table 7.3: Comparison of semi empirical against experimental atomic masses, in u.
Nucleus 16

8 O 50
23V 52

24Cr 98
42Mo 197

79 Au 238
92 U

Experimental 15.99491 49.94716 51.94051 97.90541 196.96657 238.05079
SMF 15.98902 49.94406 51.93794 97.90569 196.95912 238.02182

This is the semi empirical mass formula (SMF) or Weizsacker´s formula, which reproduces
rather well the atomic masses for A ≥ 15, as shown in Table 7.3.

We see that the agreement is good: in the worst case (16
8 O) the difference is less than 4 parts

in 10,000. However, some caution is in order: the masses given by the SMF should not be used
when calculating β decay energies, or nuclear reaction kinematics, for in those cases differences
of large numbers are involved and errors of a few MeV will be easily made.

As more and better determined nuclear masses and decay energies were published, new
fittings and thereby the calculation of new constants for the SMF were performed by different
authors; in some cases, nuclear shell model (see Chapter ??) corrections were also taken into
account. We present in Table 7.4, in energy units, some of the SMF constants proposed. We
have included in the last column of this Table the values found by one of our students, German
G. Theler, after a least squares fitting using 2012 measurable nuclei binding energies extracted
from the 2003 mass data published in (Nuclear Physics A 729 (2003) 129; ibid. A 729 (2003)
337).

Table 7.4: SMF coefficients from different authors, in MeV.

Author Evans Fermi Green Seeger Wapstra Theler
a1 14.1 14.04 15.76 15.56 15.83 15.66
a2 13 13.04 17.81 17.23 18.33 17.70
a3 0.595 0.584 0.711 0.697 0.714 0.713
a4 76 77.31 94.81 93.14 92.84 76.74

δ (e, e) from a graph −33.5A−3/4 −11.2A−1/2 −12A−1/2 −12A−1/2 −3.73A−1/4

δ (o, o) from a graph +33.5A−3/4 +11.2A−1/2 +12A−1/2 +12A−1/2 −3.73A−1/4

Summarizing, we had:

M (A,Z) = M0 + M1 + M2 + M3 + M4 + δ

with:
M0 = 1.007825Z + 1.008665 (A − Z) = MHZ + Mn (A − Z)
M1 = −a1A
M2 = a2A2/3

M3 = a3
Z(Z−1)

A1/3

M4 = a4
( A

2 −Z)2

A
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We can now find an expression for the nuclear binding energy B (A,Z). By definition we
have:

B (A,Z) = MHZ + Mn (A − Z) − M (A,Z) = M0 − M (A,Z) = − (M1 + M2 + M3 + M4 + δ)

= a1A − a2A2/3 − a3
Z (Z − 1)

A1/3 − a4

(
A
2 − Z

)2

A
− δ (7.12)

and for the binding energy per nucleon we get:

B (A,Z)
A

= a1 −
a2

A1/3 − a3
Z (Z − 1)

A4/3 − a4

(
1
2
−

Z
A

)2

−
δ

A
(7.13)

We see in expression 7.13 that the binding energy per nucleon is made up of a constant term
a1, the volume energy, from which we subtract the surface, Coulomb, and symmetry energies.
This is plotted in Figure ?? below where we see that the final curve obtained is similar to that
shown in Figure 5.3 of Chapter 5. In this consideration we have ignored the term due to the
pairing effect, δ/A, which is very small as A increases, and because it does not affect the general
trend of the B (A,Z) /A vs. A curve.

Figure 7.5: Binding energy per nucleon formed by a constant a1 plus the volume energy, while
the surface, Coulomb, and symmetry energies are subtracted. The small term due to the pairing
effect is neglected.
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7.3 A word about neutron stars

We know that due to Coulomb repulsion we cannot build nuclei any further than, say, A ' 280.
Then, the question comes to mind: is it possible the existence of a nucleus built only with
neutrons? We know that this is not possible with a few neutrons, but, in the absence of disruptive
Coulomb forces, gravitational attraction might become important for the case of a large number
of neutrons.

Although we arrived to expression (7.12) for the binding energy corresponding to the (A,Z)
nucleus, we would now like to know what happens if we add a term (as, to be precise, we should
have done at the start) that takes into account the gravitational attraction between nucleons.
When treating the Coulomb term above we found that the Coulomb repulsion energy between
two protons is given by the expression: E(p−p)

Coul = 6
5

e2

R . Since, except for their sign, Coulomb
and gravitational potentials are both of the r−2 type, the gravitational attraction energy between
two neutrons uniformly distributed over a sphere of radius R will similarly be given by the
expression:

E(n↔n)
grav =

6
5

GM2
n

R

where Mn is the mass of a neutron and G the gravitational constant.
In a similar way as we did for a nucleus with Z protons, for a nucleus consisting of A neu-

trons, and therefore with A (A − 1) /2 pairs of n − n interactions, we will have for the attraction
due to the gravitational potential:

Egrav (A) =
6
5

G
R

AMn (A − 1) Mn

2
'

3
5

GM2
n

R
A2

where we made the approximation A (A − 1) ≈ A2 because we expect A to be large. For this
same reason we can write for the first two terms of the binding energy given by Eq. (7.12):

a1A − a2A2/3 = a1A
(
1 −

a2

a1

1
A1/3

)
' a1A

taking into account that in this case Z = 0, we have:

B (A) ' a1A − a4
A
4

+
3
5

GM2
n

r0A1/3 A2 =

(
a1 −

a4

4

)
A +

3
5

GM2
n

r0
A5/3

and we find the minimum A that would make the system bound, by making B (A) = 0,
obtaining:

3
5

GM2
n

r0
A2/3 =

a4

4
− a1
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then
A2/3 =

5
3

(a4

4
− a1

) r0

GM2
n

Using the following values:

G = 6.67384 × 10−8 cm3

gs2

= 6.67384 × 10−8 ergcm
g2

= 4.1678 × 104 eVcm
g2

Mn = 1.67493 × 10−24g
r0 = 1.25 × 10−13cm
a1 = 15.83MeV
a4 = 92.84MeV

we obtain:

A2/3 =
5
3

7.38 × 106 × 1.25 × 10−13eVcm

4.1678 × 104 ×
(
1.67493 × 10−24)2 eVcm

= 1.315 × 1037

finally getting:

A ' 4.77 × 1055

R ' r0A1/3 ' 4.53 × 105cm ' 4.5km
M ' AMn ' 8.0 × 1031g ' 0.040 M�

where M� represents the solar mass. We should point out that more precise calculations
give the result: M ' 0.1 M�. Furthermore, neutron star masses have been found to be about 1.4
times the mass of the Sun.

To call attention to the enormous mass of neutron stars, let us remember the value for the
mass of the Earth: M (Earth) ' 3 × 10−6 M�

Notice that in these calculations we have performed an extrapolation of the SMF from 15 ≤
A ≤ 280 to A ≈ 5× 1055, that is, an extrapolation of about 53 orders of magnitude!! This seems
to indicate that the binding energy in neutron stars is governed by the strong interaction forces,
mainly the volume and the symmetry terms.
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Chapter 8

Nuclear shell model

8.1 Evidence for nuclear shell structure

Atomic electrons show a binding energy that varies rather smoothly with atomic number except
for abrupt changes at certain values of Z, where the ionization energy rises to a local maximum
followed by a large drop at Z + 1.

There is a simple explanation for this behaviour: specially when Z is large an electron sees
the other electrons approximately as a continuous charge distribution ρ(r) that sums up to Z − 1
charges. The electrons occupy localized states around the effective central potential and their
binding energies depend strongly on the principal quantum number n and weakly on the angular
orbital ` quantum number. Electron binding energies are then separated in shells identified by
n, the number of levels in each shell is given by 2n2. When the occupation of the n shell
is completed, the energy required to ionize the atom Z is largest, in the next Z + 1 atom the
added electron goes to the shell n + 1 and the energy of ionization plunges to a local minimum.
Figure (8.1) shows measured ionization energies as a function of Z; closed shells are clearly
seen. The values of Z corresponding to closed shells are called ”magic numbers”, appearing at
Z = 2, 10, 18, 36, 54, 86.

Figure 8.1: Minimum energy required to extract an electron from de ground state of a neutral
atom(Ionization-potential).
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In the case of the atomic nucleus there is experimental evidence of the validity of a similar
shell model with the presence of ”magic numbers” n, the same for protons and neutrons, where
the energy required to extract a proton(neutron) reaches a local maximum as a function of the
number n.

Figure 8.2: Shell-model separation energy of nucleons for nuclei with the same value of Z.

Figure 8.3: Number of stable isotones (nuclei with the same value of N.

Figure (8.2) shows the difference between the measured energy required to separate a neu-
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tron from a ground state nucleus from that estimated with the liquid drop model. The largest
difference appears for magic numbers N equal to 50, 82, 126, while for N + 1 the difference
becomes negative. Figure (8.3) shows that the number of stable isotones (nuclei with a given
value of N) reaches a local maximum when N equals a magic number. These properties apply
also for nuclei with Z equal to a magic number for both the maximum in the proton separation
energy and in the number of stable isotopes.

8.2 Effective potential

The nucleus is a bound state of A nucleons (Z protons and A − Z neutrons) subjected to their
mutual two-body interactions. The independent particle approximation describes each nucleon
as moving in the mean central potential field generated by the other nucleons, so the nuclear
wave function is an antisymmetrized product of one-particle orbitals.

Proton orbitals ϕP,i(−→r , σ) for 1 ≤ i ≤ Z and neutron orbitals ϕN,i(−→r , σ) for Z < i ≤ A are
solutions of Schrödinger equation[

−
~2

2m
∇2

r + VP(N)(rσ) − εP(N)),i

]
ϕP(N),i(−→r , σ) = 0 (8.1)

with εP(N)),i the energy eigenfunction.
The strong force between nucleons is of short range compared to the nuclear radius so

they only interact with their nearest neighbors and the contribution of the strong interaction
to VP(−→r , σ) and VN(−→r , σ) can be assumed to be proportional to the nucleon density. In the
case of protons we should add the electrostatic repulsion produced by a charge density approxi-
mately equal to the nucleon density. Simplifying the nucleus as a sphere of uniform density, the
effective potentials are a well of radius Rn and finite depth V0 for neutrons, see Figure (8.4,a):

VN(r) = −V0 , r < Rn

VN(r) = 0 , r > Rn (8.2)

while for protons, as shown in Figure (8.4,b), the electrostatic potential of a sphere of radius
Rn with uniform charge density, should be added:

Uc(r) = e
Z − 1

Rn
(
3
2
−

r2

2R2
n
) r < Rn (8.3)

Uc(r) = e
Z − 1

r
r > Rn (8.4)

leading to

VP(r) = VN(r) + eUc(r) (8.5)
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Figure 8.4: Proton-neutron-potential

The wave function of a nucleus is formed by the orbitals ϕP(N),i(−→r , σ): since protons and
neutrons are fermions they obey the Pauli exclusion principle and should occupy different or-
bitals ϕP(N),i(−→r , σ); the Hartree-Fock model assures the antisymmetry of fermion wave func-
tions by proposing Slater determinants of unknown orbitals ϕP,i(−→r , σ) and ϕN,i(−→r , σ), that are
optimized in such a way that they minimize the nuclear binding energy.

8.2.1 Single particle levels in harmonic oscillator and square well
and harmonic effective potentials

Assuming the validity of the independent particle approximation
The approximation (8.2) of the effective nuclear potential by a well of finite depth fails for

light nuclei; the mass density of several nuclides is shown in Figure (8.5), and in Figure (8.6) we
see that the square well is reasonable for heavier nuclei like 208Pb, but the harmonic potential is
closer to the density of lighter ones like 16O.

Assuming the validity of the independent particle approximation, we will analyse the bound
states in a three-dimensional isotropic harmonic oscillator and a square well of finite depth,
studied in detail in the Notes on Quantum Mechanics:

Harmonic oscillator: The potential can be written as V(r) = 1
2µω

2r2 where ω fixes the
strength of the central force and as we will see later is the oscillation frequency of the particle
of mass µ. The stationary states of energy E` can be written as

ϕE`m(r, θ, ϕ) =
1
r

uE`(r)Ym
` (θ, ϕ) (8.6)

The resulting radial equation[
d2

dr2 −
`(` + 1)

r2 +
2µE`

~2 − β2r2
]

uE`(βr) = 0 (8.7)
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Figure 8.5: Calculated mass density for several nuclei.

Figure 8.6: Comparison of known nuclear potentials with square well and harmonic oscillator
approximations.

has as solutions

un`(βr) = Nn` (βr)`+1 e−βr2/2L`+1/2
n−1 (β2r2) (8.8)

where β = µω/~, L`+1/2
n−1 (β2r2) are associated Laguerre polynomials, with eigenvalues

En` = ~ω(2n + ` − 1/2) (8.9)

where n = 1, 2, 3..... The eigenfunctions are identified by the numbers n, `; using the spec-
troscopic notation: n, ` = 0→ ns;
n, ` = 1→ np, etc.

Since En` does not depend on the magnetic quantum number m the levels present a 2` + 1
degeneracy. There is also an accidental degeneracy because En` depends only on the sum 2n +

` = N with N = 2, 3, 4...:

En` = ~ω(N − 1/2) withN = 2n + ` (8.10)
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we then have the following degeneracy of the levels, given by the numbers at the right hand
side:

E(N = 2) =
3
2
~ω → 1s, → 2 (8.11)

E(N = 3) =
5
2
~ω → 1p, → 6 (8.12)

E(N = 4) =
7
2
~ω → 2s, 1d, → 12 (8.13)

E(N = 5) =
9
2
~ω → 2p, 1 f , → 20 (8.14)

E(N = 6) =
11
2
~ω → 3s, 2d, 1g, → 30 (8.15)

E(N = 7) =
13
2
~ω → 3p, 2 f , 1h, → 42 (8.16)

etc. (8.17)

These levels and their degeneracies are represented in the left column H.O. of Figure (8.17).
Finite square well: A particle of mass µ bound to the central potential V(r) = −V0 for

r ≤ a, V(r) = 0 for r > a has stationary states with well defined energy, angular momentum
magnitude, and projection along a given direction: ϕE`m(ρ, θ, ϕ) = RE`(ρ)Ym

` (θ, ϕ); the unknown
radial function RE` satisfies the equation

(
d2

dρ2 +
2
ρ

d
dρ
−
`(` + 1)
ρ2 + 1)RE`(ρ) = 0 (8.18)

where ρ = kr, k =
√

2µ |V0 + E|/~; (the potential depth V0 is chosen so that the energy of
the 1s orbital corresponds to the known measured value). The solutions are the spherical Bessel
functions

RE`(ρ) = NE` j`(kr)

= NE`

(
−

r
R

)` (1
r

d
dr

)` sin kr
kr

with values of k that make j`(ka) = 0, and NE` is a normalization factor.
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Figure 8.7: Spherical Bessel functions.

The roots j`(ρn`) = 0 determine the values kn` = ρn`/a that in turn give the energy eigenval-
ues:

En` =
1

2µ

(
~ρn`

a

)2

The index n = 1, 2, 3... identifies the order (first, second, third...) of the root En`, while `
determines the magnitude of the angular momentum. En` is a function of both n and ` and is
independent of the magnetic quantum number m, so each level has a 2` + 1 degeneracy.

Table (8.1) shows the roots ρn` of spherical Bessel functions, and its energy eigenvalues
En` = ρ2

n` in units of ~/2µa2.

Table 8.1: Sequence of first zeros of the spherical Bessel functions obtained from Fig. 1.7
State 1s 1p 1d 2s 1f 2p 1g 2d 1h
ρn` 3.1416 4.4934 5.7635 6.2832 6.9879 7.7253 8.1826 9.0950 9.3558
ρ2

n` 9.870 20.191 33.218 39.479 48.831 59.680 66.955 82.719 87.531
State 3s 2f 1i 3p 1j 2g 3d 4s 1k

ρn` 9.4248 10.417 10.513 10.904 11.657 11.705 12.323 12.566 12.791
ρ2

n` 88.827 108.51 110.52 118.90 135.89 137.01 151.86 157.90 163.61

A graphic representation of the finite square well levels En` and their degeneracies are pre-
sented in the column S.W. of Figure (8.8).

The shells produced by a harmonic oscillator generate strongly bound states for the follow-
ing number of protons or neutrons, called magic numbers:

nH.O. = 2, 8, 20, 40, 70, 112, 168... (8.19)
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Figure 8.8: H.O. : 3-d harmonic oscillator model levels energies and degeneracies. S.W.:
finite square well levels energies and degeneracies. S.W.+S.O.: Spin-orbit splitting of levels,
resulting in a rearrangement of levels that reproduce the experimental magic numbers.
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A square well potential breaks the degeneracy in some of the harmonic oscillator shells. The
new set of magic numbers is:

nS .W. = 2, 8, 20, 34, 40, 58, 92, 138.... (8.20)

Since, as we have seen, the true nuclear potential can be considered to be in between the
harmonic oscillator and the square well potentials, the nuclear levels will be in between the
energy levels corresponding to those potentials as shown in Figure(niveles-nuclear-shell-model-
3). Then, the number of nucleon orbitals in each shell, its magic number, remains unchanged.

Neither nH.O. nor nS .W. reproduce the experimental values:

nExp = 2, 8, 20, 28, 50, 82, 126, 184 (8.21)

Something is lacking in the effective potentials used, and in the following section we will
try to find the missing interaction.

8.3 Spin-orbit interaction

Results (8.19, 8.20) indicate that we can not assume a central effective potential for the nuclear
motion. In fact, in the atomic case there are already small corrections to the binding energy of
electrons due to the magnetic interaction between the spin and angular momentum, identified
as the spin-orbit interaction, that breaks down the central symmetry of the interaction.

We assume a dependence of the effective nuclear potential on the spin coordinate σ and, in
analogy with the electronic structure of the atom, we leave open the door for the presence of a
spin-orbit coupling for each nucleon

VP(N)(rσ) = VP(N)(r) + V̂so

V̂so = α(ri)
−̂→
L i
−̂→
S i

where we propose the same form for the coupling as that given by classical electrodynam-
ics, in principle not necessarily valid for nucleons. Nevertheless, we will see that this form is
adequate to understand the shell structure of the nucleus.

The solutions of Eq.(8.1) should be simultaneous eigenfunctions of energy (En), magnitude
( j), and projection (m) of total angular momentum, and magnitude of orbital (`) and intrin-
sic spin (s = 1/2), respectively corresponding to the set of mutually commuting operators
Ĥ, Ĵ2, Ĵz, L̂2, Ŝ 2:

ϕP(N),ni, ji,`i,mi(
−→r , σ)

The spin-orbit interaction acting on this basis has a very simple result; from

Ĵ2
i = L̂2

i + Ŝ 2
i + 2

−̂→
L i
−̂→
S i
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we get

V̂soϕP(N),n, j,`,m j(
−→r , σ) = α(ri)

−̂→
L i
−̂→
S iϕP(N),ni, ji,`i,mi(

−→r i, σi)

=
α(ri)

2

(
Ĵ2

i − L̂2
i − Ŝ 2

i

)
ϕP(N),ni, ji,`i,mi(

−→r i, σi)

=
α(ri)

2
~2

(
ji( ji + 1) − `i(`i + 1) −

3
4

)
ϕP(N),ni, ji,`i,mi(

−→r i, σi)

there are two values of the total angular momentum quantum number for each `i , 0:

ji = `i ±
1
2

We get for ji = `i + 1
2 :

α(ri)
−̂→
L i
−̂→
S iϕP(N),ni,`i+

1
2 ,`i,mi

(−→r i, σi)

=
α(ri)

2
~2

[(
`i +

1
2

) (
`i +

3
2

)
− `i(`i + 1) −

3
4

]
ϕP(N),ni,`i+

1
2 ,`i,mi

(−→r i, σi)

=
α(ri)

2
~2`iϕP(N),ni,`i+

1
2 ,`i,mi

(−→r i, σi)

and for ji = `i −
1
2 :

α(ri)
−̂→
L i
−̂→
S iϕP(N),ni,`i+

1
2 ,`i,mi

(−→r i, σi)

=
α(ri)

2
~2

[(
`i +

1
2

) (
`i +

3
2

)
− `i(`i + 1) −

3
4

]
ϕP(N),ni,`i+

1
2 ,`i,mi

(−→r i, σi)

=
α(ri)

2
~2`iϕP(N),ni,`i+

1
2 ,`i,mi

(−→r i, σi)

The orbital with ji = `i + 1/2 and multiplicity (degeneracy) 2 ji + 1 = 2`i + 2 is shifted
upwards by α(ri)~2`i/2 while ji = `i − 1/2 with multiplicity 2 ji + 1 = 2`i shifts downwards by
−α(ri)~2 (`i + 1) /2 as shown in Figure 8.9 for an attractive potential (negative value of α(ri)).

The energy splitting, due to the spin-orbit coupling, of the level with quantum number ` is:

∆En` = ~2α(ri)
(
`i +

1
2

)
and should be strong enough to modify the shell distribution of the nucleons.
The next fundamental step, as we show in Figure 8.9, is to split each `-shell according to

the spin-orbit coupling: the splitting is proportional to the value of `, and

• depresses 2` + 2 states that join the lower shell or remain isolated in the gap in between.

• pushes up the remaining 2` states to approach or mix with the upper shell.
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Figure 8.9: Spin-orbit splitting of an orbital (n, `,m`,ms) showing the degeneracy and energy
shifts of the resulting levels (n, j, `,m j) with j = ` ± 1

2 . Degeneracies are shown in parenthesis.

As a consequence, the 8 states 1 f7/2 detach from the level En=4,`=3and drop into the lower
shell, and the same happens for 1i13/2 as shown in Figure (8.8). The new distribution of orbitals
produces the following set of magic numbers:

2, 8, 20, 28, 50, 82, 126, 184, ...

that reproduces the experimental observations (8.21).

8.4 Nuclear shell model and residual interactions

In the independent particle approximation the nucleons move in an effective potential VP(N)(rσ)
occupying bound orbitals; since VP(N)(rσ) depends on the occupied orbitals the calculation
should be self consistent. The spin-orbit interaction breaks the central symmetry and the orbitals
have well defined E, j,m j, `, s, the energy E j,` depends on j and `, with 2 j + 1 multiplicity
(degeneracy). The sequence of bound levels for the shell model well already shown in Figure
(8.8) is the following

1s1/2 − 1p3/2, 1p1/2 − 1d5/2, 2s1/2, 1d3/2 − 1 f7/2 − 2p3/2, 1 f5/2, 2p1/2, 1g9/2

−1g7/2, 2d5/2, 2d3/2, 3s1/2, 1h11/2 − 1h9/2, 2 f7/2, 2 f5/2, 3p3/2, 3p1/2, 1i23/2

−2g9/2, 3d5/2, 1i11/2, 2g7/2, 4s1/2, 3d3/2, 1 j15/2−
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Figure 8.10: Binding energy as a function of the mass number A.

This ordering of levels depends on the form and strength of the proposed effective poten-
tial, it describes observations for protons; for neutrons the shell 1g7/2, 2d5/2, 2d3/2, 3s1/2, 1h11/2

should be rearranged to 2d5/2, 1g7/2, 3s1/2, 2d3/2, 1h11/2. The nuclear ground state will be formed
by occupying the lowest levels with nucleons (either protons or neutrons) with their allowed
multiplicity.

The shell model fails to describe why nuclei with an even number of protons and neu-
trons always have a ground state with total angular momentum (”spin”) J = 0; further-
more, why any even number of identical nucleons couples to give a zero spin in the ground
state. This points to a residual nucleon-nucleon interaction that favors the pairing of identical
nucleons with opposite angular momentum j to minimize the energy. Theoretical considera-
tions and experiments indicate that this attractive pairing energy increases with the number `
of the nucleons; for this reason an odd number of nucleons breaks the natural filling of energy
levels in order to avoid unpaired nucleons in states with high spin. For instance, cases where
the predicted level is 1h(11/2), or 1i(13/2), are not observed.

Two examples are shown in Figure (8.10).
Another example: Nuclei with 51 to 58 neutrons fill the orbitals (configurations) (2d5/2)6(1g7/2)2

but when a new neutron is added the configuration does not remain as
(
2d5/2

)6 (1g7/2)3, instead
a neutron leaves the filled up subshell (2d5/2)6 to pair with the newcomer thus forming the
configuration (2d5/2)5(1g7/2)4.

The previous considerations may be resumed in three rules for the filling of levels in the
nuclear shell model:

• Subshells with high j are preferentially filled by nucleon pairs.

• Even-even nuclei have Jπ = 0+ in the ground state.

• An even number of identical nucleons couples to have a zero spin in the ground state.
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8.5 Nordheim rules

So far we have mentiones, within the shell model, the cases of even-odd, odd-even, and even-
even nuclei. The odd-oddd nuclei are interesting to studey because they provide direct data on
proton-neutron interactions. However, since in this case the fround state total angular momen-
tum is the result of the coupling of the angular momenta–that of the single proton with that
of the single neutron–the shellmodel cnnot offer a definitive result. What we can state is the
following: An odd-nucleus will have a totalangular momentum that is the vector sum of the
angular momentum of the unpaired neutron plus that of tha unpaired proton:

−→
J =
−→
j n +

−→
j p

therefore, the quantum number J must be in the range:∣∣∣ jn − jp

∣∣∣ ≤ J ≤
∣∣∣ jn + jp

∣∣∣ with parity given by: π = (−1)`n+`p

The set of data collected from studies of nuclear angular momenta in odd-odd nuclei have
led Nordheim to propose some more definitve, empirical rules:

Strong rule : J =
∣∣∣ jn − jp

∣∣∣ when jn − `n + jp − `p = 0

Weak rule : J >
∣∣∣ jn − jp

∣∣∣ when jn − `n + jp − `p = ±1

It is easy to show that these rules forbid ground states J = 0+ or J = 1− in odd-oddnuclei.
However, there are some exceptions to the weak rule, for instance:

10
5 Be has Jπ = 0+

156
63 Eu has Jπ = 0+

100
65 Rh has Jπ = 1+

These rules make it impossible to have ground states 0+ and 1− for odd-odd nuclei (although
they do exist in nature in rare cases).

To finish this chapter we point out that the predictions of the shell model as developed above
were based on the assumption of spherically symmetric potentials. This is why the predictions
of the model are successful near closed shells (magic numbers). However, for odd-A deformed
nuclei (nuclei exhibiting an electric quadrupole moment), the shell model predictions fail. S.G.
Nilsson [1] has studied the effect of the nucleus deformation on the nuclear energy levels as
a function of the eccentricity ε = ∆R/R (see Chapter 3 - Static Properties). Although we
will not go into these complications, suffice it to say that Nilsson has published a series of
diagrams where knowing ε and the odd-Z (or odd-N) number it is possible to find the total
angular momentum and parity for the ground state of the nucleus in question.

Table 8.5 shows a few examples of some odd-A nuclei for which the shell model Jπ predic-
tions are wrong:
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Nucleus 21
10Ne 23

11Na 47
22Ti 55

25Mn 79
34S e

Shell model as developed above 5/2+ 5/2+ 7/2− 3/2− 9/2+

Experimental 3/2+ 3/2+ 5/2− 5/2− 7/2+
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Chapter 9

Radioactivity

9.1 Introduction

Up to now we have been studying static properties of nuclei. With this chapter we start the
study of their dynamic properties.

The exponential laws that govern the decay and formation of radioactive nuclei were origi-
nally formulated by Rutherford and Soddy back in 1902 to explain the results obtained in their
studies of the Thorium radioactive series. The complete mathematical treatment was given by
Bateman in 1910. For about 30 years these laws were applied to the study of the natural radioac-
tive series: uranium, actinide, and thorium. However, when nuclear fission was discovered in
1939, many radioactive chains–originated from the decay of primary fission products–could be
observed; it was found that their behavior followed the Bateman equations. These laws are
independent of the particular mode of decay –α, β+, β−, γ,electron capture, internal conversion,
spontaneous fission, and also light emission processes from excited atoms– and apply to all
of them. Radioactivity, being a nuclear property, is independent of any physical or chemical
condition of the sample: temperature, pressure, concentration (with exceptions in very special
cases), etc.

9.2 Law of radioactive decay

The two fundamental postulates that lead to this law were put forth by E. von Schweidler in
1905 in trying to give a scientific basis to the empirical law of Rutherford and Soddy:

1. The probability that an atom would decay is the same for all atoms of the same species.

2. For a given atom, its decay probability is independent of the past history of that atom. In
other words, the probability that an atom would decay is independent of its ”age”.

With these two postulates in mind we can state that, if we consider a time interval short
enough, the decay probability of a certain atom will be proportional to that time, that is: given
an atom, the probability that it will decay in a time dt is equal to λdt, where we see that λ, the

171



Nuclear Physics

”decay constant”, represents the probability per unit time that an atom will decay: λdt/dt =

λ
[
s−1

]
. If we consider a pure radioactive substance that initially (t = 0) has N (0) = N0 atoms,

where N0 is a very large number, we can think of N (t), the number of atoms at time t, as a
continuous variable. In that case, the number of atoms that have decayed in time dt will be:
−dN (t) = λN (t) dt. The minus sign is introduced to take into account that, since N decreases
with t, dN/dt is a negative number, and λ and N are essentially positive.

We arrive to this same result with the following argument:
If N (t) represents the number of radioactive atoms at time t, the disintegration rate (number

of atoms disintegrating per unit time) will be given by dN (t) /dt. Now, the probability per unit
time that an atom shall disintegrate, λ, according to the definition of probability is given by:

λ = −
dN (t) /dt

N (t)
∴ dN (t) = −λN (t) dt

The solution to this differential equation is:

N (t) = N0e−λt (9.1)

where we have called N (0) = N0 the number of atoms at time t = 0.

9.2.1 Activity

We define ”activity” A of a sample to the number of disintegrations per unit time of that sample.
Since, by definition A is a positive number, we have:

A (t) = λN (t)

and in the case that our sample consists of atoms that have only one single decay, we can
write:

A (t) = λN (t) = −
dN (t)

dt
(we shall soon see that in the case of consecutive radiations the expression

A (t) = −
dN (t)

dt

is not true).
From expression 9.1:

dN
dt

= −λN0e−λt ∴
dN
dt

∣∣∣∣∣
t=0

= −λN0 therefore:
dN
dt

=
dN
dt

∣∣∣∣∣
t=0

e−λt

and calling A0 the initial activity we get:

A (t) = A0e−λt (9.2)
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Since the decay constant λ is not a pure number (has the dimension of the inverse of time),
in a mathematical sense it does not in itself represent a probability (0 ≤ probability ≤ 1). How-
ever, if we choose a short enough interval of time, say ∆t such that ∆t � 1/λ, the product λ∆t
does represent a good approximation for the probability of decay in that interval, of the radioac-
tive atom whose decay constant is λ. We find in Nature a range of 24 orders of magnitude for
the values of λ:

1.569 × 10−18s−1︸               ︷︷               ︸
232Th

≤ λ ≤ 2.326 × 106s−1︸            ︷︷            ︸
212Po

9.2.2 Half life

Half life, T , is defined as the time it takes, in average, a radioactive substance to reduce its
original number of atoms to one half. Of course, we can state the same definition in terms of
activities. From the definition, using expression 9.1:

N0

2
= N0e−λT ∴ T = ln 2

λ
= 0.693

λ

Expressed in terms of half lives, the extreme values that T can take in naturally radioactive
nuclides are:

0.298µs︸   ︷︷   ︸
212Po

≤ T ≤ 1.400 × 1010y︸           ︷︷           ︸
232Th

9.2.3 Mean life

We find the average life time of the atoms of a radioactive sample by summing the times each
atom has ”lived” divided by the total number of initial atoms:

τ =

∫ N0

0
tdN∫ N0

0
dN

=
1

N0

∫ N0

0
tdN ; dN = −λNdt with

{
t = 0 when N = N0

t = ∞ when N = 0

τ = −
1

N0
λ

∫ 0

∞

Ntdt = λ

∫ ∞

0
te−λtdt =

1
λ
∴ τ = 1

λ

In Figure 9.1 we represent, from Eq. 9.1, the expression: N
N0

= e−λt.
At t = 0 we get N

N0
= 1 and the derivative is −λ = −1

τ
. Therefore, the tangent to the curve at

(0,1) intersects the abscissa at t = τ. We see that τ > T because τ represents the time necessary
for the sample to reduce its activity to 1/e = 0.37 of the original one, while T is the time
necessary to reduce the activity to 0.50 of the original activity.
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Figure 9.1:

When taking experimental points of the activity of a radioactive source, it is best to use
semilogarithmic paper for one then should get a straight line. In effect, taking logarithms in
both sides of expression 9.2 one gets:

ln A (t) = ln A0 − λt (9.3)

which we have represented in Fig. 9.2, where it is shown how from this graph one easily
gets a value for the half life of the measured source.

Figure 9.2:

9.2.4 Units of Radioactivity

Historically, the curie unit was defined as approximately the activity of 1 gram of the radium
isotope 226Ra, which is about 3.7×1010 disintegrations per second. This unit was later defined as
the quantity of any radioactive nuclei which has 3.700× 1010 disintegrations per second; abbre-
viated Ci. Although discouraged by some national and international organisms, the curie is still
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widely used in different laboratories and by the industry. Typically, sources of a few microcuries
(1 µCi = 10−6Ci) are used for the calibration of solid state counters, both scintillation and HPGe
detectors. Sources in the order of kilocuries (1 kCi = 103Ci) are used in radiotherapy, steriliza-
tion, radiography of metals, etc., while sources in the range of megacuries (1 MCi = 106Ci) are
used in irradiation units, mainly sterilization. Today the accepted SI (International System of
units) unit of radioactivity is the “becquerel”, abbreviated Bq and defined as the radioactivity of
a substance where one nucleus decays per second: 1 Bq = 1 disintegration per second.

9.2.5 Specific Activity

For some applications (e.g. β spectrometry) a high activity per gram of source is required, that
is, a high specific activity which is defined as:

A′ =
A
m

=
λN
m

=
λNA

A
(9.4)

where A is the activity of the source and m its mass in grams, and where we have used the
identity N/m = NA/A as seen in Chapter 4. We see from 9.4 that to calculate the specific activity
of a radioactive isotope we only need to know its decay constant λ and mass number A. It is
clear that light, short lived, radioactive nuclei will have a high specific activity. For instance,
for 28Al (T = 2.246min) we would have:

A′ =
NA ln 2

AT
=

6.02 × 1023 × 0.693
28 × 2.246 × 60

= 1.106 × 1020 ' 3.000 MCi/g

and this result is warning us to be cautious when irradiating, for instance, pure Al with
thermal neutrons if we take into account that it would reach 50 % of maximum activity in only
2.246min irradiation time.

9.3 Partial Decay Constants

In some cases, more than one decay mode are possible for certain nuclei. Just to mention one
of many instances, 226Ac may decay through α, β+, or β− radiation. If the decay probability of
each of these modes are respectively: λ1, λ2, · · · , λn, then the total decay probability will be:
λ = λ1 + λ2 + · · · + λn, and the number of decays per unit time will then be given by:

dN
dt

= −λN ∴ N = N0e−λt

We see that if we determine the “partial activity” Ai of a radioactive sample with N nu-
clei, through the measurement of a particular mode whose decay probability is λi, according to
definition we would get:

Ai = λiN = λiN0e−λt (9.5)

that is:
Ai = A0ie

−λt (9.6)
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This means that if we study our sample with a detector that is sensitive only to radiation type
i, we will however observe the decay of the sample with its total decay probability λ. Of course
this is so because, during the time we are measuring those decays only due to decay mode i, the
sample is decaying through all modes.

9.3.1 Mixture of independent activities

If we have a mixture of two different species of radioactive atoms, designated as species 1 and
2, the total activity will be given by the sum of each activity, provided the decay of the two
species are not genetically related:

AT = A1 + A2 = λ1N1 + λ2N2

In the more general case of having a mixture of n independent species of radioactive atoms,
we have for the total activity:

AT = A1+A2 + · · ·An = λ1N1 + λ2N2 + · · · + λnNn

Using semilog paper to represent the activity of a mixture of two components Figure 9.3
shows the case of 61Cu +64 Cu:

Figure 9.3:

Since, as shown before, the representation of a pure exponential in semilog paper is a straight
line, we see in the graph above that after a time long enough, activity A1 has become negligible
and total activity AT is now due only to A2, that is, to the decay of species 2. Extrapolating the
straight line to t = 0 and graphically subtracting it from the total activity AT , we get A1 = AT−A2

which should result in another straight line. From these straight lines we get the respective half
lives for the two components of the total activity.

Experimentally, these graphs are difficult to resolve for the case of a mixture of more than
two components, and this is also true even for the case of only two components if their half lives
differ by a factor lower than 2.
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9.4 Natural Radioactive Families

There exist in Nature three families of radioactive nuclei, each starting with nuclides: 232Th
(
1.40 × 1010y

)
,

235U
(
7.04 × 108y

)
, and 238U

(
4.468 × 109y

)
, ending up respectively into the stable nuclides:

208Pb, 207Pb, and 206Pb. Since each member of each family disintegrates only through α decay
(mass number A changes by 4 units) or β− decay (no change in mass number A), the mass num-
ber of any member in the 232Th family satisfies the equation A = 4n where n is an integer; any
member in the 235U family the equation A = 4n + 3; and any member in the 238U family the
equation A = 4n + 2. The lack in Nature of a family responding to the equation A = 4n + 1 was
understood when in the 40´s reactor neutrons were available and 237N p, with T = 2.14 × 106y,
was discovered. Since the age of the Earth is 4.5 × 109y, when natural radioactive chains were
studied, the 237N p family, having decayed for more than 2,000 half lives, had already long
disappeared, only remaining on Earth the last member of the family, 209Bi.

9.4.1 Radioactive decay of family related nuclei

The natural radioactive families consist of long chains of nuclei consecutively decaying one in
the next one. Also, the products of nuclei that have fissioned are highly rich in neutrons, thereby
going through sometimes long chains of β− decay until reaching the stability line.

We will study the case where a radioactive substance decays into another one that is itself
radioactive. Designating the parent substance with number 1, and with number 2 the daughter
substance, the process is represented schematically in Figure 9.4:

Figure 9.4:

We assume that at a certain instant the number of atoms of substance 1 is equal to N1 and
that of substance 2 equal to N2.

As we see in the sketch above, substance 1 decays into substance 2 with speed λ1N1; there-
fore, substance 2 on the one hand grows with speed λ1N1 due to the decay of substance 1, and
on the other hand decreases with speed λ2N2 due to its own decay. We can then write for the
behavior with time of substances 1 and 2, respectively:

dN1

dt
= −λ1N1 and

dN2

dt
= λ1N1 − λ2N2

if we call N0
1 the number of atoms of substance 1 at t = 0, we know the solution for N1 is:

N1 = N0
1e−λ1t; therefore, the final differential equation to be solved in order to get N2 is:
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dN2

dt
+ λ2N2 = λ1N0

1e−λ1t

if we call N2 = N0
2 when t = 0, we get as a general solution:

N2 (t) = λ1
λ2−λ1

N0
1

(
e−λ1t − e−λ2t

)
+ N0

2e−λ2t (9.7)

Depending on the relative values of λ1 and λ2, there could be different instances of ”equi-
libria” between parent substance 1, and daughter substance 2. When studying these different
cases, we will always assume that initially there is no daughter substance, that is: N0

2 = 0 at
t = 0.

9.4.2 Transient equilibrium

This occurs when T1 > T2, that is when λ1 < λ2

According to 9.7 we have:

N2 (t) =
λ1

λ2 − λ1
N0

1

(
e−λ1t − e−λ2t

)
With the condition λ1 < λ2 and t > 0 it is always true that e−λ2t < e−λ1t and, taking into

account that we are dealing here with exponential functions, for times long enough we can
write: e−λ2t � e−λ1t. In that case, and calling N2∞ the (time dependent) value reached by N2, we
have:

N2∞ =
λ1

λ2 − λ1
N0

1e−λ1t =
λ1

λ2 − λ1
N1 ∴

N1

N2∞
=
λ2 − λ1

λ1

which means that after a certain time, the ratio of the number of parent and daughter nuclei
remain constant.

Similarly, for the corresponding activities we have:

A2 =
λ2

λ2 − λ1
A0

1

(
e−λ1t − e−λ2t

)
(9.8)

and for times long enough:

A2∞ =
λ2

λ2 − λ1
A1 (9.9)

we see that after a time sufficiently long, A2∞ > A1 by the constant factor λ2/ (λ2 − λ1), and
also, that the daughter decays with her parent´s half life. If we now subtract 9.8 from 9.9 it
results:

A2∞ − A2 =
λ2

λ2 − λ1
A0

1e−λ2t (9.10)
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Figure 9.5:

and we see that this is a pure exponential curve that decays with the daughter′s half life.
This is useful in building the graph at right in Fig. 9.5.
Depicted at left in Fig. 9.5, in linear coordinates, is a typical case of transient equilibrium:

the activity decay of parent nuclei, A1, and the initial growth and subsequent decay of daughter
nuclei, A2. At right, in semilog coordinates, we show how to find the half lives of both parent
and daughter nuclei, knowing only the total activity count rate AT = A1+A2 as a function of
time, which in the graph is about 90 counts/s at t = 0 with the assumption A0

2 = 0. From what
we have seen above, at times long enough we have:

AT∞ = A1 + A2∞ =

(
1 +

λ2

λ2 − λ1

)
A0

1e−λ1t

therefore AT∞ approaches asymptotically to a pure exponential (a straight line in semilog
paper) that decays with the parent half life. If we now draw a parallel to this line starting at
the point AT (0), we get the curve we would have obtained had we measured only the activity
of the parent nuclei, that is, A1. Graphically subtracting this from AT we get the curve A2 =

AT − A1 which, according to expression (9.9), approaches asymptotically to a pure exponential
that decays with the parent half life. We now extrapolate this curve to t = 0 and obtain the pure
exponential A2∞. We perform now the operation indicated in expression ((9.10)) and finally get
another pure exponential that decays with the daughter´s half life. From the obtained curves, A1

and A2∞ − A2, and following the procedure indicated in Fig. 9.2, we get respectively the parent
and daughter´s half lives.

9.4.3 Secular equilibrium

This occurs when T1 � T2, that is when λ1 � λ2. In this case, when t is long enough we can
write: e−λ2t ≪ e−λ1t. Therefore, expression 9.9 reduces to:

A2∞ =
λ2

λ2 − λ1
A1 =

1
1 − λ1/λ2

A1 ' A1 ∴ A2∞ ' A1
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Furthermore, if T1 is much longer than the time during which we perform the measurements:
T1 � t, then λ1t = 0.693t/T1 will be a very small number and e−λ1t practically constant and
equal to 1. Then A2 reaches a constant value:

A2 −→ A2∞ = A1 = A0
1

Then, for large t :
A2 = A1 ∴ N2λ2 = N1λ1

Figure 9.6 below represents the case of secular equilibrium showing the equivalent graphical
construction of Fig. 9.4, and mathematical justification thereon.

Figure 9.6: .

The graph at left is the linear coordinates representation of A2/A0
1 as a function of t in days,

for the secular equilibrium case of 226Ra
(
T1 = 1600y

)
that α decays to 222Rn (T2 = 3.825d)

that also decays through an α particle. At right, the same representation, this time in semilog
coordinates, with the time scale in units of 10 d.

Figure 9.7:

Figure 9.7 describes a radioactive chain whose first member has a very long half life. After
a certain time, as we have just seen, we will have:

λ1N1 = λ2N2 ∴
dN2

dt
= λ1N1 − λ2N2 = 0 ∴ N2 = constant

The equation that governs the disintegration speed of substance 3, is:

dN3

dt
= λ2N2 − λ3N3
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once equilibrium has been established (large t) we have: N2 = constant; calling λ2N2 = K
we have to solve the differential equation:

dN3

dt
+ λ3N3 = K

we have seen before that a solution to the homogeneous equation is: N3 = Ce−λ3t and it is
immediate that a particular solution is N3 = k where k is a constant, therefore: λ3k = K ∴ k =

K/λ3 = λ2N2/λ3. Then the general solution to differential equation 9.4.3 is:

N3 = Ce−λ3t +
λ2N2

λ3
(9.11)

let N3 = N∗3 at an arbitrary time t = t∗, then C = eλ3t∗
(
N∗3 −

λ2N2
λ3

)
which replaced in 9.11

above gives the final result:

N3 =
λ2N2

λ3

[
1 − e−λ3(t−t∗)

]
+ N∗3e−λ3(t−t∗)

and we see that at times long enough N3 tends to the value λ2N2/λ3 and then we can write:

λ3N3 = λ2N2 = constant

In exactly the same way, and after having demonstrated that N3 approaches a constant value,
we can demonstrate that N4 approaches the constant value λ3N3/λ4, and so on.

Then, in general, for a radioactive chain where the first member has a very long half life as
compared to the time during which measurements are performed (and to the half lives of the
other members of the chain), we can write:

λ1N1 = λ2N2 = λ3N3 = · · · = λnNn that can be written as:

N1

T1
=

N2

T2
=

N3

T3
= · · · =

Nn

Tn

expression that can be used to calculate the half life of very long lived nuclei from a knowl-
edge of the half life of a shorter lived member of the chain that are easily measurable. In this
case a measurement of the respective number of nuclei is also necessary.

9.5 Artificial radioactivity

We also get secular equilibrium when a radioactive substance is somehow generated at a con-
stant rate. For instance, when bombarded by means of an accelerator, or within a nuclear reactor.

Let us assume that when bombarding a certain target, R radioactive nuclei are created per
unit time at a constant rate. If these nuclei have a decay constant λ, we can set the differential
equation:

dN
dt

= R − λN ∴
dN
dt

+ λN = R
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We have already solved this equation (see Eq. 9.4.3 above). Since, by definition, R is a
constant, the solution is:

N =
R
λ

(
1 − e−λt

)
+ N0e−λt

Assuming there are no radioactive nuclei at the start of irradiation (N0 = 0 at t = 0), the
representation of N as a function of time is shown in Fig. 9.8

Figure 9.8:

9.5.1 No equilibrium

This occurs when T1 < T2, that is when λ1 > λ2

According to Eq. 9.7, with N0
2 = 0, we have:

N2 (t) =
λ1

λ1 − λ2
N0

1

(
e−λ2t − e−λ1t

)
Since λ1 > λ2, when t is large it will be e−λ1t � e−λ2t, therefore we get:

N2∞ =
λ1

λ1 − λ2
N0

1e−λ2t and A2∞ =
λ2

λ1 − λ2
A0

1e−λ2t

This means that for large t, the daughter nuclei decays with its own half life. For the daughter
activity (any time) we have:

A2 =
λ2

λ1 − λ2
A0

1

(
e−λ2t − e−λ1t

)
and the total activity will be:

AT = A1 + A2 = A0
1e−λ1t +

λ2

λ1 − λ2
A0

1

(
e−λ2t − e−λ1t

)
If we now perform the operation AT − A2∞ we get:

AT − A2∞ = A0
1e−λ1t −

λ2

λ1 − λ2
A0

1e−λ1t =

(
1 −

λ2

λ1 − λ2

)
A0

1e−λ1t

function that as we see decays with the parent half life. In a similar way as we had shown
in Fig. 9.4, the geometrical construction is represented at the right hand side of Fig. 9.9 for
the case of the nucleus 211Bi (T1 = 2.17min) that α decays to 207Tl (T2 = 4.77min) which itself
decays through β− to stable 207Pb.
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Figure 9.9:

9.6 Radioactive Dating

9.6.1 Geological times

It is possible to determine the age of the Earth by some measurements of natural uranium. The
half life of 238U is T = 4.468×109y. In the 238U radioactive family we have: λ

(
238U

)
= 4.916×

10−18s−1 and the next smallest decay constant is that of 234U
(
T = 2.46 × 105y

)
: λ

(
234U

)
=

8.929 × 10−14s−1; that is:

λ
(

238U
)
<

any λ of the chain
104 until reaching stable 206Pb (λ = 0, T = ∞)

This means that any member of the 238U radioactive chain has more than 10, 000 times more
probability of decaying than 238U itself. The practical result of this is that after a billion years
or so, the only members of the family with an appreciable concentration will be 238U and 206Pb.
We can then apply, to the first and last members of the chain, equation 9.7 that we had for two
components:

N2 (t) =
λ1

λ2 − λ1
N0

1

(
e−λ1t − e−λ2t

)
with N0

2 = 0

Since in this case λ2 = 0, we get for the number of 206Pb atoms at the present time:

NPb = N0
U

(
1 − e−λU t

)
Since all minerals containing 238U always also contain 206Pb, and since there is no strong

reason to suppose that 238U and 206Pb should always exist together, it is reasonable to assume
that all 206Pb present in a mineral containing 238U, is due to the decay of 238U. Under this
assumption, and calling NU the number of 238U atoms at present, we can write:

NPb + NU = N0
U ∴ NPb = (NPb + NU)

(
1 − e−λU t

)
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finally getting the result:

t = 1
λU

ln
(
1 + NPb

NU

)
Of course, a quicker way to arrive to this same result instead of using Eq. 9.7, would have

been: NU = N0
Ue−λU t ∴ NPb = N0

U − NU = N0
U

(
1 − e−λU t

)
Under the assumption that the Earth and meteorites had a similar beginning, and all evidence

seem to indicate this is true, then the age of old meteorites should give us information on the
age of the Earth. For this to be true it is assumed that meteorites, having a small mass, have
solidified almost immediately. Measurements of the ratio 206Pb/238U in old meteorites indicate
an age of about 4.5 × 109y for the formation of Earth. On the other hand, this same ratio in old
terrestrial rocks indicate an age of about 3.0 × 109y for the segregation of rocks in the Earth
surface.

9.6.2 Archeological times dating with 14C

Carbon-14 is generated in the atmosphere through nuclear reactions initiated by neutrons com-
ing from cosmic rays. These neutrons react with nitrogen which is the most abundant compo-
nent (78.084% by volume) in the atmosphere. The reaction is:

n + 14N −→ 14C + p (9.12)

14C is radioactive and decays, emitting a β− particle, back to 14N :

14C
(
T = 5700 ± 30y

)
−→ 14N + β− + ν

Since cosmic rays have been bombarding our atmosphere for eons, the 14C created according
to reaction 9.12 has long reached the saturation condition shown at left in Fig. 6.

Natural carbon is found in the atmosphere in the form of CO2 (0.038% by volume) which
plants absorb and incorporate into its fibers by photosynthesis. When animals (humans in-
cluded) eat plants, and breathe, CO2 is incorporated into their bodies at about the same concen-
tration it has in the atmosphere. Since 14C from reaction above combines with oxygen to also
form CO2, plants and animals (when alive) have the same concentration of this radioisotope as
in the atmosphere. Research has shown that there are about one 14C atom in the atmosphere for
every 1012 atoms of normal 12C, and that this concentration of 14C is responsible for an specific
activity of about 15 disintegrations per second for every gram of living matter. When animals
or plants die, they stop eating and breathing and the initial 14C/12C ratio starts decreasing. By
measuring, in a dead tree, or in an animal, or in an old artifact, the present 14C disintegration
rate it is possible to calculate how long the object under study has been dead. We can write for
the present 14C activity:A (t) = A0e−λt therefore:

t =
1
λ

ln
A0

A
=

5700
ln 2

ln
A0

A
(9.13)
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where A0 = 15g−1s−1 β disintegrations. For instance, if in a piece of bone we measure, say,
10g−1s−1 β disintegrations from 14C, the animal to which this bone belonged was alive 3334
years ago.

We cannot date by this method objects that are younger than about 500 years because in this
case the difference between the initial and final activity is very small (the sample has decayed
less than 9% of the 14C life time) and therefore the uncertainty very large. On the other hand,
an object can be dated up to a limit of about 45,000 years using the β counting technique to
determine the 14C content, because after close to 8 half lives the samples have decayed by a
factor of 240 and are hardly measurable. However, the 14C dating technique has been greatly
improved through the use of the so called Accelerator Mass Spectrometry (AMS for short)
where what is counted is the number of 14C atoms as compared to 12C. Through the AMS
technique, ages up to 60,000 years have been determined.

9.6.3 Bateman Equations

When we have a radioactive chain consisting of n components, to find the number of atoms of
component n at time t we have to solve the following set of linear differential equations:

dN1
dt = −λ1N1

dN2
dt = λ1N1 − λ2N2

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · ·
dNn
dt = λn−1Nn−1 − λnNn

(9.14)

We show first the solution Bateman gave for the particular (and most common) case where,
at t = 0, the initial number of atoms are: N1 (0) = N0

1 , N2 (0) = N3 (0) = · · · · · · = Nn (0) = 0.
The solution is:

Nn (t) = N0
1

(
C1e−λ1t + C2e−λ2t + · · · · · · + Cne−λnt

)
(9.15)

with: 

C1 = λ1λ2······λn−1
(λ2−λ1)(λ3−λ1)······(λn−λ1)

C2 = λ1λ2······λn−1
(λ1−λ2)(λ3−λ2)······(λn−λ2)

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

Cn = λ1λ2······λn−1
(λ1−λn)(λ2−λn)······(λn−1−λn)

(9.16)

In the general case, where N2 (0) ,N3 (0) , · · · · · · ,Nn (0) , 0 the solution is:

Nn (t) = N(1)
n (t) + N(2)

n (t) + · · · · · · + N(n)
n (t) (9.17)

where the first term on the right hand side of 9.17 is given by Eq. 9.15 with coefficients
shown in 9.16,

the second term is:

N(2)
n (t) = N0

2

(
C(2)

2 e−λ2t + C(2)
3 e−λ3t + · · · · · · + C(2)

n e−λnt
)
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with: 

C(2)
2 = λ2λ3······λn−1

(λ3−λ2)(λ4−λ2)······(λn−λ2)

C(2)
3 = λ2λ3······λn−1

(λ2−λ3)(λ4−λ3)······(λn−λ3)
· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

C(2)
n = λ2λ3······λn−1

(λ2−λn)(λ3−λn)······(λn−1−λn)

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

· · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · · ·

the (n − 1) term is:

N(n−1)
n (t) = N0

n−1

(
C(n−1)

n−1 e−λn−1t + C(n−1)
n e−λnt

)
with:  C(n−1)

n−1 = λn−1
λn−λn−1

C(n−1)
n = λn−1

λn−1−λn

the n term is:

N(n)
n (t) = N0

nC(n)
n e−λnt

with:
C(n)

n = 1
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Chapter 10

Gamma decay

10.1 Independent particle approximation for the nucleus

A nucleus of mass number A is a bound state of Z protons and A− Z neutrons. Each nucleon of
space-spin coordinates −→r , σ can be assumed to move in an effective potential generated by the
rest of nucleons, V̂P(−→r , σ) for protons and V̂N(−→r , σ) for neutrons; this is the effective field (or
independent particle) approximation that gives an accurate description of the nucleus, specially
for not too small A. Nucleons are described by orbitals ϕP,N

i (−→r , σ)e−iεP,N
i t/~ solutions of the

stationary Schrödinger equation[
−
~2

2m
∇2

r + V̂P,N(−→r , σ)
]
ϕP,N

i (−→r , σ) = εP,N
i ϕP,N

i (−→r , σ) (10.1)

Due to the Pauli exclusion principle no two protons or neutrons can occupy the same orbital
ϕP

i or ϕN
i .

In the nuclear ground state Ψ0 the protons and neutrons occupy the orbitals with lowest
energies, i. e. ϕP

1 , ϕ
P
2 , ...ϕ

P
Z for the protons, and ϕP

1 , ϕ
P
2 , ...ϕ

P
A−Z for the neutrons, with εP

1 ≤ ε
P
2 ≤

...εP
Z , εN

1 ≤ ε
N
2 ≤ ...ε

N
A−Z. The wave function Ψ0 should be antisymmetric under exchange of any

two proton or neutron coordinates −→r i, σi �
−→r j, σ j.

Excited states Ψn are built replacing one or more of the ground state orbitals by higher
energy orbitals, an example is the following:

Ground Ψ0

protons neutrons
– –
– –
– ϕN

A−Z
ϕP

Z ...
... ...
... ϕN

4
ϕP

3 ϕN
3

ϕP
2 ϕN

2
ϕP

1 ϕN
1

Excited Ψexc

protons neutrons
ϕP

Z+3 –
– –
– ϕN

A−Z
ϕP

Z ...
... ...
... ϕN

4
ϕP

3 ϕN
3

– ϕN
2

ϕP
1 ϕN

1
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At left the ground state in the independent particle approximation, where protons and neu-
trons occupy the lowest energy orbitals. At right one of the excited states of the nucleus, in this
case one proton has been promoted from the second to the Z +3 level while the neutrons remain
in their lowest energy orbitals.

10.2 Interaction of a nucleus with the radiation field

Electromagnetic radiation in vacuum can be written as a combination of plane waves using the
vector potential

−→
A(−→r , t) =

1
(2π)3

∫
d3k
−→
A0(
−→
k )ei(

−→
k −→r −ωt), ω = ck (10.2)

−→
E (−→r , t) and

−→
B(−→r , t) are determined by the principles of electromagnetism condensed in the

four equations of Maxwell,

−→
E (−→r , t) = −

1
c
∂
−→
A(−→r , t)
∂t

(10.3)

−→
B(−→r , t) =

−→
∇ r ×

−→
A(−→r , t)

The interaction potential of a particle α of charge eα and magnetic dipole −→µ α with the radi-
ation field is

V̂(−→r , σ; t) = − eα
−̂→p α

mαc
−→
A(−→r , t) + gα

e
2mαc

−̂→
S α.
−→
∇ r ×

−→
A(−→r , t) (10.4)

as shown in the Appendix at the end of this Chapter; replacing (10.2) we get

V̂(−→r , σ; t) =
1

(2π)3

∫
d3k

{
V̂(
−→
k )ei(

−→
k −→r −ωt) + complex conjugate

}
where

V̂(
−→
k ) = A0(

−→
k )

(
eα

mαc
ε̂(
−→
k ).−̂→p α + igα

e
2mαc

−̂→
S α.
−→
k × ε̂(

−→
k )

)
(10.5)

and ε̂(
−→
k ) =

−→
A0(
−→
k )/A0(

−→
k ) is called the polarization of the wave.

When the nucleus interacts with the radiation field (??) from time t0, the one-particle or-
bitals χP,N

i (−→r , σ; t) describing the nucleons for t > t0 are now solutions of the time dependent
Schrödinger equation

[−
~2

2m
∇2

r + VP,N(−→r , σ) + V̂int(−→r , σ; t)]χP,N
i (−→r , σ; t) = i~

∂

∂t
χP,N

i (−→r , σ; t) (10.6)
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the χi(−→r , σ; t) (that from now on we use to describe either proton or neutron orbitals) can
be expanded in the complete basis ϕn(−→r , σ)e−iεnt/~ solutions of equation (10.1)

χi(−→r , σ; t) =
∑

n

ain(t)ϕn(−→r , σ)e−iεnt/~, ain(t0) = δin (10.7)

Replacing the expansion (10.7) in the Schrödinger equation (10.6) the amplitudes ain,i re-
sult, to lowest order in V̂int:

ain(t) = −
i
~

1
(2π)3

∫
d3k

{〈
ϕn

∣∣∣∣V̂int(
−→
k )ei

−→
k −→r

∣∣∣∣ϕi

〉 ∫ t

0
dt′ei(εn − εi − ~ω)t′/~

+

〈
ϕn

∣∣∣∣V̂int(
−→
k )e−i

−→
k −→r

∣∣∣∣ϕi

〉 ∫ t

0
dt′ei(εn − εi + ~ω)t′/~

}
(10.8)

so the probability of finding the nucleon originally in ϕi to be at time t in the orbital ϕn is
|ain(t)|2.

The magnitude that is usually measured in the laboratory is the transition rate at time t
(number of transitions produced at t per unit time):

win(t) =
d
dt
|ain(t)|2 (10.9)

The time t is chosen such that ω(t − t0) >> 1 so transient effects of the switch on of the
interaction with the radiation field have disappeared. The time integrand in (10.8) is highly
varying and its contribution to the transition rate cancels out, except when

εn − εi ± ~ω � 0 (10.10)

replacing (10.8) in (10.9) leads to the following results:

win(t)|εn − εi = ~ω =
2π
~

∣∣∣∣∣〈ϕn

∣∣∣∣V̂int(
−→
k )ei

−→
k −→r

∣∣∣∣ϕi

〉
k=ω/c

∣∣∣∣∣2 (10.11)

for absorption of energy from the field, and

win(t)|εi−εn=~ω =
2π
~

∣∣∣∣∣〈ϕn

∣∣∣∣V̂int(
−→
k )e−i

−→
k −→r

∣∣∣∣ϕi

〉
k=ω/c

∣∣∣∣∣2 (10.12)

for emission of energy to the field; the only allowed transtions are those where the nucleus
emits or absorbs a quantum ~ω of energy (a photon). Details of the calculation are given in the
Chapter on Quantum mechanics of these notes.

A nucleon in state i can absorb a photon and be excited to a state n as long as the radiation
field has photons of energy ~ω = εn − εi, see Figure (13.12).

As shown in Figure (10.1) n can be a bound state with transition rate given by Eq.(10.11), or
a continuum state. The latter is similar to ionization of an atom where now what is ”ionized” is
the nucleus with emission of a proton or a neutron with momentum pn as seen in Figure (10.3).
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Figure 10.1: .

Figure 10.2: .

The transition rate per unit energy εn measured by a detector covering an angle ∆Ω(θ, φ) will be
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d
dt |ain(t)|2 multiplied by the number of states dN(−→p n)/dεn collected by the instrument:

win(t)|εn−εi=~ω,εn>0 =
2π
~

∣∣∣∣∣〈ϕn

∣∣∣∣V̂int(
−→
k )ei

−→
k −→r

∣∣∣∣ϕi

〉
k=ω/c

∣∣∣∣∣2 ρ(εn) (10.13)

ρ(εn) ≡
dN(−→p n)

dεn
=

1
(2π)3

p2
ndpn∆Ω(θn, φn)

pndpn/mα

=
1

(2π)3 mαpn∆Ω(θn, φn)

Figure 10.3: .

The formula (10.13) is known as the ”Fermi golden rule”.
The emission of a photon of energy ~ω with the decay of a nucleon to a lower energy state

εn < εi is depicted in Figure (10.4), its transition rate is given in Eq.(10.12).
this is in fact an induced emission because there is a radiation field present acting on the

nucleus.

10.2.1 Spontaneous emission

When the nucleus is initially in an excited state it can decay without the presence of an external
field, this is an spontaneous emission. The decay is produced because even for a zero number
of photons there are field fluctuations that act on the nucleus. To calculate the transition rate
we may invoke the time reversal invariance of physical laws and recognize that spontaneous
emission can be seen as the time inversed process of absorption by the nucleus interacting with
a one-photon field, as seen in Figure(10.5). The transition rate is given then by Eq.(10.11) for a

one-photon field whose intensity is from Eq.(10.45)
∣∣∣∣−→A0(
−→
k )

∣∣∣∣2 = 2π~c/ω.
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Figure 10.4: .

Figure 10.5: .

10.3 Types of transitions

The energies that a nucleon can exchange with the radiation field are of the order of 1 MeV , so
the wavelength of the photon carrying that energy λ ∼ 10−2Å is much larger than the dimensions
of the nucleus, RN ∼ 4 × 10−5Å: λ/RN ∼ 102. Then the plane waves in the coupling matrix

elements
〈
ϕn

∣∣∣∣V̂int(
−→
k )e±i

−→
k −→r

∣∣∣∣ϕi

〉
have arguments

∣∣∣∣−→k .−→r ∣∣∣∣
r≤RN

=
2π
λ

RN ∼ 10−2

that allow to truncate the expansion
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e±i
−→
k −→r =

∑
p

(
±i
−→
k −→r

)p

p!

to a few terms in the calculation of the coupling:

〈
ϕn

∣∣∣∣V̂int(
−→
k )e±i

−→
k −→r

∣∣∣∣ϕi

〉
k = ω/c

=

〈
ϕn

∣∣∣∣∣∣A0(
−→
k )

(
1 ± i
−→
k −→r −

1
2

(
−→
k −→r

)2
...

)
×

(
eα

mαc
ε̂(
−→
k ).−̂→p α + igα

e
2mαc

−̂→
S .
−→
k × ε̂(

−→
k )

)∣∣∣∣∣∣ϕi

〉
k=ω/c

10.3.1 Dipole electric transition

The only term of order k0 comes from the interaction of the nucleon charge eα with the electric
field

〈
ϕn

∣∣∣∣V̂int(
−→
k )e±i

−→
k −→r

∣∣∣∣ϕi

〉
≡ ME1

in

= A0(
−→
k )

eα
mαc

ε̂(
−→
k ).

〈
ϕn

∣∣∣∣∣−̂→p α

∣∣∣∣∣ϕi

〉
(10.14)

the resulting transition is called dipolar electric (E1) and is dominant if ε̂(
−→
k ).

〈
ϕn

∣∣∣∣∣−̂→p α

∣∣∣∣∣ϕi

〉
,

0.
Using the commutator [

−
~2

2m
∇2

r + VP,N(−→r , σ),−→r
]

= −
~2

2m
−→
∇ r (10.15)

we get 〈
ϕn

∣∣∣∣∣ 2mα

~2 εin
−→r

∣∣∣∣∣ϕi

〉
=

〈
ϕn

∣∣∣∣−→∇ r

∣∣∣∣ϕi

〉
and can write (10.14) as

ME1
in =

2ieα
~c

εin̂ε(
−→
k ).

〈
ϕn

∣∣∣−→r ∣∣∣ϕi

〉
(10.16)

The photon is emitted along directions of
−→
k with polarization ε̂(

−→
k ) (̂ε(

−→
k ) ×

−→
k = 0); the

transition rate for emission of a photon of energy εin = εn − εi in the solid angle dΩ(
−→
k ) results

wE1
in (
−→
k ) =

2π
~

∣∣∣ME1
in

∣∣∣2 ε2
in

(π~c)3 dΩ(
−→
k ) (10.17)

where ε2
in/(π~c)3 is the density ρ(εin) of photon states.
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Equation (10.16) shows that the maximum of wE1
in (
−→
k ) appears when

〈
ϕn

∣∣∣−→r ∣∣∣ϕi

〉
is along

ε̂(
−→
k ), equivalent to say

〈
ϕn

∣∣∣−→r ∣∣∣ϕi

〉
normal to

−→
k as we show in Figure (10.6).

Figure 10.6: .

10.3.2 Dipole magnetic and quadrupole electric transitions

When
〈
ϕn

∣∣∣−→r i

∣∣∣ϕi

〉
= 0 the coupling of the nucleus with the radiation field is of order k, and the

dominant transitions are dipole magnetic and quadrupole electric:

〈
ϕn

∣∣∣∣V̂int(
−→
k )e±i

−→
k −→r

∣∣∣∣ϕi

〉
≡ ME2

in + MM1
in (10.18)

= A0(
−→
k )

ieα
mαc

ε̂(
−→
k ).

〈
ϕn

∣∣∣∣∣(−→k .−→r )−̂→p α

∣∣∣∣∣ϕi

〉
(10.19)

+ A0(
−→
k )

igαe
2mαc

−→
k × ε̂(

−→
k ).

〈
ϕn

∣∣∣∣∣∣−̂→S α

∣∣∣∣∣∣ϕi

〉
(10.20)

The first term has a simple form in a cartesian frame
(̂
ex, êy, êz

)
=

(̂
ε, k̂ × ε̂, k̂

)
shown in

Figure (10.7)
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ε̂(
−→
k ).

〈
ϕn

∣∣∣∣∣(−→k .−→r )−̂→p α

∣∣∣∣∣ϕi

〉
= −

〈
ϕn

∣∣∣∣∣i~kz
∂

∂x

∣∣∣∣∣ϕi

〉
= −

i~k
2

{〈
ϕn

∣∣∣∣∣∣
(
z
∂

∂x
− x

∂

∂z

)∣∣∣∣∣∣ϕi

〉
+

〈
ϕn

∣∣∣∣∣z ∂

∂x
+ x

∂

∂z

∣∣∣∣∣ϕi

〉}
=

1
2
−→
k × ε̂(

−→
k ).

〈
ϕn

∣∣∣∣∣∣−̂→L α

∣∣∣∣∣∣ϕi

〉
+

ikmα

~
εin 〈ϕn |xz|ϕi〉

where we used −i~
(
z ∂
∂x − x ∂

∂z

)
= êy.

−̂→
L α in the first term, and in the second the conmutator[

−
~2

2m
∇2

r + VP,N(−→r , σ), xz
]

= −
~2

2m
(z

∂

∂x
+ x

∂

∂z
)

Figure 10.7: .

Replacing (10.20) in the coupling matrix element (??) we can identify the electric quadrupole
and magnetic dipole contributions

ME2
in = A0(

−→
k )

eαk
~c

εin 〈ϕn |xz|ϕi〉

= A0(
−→
k )

eαk
~c

εin

〈
ϕn

∣∣∣∣(̂ε−→r ) (̂
k−→r

)∣∣∣∣ϕi

〉
(10.21)
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MM1
in = A0(

−→
k )

i
2mαc

−→
k × ε̂(

−→
k ).

〈
ϕn

∣∣∣∣∣∣eα−̂→L α + egα
−̂→
S α

∣∣∣∣∣∣ϕi

〉
(10.22)

in these results e is a fundamental constant that is used in the definition of the magnetic

dipole of the nucleons: −→µ α = gαe/2mαc
〈
−→
S
〉
, while eα is the charge of the nucleon α, eα = e for

a proton and eα = 0 for a neutron.
In the independent particle approximation. Electric multipole couplings appear only for

proton transitions, while magnetic couplings are present for both protons and neutrons. In the
latter the explicit form of MM1

in is

MM1
in (neutron) = A0(

−→
k )

iegN

2mαc
−→
k × ε̂(

−→
k ).

〈
ϕn

∣∣∣∣∣∣−̂→S N

∣∣∣∣∣∣ϕi

〉
(10.23)

MM1
in (proton) = A0(

−→
k )

ie
2mαc

−→
k × ε̂(

−→
k ).

〈
ϕn

∣∣∣∣∣∣−̂→L P + gP
−̂→
S P

∣∣∣∣∣∣ϕi

〉
(10.24)

= A0(
−→
k )

ie(gP − 1)
2mαc

−→
k × ε̂(

−→
k ).

〈
ϕn

∣∣∣∣∣∣−̂→S P

∣∣∣∣∣∣ϕi

〉
(10.25)

where we made the replacement
−̂→
L P =

−̂→
J P −

−̂→
S P, and because the total angular momentum

−̂→
J P of the proton is a constant of the motion it does not contribute to the matrix element.

The transition rates wE2
in , wM1

in are smaller than the electric dipolar wE1
in , the scale factor is

of the order of (kRN)2. The following multipole contributions to gamma transitions will be
octupole electric E3 and quadrupole magnetic M2, and so on.

10.4 Selection rules

The process of absorption or emission of a photon by a nucleus has to conserve the total angular
momentum, so the initial and final angular momenta of the nucleus are related by:

−→
J i +

−→
` =

−→
J n (10.26)

−→
J i =

−→
J n +

−→
` (10.27)

for absorption and emission respectively, where
−→
` is the angular momentum of the photon.

According to the vector rule of the triangle

|Jn − Ji| ≤ ` ≤ Jn + Ji (10.28)

where Ji, Jn, ` are the magnitudes of the classical vectors
−→
Ji ,
−→
Jn,
−→
` or the quantum numbers

of the operators
−̂→
Ji ,
−̂→
Jn,
−̂→
` .
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10.4.1 Electric dipole

The matrix element (10.16) of the electric dipole transition has the form

〈
ϕn

∣∣∣̂ε−→r ∣∣∣ϕi

〉
= 〈ϕn |x|ϕi〉

=
〈
ϕn

∣∣∣ j0(kr)Y1
1 (θ, φ)

∣∣∣ϕi

〉
(10.29)

where j`(kr) is the spherical Bessel function of order ` and x = ε̂−→r .
The spherical harmonic Y1

1 (θ, φ) coming from the power expansion of the plane wave should
be assigned to the absorbed or emitted photon angular momentum, with quantum numbers
` = 1, `z = 1. The triangle rule (10.28) gives:

|Jn − Ji| ≤ 1 ≤ Jn + Ji (10.30)

so a selection rule for electric dipole transitions is:

∆J = 0,±1 (10.31)

excluding the case Ji = Jn = 0, as shown by (10.30).
The parity of the functions ϕi, ϕn,Y1

1 (θ, φ) is determined by the orbital quantum numbers
Li, Ln, ` and the matrix element (10.29) is non zero when the integrand has even parity, this
requires

(−1)Li(−1)Ln(−1)` = 1 (10.32)

or:

(−1)Li + Ln = (−1)` (10.33)

then the second selection rule for electric dipole transitions (` = 1) says that the states ϕi, ϕ j

should have different parity

∆Π = 1 (10.34)

10.4.2 Electric quadrupole

The coupling matrix element of the electric quadrupole transition is:〈
ϕn

∣∣∣∣i(−→k −→r )(̂ε−→r )
∣∣∣∣ϕi

〉
=

〈
ϕn

∣∣∣3i j1(kr)Y1
2 (θ, φ)

∣∣∣ϕi

〉
(10.35)

We have now a spherical harmonic Y1
2 (θ, φ) that corresponds to a photon angular momentum∣∣∣∣−→` ∣∣∣∣ = 2. Equation (10.28) establishes the following restriction to the final angular momentum:

|Jn − Ji| ≤ 2 ≤ Jn + Ji (10.36)
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that gives the first selection rule for electric quadrupole transitions:

∆J ≤ 0,±1,±2 (10.37)

Equation (10.32) for ` = 2 gives the second selection rule: initial and final states should
have the same parity to ensure an even parity integrand in (10.35):

∆Π = 0 (10.38)

10.4.3 Magnetic dipole

Dipole magnetic transitions have the same selection rule for ∆J as given by Eq.(10.37) for the
electric quadrupole coupling:

∆J ≤ 0,±1,±2 (10.39)

On the other hand, there is a change in the selection rule for the parities of the ϕi, ϕn states
involved: equation (10.33) for electric multipoles is replaced by

(−1)Li + Ln = (−1)`+1 (10.40)

The previous results together with those for electric and magnetic octupole are presented in
the following Table.

Transition Código ` ∆Π ∆J Ji + Jn

Electric dipole E1 1 1 0,±1 ≥ 1
Magnetic dipole M1 1 0 0,±1 ≥ 1
Electric quadrupole E2 2 0 0,±1,±2 ≥ 2
Magnetic quadrupole M2 2 1 0,±1,±2 ≥ 2
Electric octupole E3 3 1 0,±1,±2,±3 ≥ 3
Magnetic octupole M3 3 0 0,±1,±2,±3 ≥ 3

Finally, Weisskopf has shown that a reasonable approximation valid for all multipole radia-
tions is:

dPi j

dt
≡ λγ ∼

3
` + 3

eR` (10.41)

with additional separate forms for electric and magnetic multipoles

λγ(E`) =
4(` + 1)

` [(2` + 1)!!]2

(
3

3 + `

)2 (
Eγ(MeV)

140

)2`+1

A2`/3 mec2

~
(10.42)

λγ(M`) =
0.011(` + 1)
` [(2` + 1)!!]2

(
3

3 + `

)2 (
Eγ(MeV)

140

)2`+1

A(2`−2)/3

×

(
2.79`

2
−

`

` + 1

)2 mec2

~
(10.43)
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10.5 Appendix

10.6 The radiation field

We introduce in this Section the main features of the radiation field and its interaction with elec-
tric charges and magnetic dipoles that will be necessary for our study of gamma decay of nuclei.
A brief description of the formalism are at hand in the Chapter on Classical Electromagnetism
included in these notes.

According to classical electromagnetic theory, charges and currents that vary in time emit
waves of energy in the form of electromagnetic fields moving from the sources with the velocity
of light c. According to quantum mechanics what is emitted are massless particles (photons)
with energy ~ω and momentum ~ω/c, where ω is every one of the frequencies of the field.
We will consider situations where the density of photons is high enough so that the classical
description of fields is approximately correct.

The interaction of a particle of charge q moving with velocity −→v with the electric and mag-
netic fields is expressed by the Lorentz force

−→
F L(−→r , t) = e

−→
E (−→r , t) +

e
c
−→v ×
−→
B(−→r , t)

−→
E (−→r , t) and

−→
B(−→r , t) are determined by the principles of electromagnetism condensed in the

four equations of Maxwell; these are differential equations whose solutions are

−→
E (−→r , t) = −

1
c
∂
−→
A(−→r , t)
∂t

−→
B(−→r , t) =

−→
∇ r ×

−→
A(−→r , t)

where

−→
A(−→r , t) =

1
(2π)3

∫
d3k
−→
A0(
−→
k )ei(

−→
k −→r −ωt), ω = ck (10.44)

is called the vector potential. It is understood that the real part of of the definition (10.44)
should be taken.

The wave vector
−→
k is normal to

−→
A0(
−→
k ),
−→
E (−→r , t) is along

−→
A0(
−→
k ) and

−→
B(−→r , t) is normal to

both
−→
A0(
−→
k ) and

−→
k , as shown in Figure (10.8). The amplitude

−→
A0(
−→
k ) =

∣∣∣∣−→A0(
−→
k )

∣∣∣∣ ε̂ has a

magnitude related to the energy flux I(ω) = c
−→
E ×
−→
H averaged over a period 2π/ω of the wave

I(ω) =

2π/ω∫
0

I(ω)dt =
ω2

2πc

∣∣∣∣−→A0(
−→
k )

∣∣∣∣2
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ε̂ is the polarization of the wave, a unit vector in the direction of the electric field. Introduc-
ing the number of photons of the wave N(ω) = I/~ω:∣∣∣∣−→A0(

−→
k )

∣∣∣∣2 =
2π~c
ω

N(ω) (10.45)

(see ([1])).

Figure 10.8: .

10.7 Interaction of a charged particle with the radiation
field

The classical potential energy Ve(−→v ,−→r , t) of a charge e at a point −→r with velocity −→v is the work
required to move it from a field-free region −→r 0 to −→r keeping constant the velocity −→v (see Figure
(??))

:

Ve(−→v ,−→r , t) = e
∫ t

t′(−→r 0)
dt′−→v .

−→
E (−→r 0 + −→v t′, t′) = −

e−→v
c

∫ t

t(−→r 0)
dt′

∂
−→
A(−→r 0 + −→v t′, t)

∂t′

= −
e−→p
mc
−→
A(−→r , t)
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10.8 Interaction of a current loop with the radiation field

Faraday observed that when the magnetic field flux enclosed by a current loop changes in time,
an induced electric field

−→
E ind appears in the circuit that modifies the current j so as to opposeto

the flux change. The work performed by the field
−→
E ind on a unit charge that makes a turn along

the loop is: ∮
−→
E ind(−→r , t).

−→
d` = −

1
c

d
dt

∫
A

−→
B(−→r , t).̂nd2a

where A is the area of the loop and n̂ its normal direction, see Figure (??). If e is the total
charge on the loop and τ the period of revolution, the work per unit time done by the field is

dW(t)
dt

= −
e
τ

1
c

d
dt

∫
A

−→
B(−→r , t).̂nd2a (10.46)

then, the work required to bring the loop from a field-free region −→r 0 to the point −→r keeping
fixed the current j = q/τ is

V j(−→r , t) =
1
c

j
∫

A

−→
B(−→r , t).̂nd2a

For small loops, such as the orbits of atomic electrons,
−→
B(−→r , t) can be taken outside the

integral:

V j(−→r , t) �
jA
c

n̂.
−→
B(−→r , t)

=
jA
c

n̂.
−→
∇ r ×

−→
A(−→r , t) (10.47)

A classical particle bound to a central potential can be described as a loop C with total
charge e and current j = e/τ where τ is the period. The area

−→
A = Ân enclosed by C can be

written as the sum of infinitesimal triangles 1
2
−→r ×
−→
dr as shown in Figure (10.9)

−→
A =

1
2

∫
C

−→r ×
−→
dr =

1
2

∫
τ

−→r ×
−→
dr
dt

dt (10.48)

=
1

2m

∫
τ

−→
Ldt (10.49)

where
−→
L is the orbital angular momentum, a constant of the motion, then

−→
A =

τ

2m
−→
L (10.50)
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Figure 10.9: .

Replacing (??) in the expression (10.47) we obtain the interaction with a magnetic field of
a charge bound to a central potential:

V j(−→r , t) �
e

2mc
−→
L .
−→
∇ r ×

−→
A(−→r , t) (10.51)

Defining:

−→µO =
e

2mc
−→
L

= g0
−→
L (10.52)

we get:

V j(−→r , σ; t) � −→µO.
−→
∇ r ×

−→
A(−→r , t) (10.53)

where −→µO is called the orbital magnetic dipole moment of a particle of charge e and
mass m in a bound state of angular momentum

−→
L and g0 the gyromagnetic factor.

In Quantum mechanics we deal with particles that have an intrinsic angular momentum

called spin represented by an operator
−̂→
S . We generalize the result (10.53) for the spin of a

particle proposing an intrinsic dipole moment −→µ

V j(−→r , σ; t) = −→µ .
−→
∇ r ×

−→
A(−→r , t) (10.54)

Experimental results show that for an electron the spin-related magnetic dipole is
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−̂→µ e =
e

mc
−̂→
S (10.55)

= ge
e

2mc
−̂→
S (10.56)

so ge = 2, the factor 2 of difference with (10.52) appears naturally when Relativistic quan-
tum electrodynamics is used to describe the electron-magnetic field interaction.[2]

When the particle is a proton or a neutron the intrinsic angular momentum is the vector
addition of the spins and orbital angular momenta of the quarks forming the nucleon and the
gluons that bind them. Measurements of this intrinsic angular momentum along any direction
show that it has only two values: ±~/2, so the spin number of the nucleon is s = 1/2. Due to the
diversity of sources of the nucleon spin it is not surprising that the magnetic dipole has peculiar
values for the gyromagnetic factor for a proton and a neutron

−̂→µ P = gP
e

2mPc
−̂→
S

−̂→µ N = gN
e

2mNc
−̂→
S

with, as already presented in Chapter 3:

gP = 2.792847356

gN = −1.91304272

10.9 References
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Chapter 11

Nuclear decay by the strong force. Alpha decay

A nucleus in an excited state can decay by three mechanisms:

1. Nucleon decay, when the strong interaction transfers enough of the excitation energy to
one or an aggregate of nucleons so they can be emitted from the nucleus.

2. Gamma decay, when the interaction with the electromagnetic field creates a photon with
part or all of the excitation energy bringing the nucleus to a lower energy state.

3. Beta decay, when the weak interaction creates an electron(positron)-antineutrino(neutrino)
pair transmuting the nucleus (Z,N) to one (Z ± 1,N ∓ 1).

Typical times for the production of nuclear, gamma and beta decays are 10−18, 10−12, 102 sec
respectively. These times (that are the inverse of the transition rate) give an idea of the relation
between the intensities of the forces behind the transitions: the nuclear force is the strongest
while the beta interaction is by far the weakest.

From a practical point of view this means that a highly excited nucleus (Z,N) will in princi-
ple decay:

1. First by the emission of nucleons, until that is energetically forbidden,

2. then by gamma emission (or internal conversion) until it ends up in the ground or a long
lived state,

3. in the case of a metastable state it will decay by beta emission, that usually leaves the
daughter nucleus in excited states that in turn decay by fast gamma radiation towards the
ground state. These gammas present an apparent mean life corresponding to that of the
preceding beta transition.

11.1 Proton, neutron, and alpha decay

For high enough excitation energy a nucleus (Z,N) can emit a nucleon or an aggregate of them:

(Z,N)→ (Z − Z1,N − N1) + (Z1,N1) (11.1)
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The usual cases are the emission of a proton, a neutron or a Helium nucleus 4He, or alpha
particle as it was named at the end of the XIX century when natural radioactivity was discov-
ered:

(Z,N)→ (Z − 1,N) + (1, 0), proton decay

(Z,N)→ (Z,N − 1) + (0, 1), neutron decay

(Z,N)→ (Z − 2,N − 2) + (2, 2), alpha decay (11.2)

the emission of heavier nuclei is negligible because the probability of formation of a bound
state (Z1,N1) inside the parent nucleus (Z,N) decreases strongly with the number A1 = Z1 + N1

of nucleons.
The condition for spontaneous decay of (Z,N) is that the rest energy of the parent nucleus

be greater than that of the products in Eq.(11.1) (from now on we use energy units for the rest
mass, so the factor c2 has been eliminated)

M(Z,N) > M(Z − 1,N) + MH

M(Z,N) > M(Z,N − 1) + Mn

M(Z,N) > M(Z − 2,N − 2) + M4He (11.3)

The kinetic energy of the products is called disintegration energy or simply Q−energy:

Qp(Z,N) = M(Z,N) − M(Z − 1,N) − MH

Qn(Z,N) = M(Z,N) − M(Z,N − 1) − Mn

Qα(Z,N) = M(Z,N) − M(Z − 2,N − 2) − M4He (11.4)

we are working in the center of mass system because we assume (Z,N) to be at rest, then
the kinetic energy of the light particle λ(≡ p, n, α) is

Eλ =
A − Aλ

A
Qλ

The separation energy S λ is defined as the minimum energy supplied to the nucleus (Z,N)
in order to produce the decay. In the case of alpha decay we have:

S 4He(Z,N) = M(Z − 2,N − 2) + M4He − M(Z,N) (11.5)

then from Eqs. 11.4, 11.5 we see that Qλ and S λ differ by their sign:
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S λ(Z,N) = −Qλ(Z,N)

when the state of (Z,N) is stable to λ decay is S λ(Z,N) > 0, and S λ(Z,N) < 0 when unstable
to λ decay.

Finally, we may express Q in terms of nuclear binding energies

B(Z,N) = ZMH + NMn − M(Z,N) (11.6)

that replaced in Eqs.(11.4) gives

Qp(Z,N) = B(Z − 1,N) − B(Z,N) (11.7)

Qn(Z,N) = B(Z,N − 1) − B(Z,N) (11.8)

Q4He(Z,N) = B(Z − 2,N − 2) + Bα − B(Z,N) (11.9)

Assuming the validity of the nuclear shell model, Eq.(11.7) shows that a nucleus (Z,N)
decays by spontaneous proton emission when one of its protons occupy a positive energy orbital
(it has negative binding) as shown in Figure (11.1). The same description applies for neutron
decay.

Figure 11.1: Representation for the decay of a nuclide with a proton occupying an orbital in the
continuum. In fact, the orbital is a wave packet of continuum eigenstates with finite lifetime and
energy dispersion. To be emitted, the proton has to tunnel through the Coulomb barrier Ze2/r
for r > R, similar to that shown in Figure (??) for alpha decay.

For the case of alpha decay the energy required to separate two protons and two neutrons
(at infinite distance between them) from the nucleus (Z,N) is

S 2p,2n(Z,N) = B(Z,N) − B(Z − 2,N − 2)
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that replaced in Eq.(11.9) gives:

Q4He(Z,N) = B4He − S 2p,2n(Z,N) (11.10)

so spontaneous alpha decay occurs when the energy spent to separate the four nucleons one
after the other is smaller than the energy B4He gained when they bind together to form the 4He
nucleus, see Figure (11.2).

Figure 11.2: Representation of alpha decay for a nucleus with even number of both protons and
neutrons.

A simple estimation of the mass number A = Z + N of the nuclides with spontaneous
alpha decay is given by the semi empirical mass formula, that calculates de total binding energy
assuming the nucleus as a continuum distribution of mass and charge: the result shows that the
mean binding energy per nucleon B(Z,N) is the same for protons and neutrons, with a slow
decrease from 8.5MeV to 7.5MeV for 60 ≤ A ≤ 250. This model is better justified for heavy
nuclei, for them we will assume that the energy of separation of each nucleon in Eq.(11.10) can
be approximated by the mean binding energy S (Z,N) :

Q4He(Z,N) ' Bα − 4S (Z,N)

The measured binding energy of 4He is B4He = 28.28MeV , so spontaneous alpha decay
appears when S (Z,N) < 7.07MeV that corresponds to nuclides with A > 250; this condition
is too restrictive, as shown by the experimental fact that alpha decay appears for nuclides with
A & 209.

We now analyze the threshold energy for proton, neutron and alpha decay from another
viewpoint, using the experimental values of nuclear binding energies instead of the values es-
timated by the semiempirical mass formula. Figure (11.3) is a fraction of the chart of nuclides
showing its main features:

1. Stable nuclei (Z,N) are located in the blue(black) line defining the minimum mass M(Z,N)
as a function of Z for fixed A; this is the line of beta-stable nuclei.
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Figure 11.3: Picture of a fraction of the table of nuclides, the line in the middle correspond to
stable, surrounded by β unstable, with borders formed by proton and neutron unstable nuclides.

2. Nuclei (Z′,N′) close to the stability line just defined decay sooner or later by β± emission
to the stable nucleus with the same value of A = Z′ + N′.

3. If a nucleus (Z′,N′) is far away from the stability line it may happen that

B(Z′ − 1,N′) > B(Z′,N′)

then (Z′,N′) decays by proton emission, in principle mixed with β+ emission; this is the
proton dripping line: the proton leaks out from the nucleus. Similar cases with neutron and
alpha decay occur for B(Z′,N′ − 1) > B(Z′,N′) and B(Z′ − 2,N′ − 2) > B(Z′,N′) − B4He

respectively.
It is instructive to relate the threshold for alpha decay with those for proton and neutron

decay; from Eqs. (11.3) and assuming a continuous and smooth dependence on Z and N:

B(Z − 1,N) − B(Z,N) > 0

=⇒
∂B(Z,N)
∂Z

< 0 (11.11)

B(Z,N − 1) − B(Z,N) > 0

=⇒
∂B(Z,N)
∂N

< 0 (11.12)
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Figure 11.4: The yellow region of the nuclide table corresponds to nuclei that are unstable under
alpha particle emission. 208Pb is the heaviest stable nucleus.

B(Z − 2,N − 2) + Bα − B(Z,N) > 0

=⇒ 2
∂B(Z,N)
∂Z

+ 2
∂B(Z,N)
∂N

− B4He < 0 (11.13)

since Bα = 28.28MeV Eq. (11.13) can be written as

∂B(Z,N)
∂Z

+
∂B(Z,N)
∂N

< 14.14MeV (11.14)

so the threshold Eq. (11.14) for alpha decay is less restrictive than those for proton and
neutron decay, Eqs. (11.11, 11.12): Figure (11.4) shows that alpha decay becomes dominant
for heavy nuclides located between the proton and neutron dripping lines, and restricts the value
of A for stable nuclei to A ≤ 209.
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11.2 Theory of alpha decay

11.2.1 Introduction

The formation of an alpha particle inside the mother nucleus (Z,N) comes from nucleon-
nucleon interactions of two protons and two neutrons, that may end up producing a bound
(2, 2) particle localised inside the daughter nucleus (Z − 2,N − 2). When the Q-energy of the
reaction

(Z,N)→ (Z − 2,N − 2) + (2, 2)

is positive the reaction is allowed. Many nuclei with A > 150 decay by the emission of alpha
particles.

In the year 1911, even before the discovery of the nucleus by Rutherford, Geiger and Nuttall
noticed that α particles emitted from materials with large disintegration energies had short half-
lives and conversely. The variation is extremely fast as we show below in Table 11.1 where a
factor of 5 in the range of α energies corresponds to a variation of 1028 in half-lives.

The theoretical explanation of this phenomenal relation between Eα and T1/2 was given
by Gamow, Condon and Gurney in 1928 using the recently presented formalism of Quantum
Mechanics. The quantum property by particles of tunneling through potential barriers with a
probability that decreases exponentially with the width and height of the barrier is responsible
for the strong dependence of T1/2 with Eα.

Table 11.1: Relation between α energy and half-life.
Nuclide α energy (MeV) half-life

144Nd 1.83 2.38 × 1015y
232Th 4.012 1.40 × 1010y
226Ra 4.7844 1.599 × 103y
228Th 5.423 1.912y
222Rn 5.4895 3.8235d
218Po 6.0024 3.10min
216Po 6.7785 0.145s
214Po 7.6869 1.637 × 10−4s
212Po 8.7844 2.98 × 10−7s

11.2.2 Selection rules for α decay

The conservation of energy EZ,N , total angular momentum quantum numbers JZ,N , MZ,N and
parity ΠZ,N for an isolated system as the parent nucleus (Z,N) restricts the allowed values of
these magnitudes for the daughter nucleus (Z − 2,N − 2):
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• Energy conservation fixes the energy E released in the form of kinetic energy of the
products:

E(Z − 2,N − 2) + E4He

=
(
M(Z,N) − M(Z − 2,N − 2) − M4He

)
c2

• The conservation of total angular momentum connects the possible values of the mag-
nitudes

∣∣∣∣−→J (Z,N)

∣∣∣∣, ∣∣∣∣−→J (Z−2,N−2)

∣∣∣∣, ∣∣∣∣−→Lα∣∣∣∣, which are represented by their respective quantum num-
bers J(Z,N), J(Z−2,N−2), Lα:

∣∣∣J(Z,N) − J(Z−2,N−2)

∣∣∣ ≤ Lα ≤ J(Z,N) + J(Z−2,N−2) (11.15)

this is the Rule of the triangle studied in the Notes on Quantum Mechanics: Angular
momentum conservation restricts the possible values of the orbital angular momen-
tum Lα corresponding to the relative motion of the system α–(Z − 2,N − 2) .

• Conservation of parity determines the parity Π(Z−2,N−2) of the daughter nucleus:
Apart from the parity Π(Z,N), Π(Z−2,N−2) of mother and daughter, the parity of the relative
angular motion of the products should be included:

Π(Z−2,N−2) = Π(Z,N) × (−1)Lα (11.16)

11.2.3 Preferred schemes for the formation of the α particle

The α particle is formed by two neutrons and two protons occupying s orbitals:

φ+
1s(p), φ−1s(p), φ+

1s(n), φ−1s(n)

this means that the orbital angular momentum of each nucleon is zero in the center of mass
system of the α particle, and that the two protons, and two neutrons, have opposite spin projec-
tions.

In the nuclear shell model, any four nucleons of the parent nucleus can in principle come
together to form the α particle, but in order to end up with a null relative angular momentum
and to have opposite spins, the best candidates are neutrons (protons) of the same shell, where
the pair of nucleons in orbitals φ+

n j`m and φ−n j`m have zero relative total angular momentum.
We now consider the cases where (Z,N) is either an even-even or even-odd nucleus:

• For the case of an even-even nucleus the most probable transitions are those where the
α particle is formed by two protons, and two neutrons, of the same valence shell of the
parent nucleus as shown in Figure (11.5).

Due to the pairing interaction, nuclei with an even number of both protons and neutrons
have ground states with zero total angular momentum: J(Z,N) = 0, then from the triangle
condition (11.15) the only allowed orbital angular momentum of the emitted α particle is
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Figure 11.5: Representation of α decay of an even-even nucleus, where the two protons and two
neutrons belong to paired orbitals of the respective valence shells

Lα = 0

Examples of even-even nuclei α decay are numerous, among them those involved in the
decay series of 238

92 U:

238
92 U →234

90 Th

β⇒
(

234
90 Th→234

91 Pa→234
92 U

)
234
92 U →230

90 Th→226
88 Ra→222

86 Rn→218
84 Po→214

82 Pb

β⇒
(

214
82 Pb→214

83 Bi→214
84 Po

)
214
84 Po→210

82 Pb

β⇒
(

210
82 Pb→210

83 Bi→210
84 Po

)
210
84 Po→206

82 Pb
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• In an odd A nucleus usually the most probable assembly of the α particle does not include
the odd nucleon, because the probability of formation is enhanced for nucleons that are in
identical space orbitals. But the lone nucleon occupies the least bound orbital, to exclude
it means to leave the daughter nucleus in an excited state and to have a lower emission
energy Eα that reduces the probability of transmission through the nuclear barrier. There
are examples shown in Figure (11.6) where the lowest half life for α emission occurs
when it is formed with pairs of nucleons of the same shell, and other cases where the odd
nucleon being part of the α particle gives the most likely transition.

Figure 11.6: Representation of α decay of an odd-even nucleus, with two origins for the protons:
either chosen from the odd valence shell omitting the unpaired proton, or picking the odd proton
and a proton of the lower shell with identical ` j quantum numbers. In both cases the two
neutrons belong to paired orbitals of the valence shell.

As examples of even-odd nuclei α decay we present in Figure (11.7) the decay of
239
94 Pu →235

92 U and 235
92 U →231

90 Th to several excited states of the respective daughter
nuclei.

As expected, the nuclear shell structure influences the probabilities for α emission. An
interesting case is that of the large difference between the mean lives of Polonium isotopes
212Po and 210Po: in 212Po we have two neutrons and two protons just above the respective
closed shells N = 126 and Z = 82, the four nucleons have a weak binding so Eα is large; also,
the probability for α formation with four nucleons in orbitals with similar energies and identical
angular momenta is enhanced. In fact, 212Po presents the smallest measured half life for the
decay of a natural radioactive nucleus: T1/2 = 3. × 10−7 sec. For 210Po the situation is different:
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Figure 11.7: Alpha decay of 235
92 U and 239

94 Pu to several excited states of the daughter nuclei. Lα
indicates the orbital angular momentum of the emitted particle.

the α particle is formed by the two protons outside the closed shell as before, but now the two
neutrons are drawn from the tightly bound closed shell N = 126 so Eα will be smaller than for
212Po and its lifetime will be much longer: 138 days.

11.2.4 Partial wave equation for alpha particle emission

We will study the emission of an α particle formed inside a nucleus (Z,N), so at the initial time
it is localized in the daughter nucleus effective potential Ve f f (r) shown in Figure (11.8).

Strictly speaking, alpha decay is a time dependent problem: a state initially localized inside
the nucleus leaks through the potential barrier and produces an outgoing flux of probability
density; we know from observations that the mean life for alpha decay is very long in terms
of nuclear characteristic times: 10−21 sec as compared to 10−6 sec ≤ τα ≤ 1017 sec, so the
transmission probability and decay rates will be quite well described by those of the stationary
flux of α particles incident from the left on the nuclear surface, as depicted in Figure (11.9).

In the notes on Quantum Mechanics we have seen that the stationary Schrödinger equation
has as solutions simultaneous eigenfunctions of energy and orbital angular momentum:

ϕEα`m(r, θ, ϕ) = REα`(r)Y`m(θ, ϕ)

where the spherical harmonics Y`m are eigenfunctions of the magnitude and projection of
the orbital angular momentum with eigenvalues ~

√
`(` + 1) and ~m respectively, and the radial

function

REα`(r) =
1
r

uEα`(r)
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Figure 11.8: Effective potential energy Ve f f (r) of an α particle of energy Eα interacting with
the daughter nucleus (Z − 2,N − 2). The nuclear potential is approximated by a square well
with parameters V0, R, a; their numerical values correspond to the decay 209Bi→205 Tl +4 He +

3.11MeV .

is obtained from the equation [
d2

dr2 +
p2
`

~2 (r)
]

uEα`(r) = 0 (11.17)

where

p2
`(r) =

2µα
~2

(
Eα − Ve f f (r)

)
(11.18)

and

Ve f f (r) = −V0Θ(R − r) +
~2

2µα

`(` + 1)
r2

where V0 is of the order of 150MeV for the α particle inside a heavy nucleus, and Θ the
Heaviside (step) function.

The function uEα`
(r) is identical to the wave function of a particle of mass µα moving in

a one dimensional potential, so from now on we will refer to this one dimensional case, with
solutions that apply to the real three-dimensional α decay problem.

We proceed by solving Eq.(11.17) separately inside and outside the nucleus (Z − 2,N − 2):

1. For region 1 r < R the local linear momentum function (11.18) is constant

p1 =
√

2µα(Eα + V0) (11.19)
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so the radial Schrödinger equation (11.17) becomes[
d2

dr2 +
1
~2 2µα(Eα + V0)

]
u1(r) = 0 (11.20)

therefore, u1(r) is the combination of incident and reflected free particle states inside the
nucleus:

u1(r) = e
i
~ p1r + B1e−

i
~ p1r (11.21)

Figure 11.9: Graphical description of the α emission rate from a daughter nucleus (Z−2,N−2),
modeled as a one-dimensional case of transmission through the surface barrier.

2. In region 2 outside the nucleus, u2(r) tunnels through the potential barrier and for r >> R
becomes an outgoing plane wave as shown in Fig. (11.9). It is a solution of Eq.(11.17)

[
d2

dr2 +
p2

2(r)
~2

]
u2(r) = 0 (11.22)

where

p2
2(r) = 2µα

(
Eα − Ve f f (r)

)
(11.23)

= 2µα
(
Eα − 2(Z − 2)e2/r − ~2`(` + 1)/(2µαr2)

)
(11.24)
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Without loss of generality the solution u2(r) can be written as:

u2(r) = B2e
i
~

∫ r
R f (r′)dr′ (11.25)

where the unknown f (r) is a complex function only restricted by the condition

lim
r→∞

f (r) = p2 (11.26)

where p2 ≡ pα =
√

2µαEα.
Replacing (11.25) in Eq.(11.22) the unknown function f (r) satisfies the following equation:[

p2
2(r) − f 2(r)

]
− i~

d
dr

f (r) = 0 (11.27)

Semiclassical (WKB) approximation to the transmitted wave function
In the case of an α particle in the region r > R + a where Eα > Ve f f (r) , the function p2(r)

defined in Eq.(11.24) represents the classical local linear momentum of the particle

p2(r) = ±

√
2µα

(
Eα − Ve f f (r)

)
(11.28)

while in the tunneling region p2(r) is an imaginary positive function

p2(r) = i
√

2µα
(
Ve f f (r) − Eα

)
(11.29)

The quantum description of the radial motion is provided by the wave function (11.25),
where f (r) is a solution of (11.27)[

p2
2(r) − f 2(r)

]
− i~

d
dr

f (r) = 0 (11.30)

Under the condition that p(r) is weakly dependent on r the second term of Eq.(11.30)
should be small, then we propose f (r) as an expansion in powers of the parameter ~:

f (r) =

∞∑
n=0

fn(r)~n (11.31)

This is the semiclassical or WKB approximation (for Wentzel, Kramers and Brillouin who
ndependently presented it in 1926).[1] Replacing Eq.(11.31) in Eq.(11.30) we obtain

p2
2(r) − f 2

0 (r) − 2~ f0(r) f1(r) − i~
d
dr

f0(r) + O(~2) = 0 (11.32)

For this equation to be satisfied the coefficients of each power of ~ should cancel. For the
first two powers ~0, ~ they are

f 2
0 (r) = p2

2(r) (11.33)

2 f0(r) f1(r) = −i
d
dr

f0(r) (11.34)
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We solve these equations in the tunneling region R < r < R + a, where p2(r), Eq.(11.29), is
purely imaginary: the solution of Eq.(11.33) is

f0(r) = p2(r) (11.35)

and this, replaced in Eq.(11.34), determines f1(r):

f1(r) = −
i
2

d
dr

ln p2(r) (11.36)

Replacing Eqs.(11.35, 11.39) in the form (11.25) we get the approximation to terms of order
~ of the wave function u2(r):

u2(r) = B2
1√
p2(r)

e−
1
~

∫ r
R

√
2µα(Ve f f (r′)−Eα)dr′ + O(~) (11.37)

where we have used the explicit definition Eq.(11.29) of p2(r).
This result is valid and useful when the expansion Eq.(1.31) is strongly convergent:

~ fn+1/ fn << 1. If the condition that p2(r) is weakly dependent on r is valid, the second term of
Eq.(11.30) should be small

~ f1(r)
f0(r)

≈
~

p2
2(r)

dp2(r)
dr

(11.38)

<< 1 (11.39)

that we can write as a negligible variation of the wave length o(r) = ~/p(r)

do(r)
dr

<< 1 (11.40)

or a negligible rate of change in the local momentum function along a distance equal to the
de Broglie wavelength

dp2

dr
(r)o(r) << p2(r) (11.41)

Therefore, when condition Eq.(11.39) is valid we can build a wave packet that provides
simultaneously a well defined localisation and linear momentum of the particle. We are then
approaching the region of validity of Classical Mechanics.

The conditions Eq.(11.40,11.41) are satisfied for the example shown in Fig,(11.8), from the
surface up to a pair of fermis from the barrier exit. Continuity conditions: The constants B1.
B2 appearing in the general solution, Eqs. (11.21, 11.25, are determined by imposing continuity
of the wave function and its first non-zero derivative at r = R

e
i
~ p1R + B1e−

i
~ p1R = B2

1√
p2(R)

(11.42)

p1(e
i
~ p1R − B1e−

i
~ p1R) = B2

√
p2(R) (11.43)
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where in the right term of this equation we have kept the dominant term in d
dr u2(r = R).

From Eqs.(11.42, 11.43) the values of B1, B2 are obtained:

B1 =
p1 − p2(R)
p1 + p2(R)

e
2i
~ p1(R) (11.44)

B2 =
2p1

p1 + p2(R)
e

i
~ p1(R) (11.45)

then, the radial wave function of the α particle outside the nucleus is

u2(r) =
2p1

(p1 + p2(R))
1√
p2(r)

e−
1
~

∫ r
R

√
2µα(Ve f f (r′)−Eα)dr′ + O(~) (11.46)

The semiclassical approximation fails close to the zero r = R + a of p2(r)

Ve f f (R + a) = Eα (11.47)

where p2(r) ≈ g
√

(r − a); the corresponding Schrödinger equation Eq.(11.22) has a known
analytical solution that can be connected to the WKB approximations at left and right of r =

R + a.[1] [2] However, the contribution of this region to the exponential decay of the wave
function is of minor importance, so usually the transmitted probability T is described by the
zero order WKB result at the point r = R + a:

T =

∣∣∣∣∣ 2p1

(p1 + p2(R))
e−

1
~

∫ R+a
R

√
2µα(Ve f f (r′)−Eα)dr′

∣∣∣∣∣2 (11.48)

11.2.5 Nuclear mean life for α decay

Assume that I0 is the number of hits per second of α particles on the nuclear surface. Of these
hits a fraction T traverses the potential barrier, and a fraction 1 − T is reflected back into the
nucleus. For n trials the successive fractions of transmitted and reflected particles are:

n Transmitted Re f lected

1 T 1 − T
2 (1 − T )T (1 − T ) − (1 − T )T = (1 − T )2

− − −

n (1 − T )n−1T (1 − T )n

We then have that after n trials the number of α particles now hitting the nuclear surface per
second is:

In = (1 − T )nI0

= I0en ln(1−T )
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Known values of transmission probabilities are small, so we assume T << 1 and approxi-
mate ln(1 − T ) ' −T :

In = I0e−nT

The average time between successive hits, t0, depends on the speed v of the α particle and
on the radius R of the nucleus:

t0 =
2R
v

then, we can determine the number n of hits on the surface in a time interval t:

n =
t
t0

(11.49)

and get the time dependence of the density of α particles in the nucleus:

In = I0e−nT

= I0e−λt (11.50)

where

λ =
T
t0

(11.51)

is called the disintegration constant; it is related to the mean life τ:

λ =
1
τ

(11.52)

A marginal note: we can use the measured mean life of a nucleus to get an idea of the mean
number n of collisions of the α particle before being emitted: from Eq. (11.49) we get for the
case of 238U with τ = 6.5 × 109y = 2 × 1017s, λ0 ≡ v/2R ' 1021s−1:

n ' 2 × 1038

11.2.6 Calculation of the transmission probability

We consider the probability of transmission T in the semiclassical approximation given in
Eq.(11.48) for the case of ` = 0 α emission

T ' T0e−G (11.53)

where

T0 =
4p12

(p1 + p2(R))2 (11.54)
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G = −
2
~

∫ R+a

R

√
2µα

(
2(Z − 2)

r′
− Eα

)
dr′ (11.55)

The above integral can be found in tables:

G =
2
~

√
2µα
Eα

Ze2γ(x) (11.56)

with

γ(x) = arccos
√

x −
√

x
√

1 − x

where the parameter x is the ratio between the Coulomb energy at r1 = R + a and that at R:

x = Eα/B

with B the Coulomb energy at the nuclear surface

B = 2Ze2/R

Usually α− emitting nuclei present a � R, so x << 1 and we are allowed to keep the first
few terms of the expansions

arccos x1/2 =
π

2
− x1/2 −

x3/2

3!
...

√
x
√

1 − x = x1/2 −
x3/2

2
...

then

γ(x) =
π

2
− 2x1/2 +

x3/2

3
...

and the two lowest order contributions to G are:

G ' G0 + G1

=
2
~

√
2µα
Eα

Ze2

π2 − 2

√
Eα

B


=

πZe2

~

√
2µα
Eα

−
4Ze2

~

√
2µα
B

(11.57)

The first term

G0 =
πZe2

~

√
2µα
Eα

= 2πZe2/~vα (11.58)
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explains the large variation in the measured half life τ1/2 and transmissivity T , that goes for
example from:

212Po, τ1/2 = 3.0 × 10−7s → T = 2.3 × 10−15

to:

232Th, τ1/2 = 4.4 × 1017s = 1.4 × 1010y → T ' 1.6 × 10−39

11.2.7 Comparison with measurements. The Geiger-Nuttall rule.

Long before the advent of Quantum Mechanics, Geiger and Nuttall in 1911[5] proposed an
empirical relation between the velocity vα and the disintegration constant λ that fitted the mea-
surements performed up to that time, the original relation was soon reformulated in the form
used today

log λ = a − b
Z
vα

(11.59)

where b is independent of Z and a a weakly growing function of Z.
We are going to deduce the Geiger-Nuttall rule from our quantum mechanical calculation:

the disintegration constant λ and the Gamow factor G are related by Eqs. (11.51, ??):

λ =
T
t0

=
T0

t0
e−G

then, replacing G from Eq. (11.57) and taking logarithms:

ln λ ' −
2πZe2

~vα
+

4e
~

√
ZµαR + ln T0 − ln

2R
vα

(11.60)

which agrees with the functional form log λ = a − bZ/vα proposed by Geiger and Nuttall.
Experimental results presented in Figure (11.10) show that for each value of Z the isotopes

present a linear dependence of ln(λ) with v−1
α , the slope being almost independent of the charge

Z, while the term independent of vα does indeed have a small but clear dependence on Z, in
agreement with the quantum calculation, Eq. (11.60).

If the energy Eα and the disintegration constant λ (i.e. the mean life τ) are known for a given
nucleus Z, we can calculate the radius R for the daughter nucleus Z − 2: the Geiger-Nuttall rule
Eq. (11.60) gives

R '
~2

16e2(Z − 2)µα

(
ln λ +

2π(Z − 2)e2

~vα

)2

(11.61)

The values R for the α- emitting nuclei are presented in Table , that also shows the parameter
r0 of the semiempirical mass formula R = r0A1/3; we see that r0 is close to a constant for these
heavy nuclei, in accord with the liquid drop model of the nucleus.
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Figure 11.10: Logarithm of the half life log10 T1/2 as function of the velocity vα, shown for
isotopes of several even-even nuclides. For example, for Po (Z = 84) the points identified as 8,
6, 4, 2 represent respectively the half lives and α velocties of 218Po, 216Po, 214Po, 212Po.

Nucleus A
Z X R( f m) r0( f m)

238
94 Pu 9.32 1.50

236
92 U 9.40 1.52

234
90 Th 9.54 1.55

228
88 Ra 9.48 1.55

222
86 Rn 9.35 1.53

218
84 Po 9.34 1.54

214
82 Pb 9.23 1.54
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Chapter 12

Beta decay

12.1 Nuclear decay

Nuclei can be found in excited states because of energy gained in collisions with other particles,
absorption of photons, or simply because they were originally born with an excess of energy.
They get rid of the energy excess by the emission of nucleons, electrons or positrons (beta
emission), and photons (gamma emission).

Characteristic times T required for the nuclear decay are:

1. T ≥ 10−18seg nucleon emission

2. T ≥ 10−12seg gamma emission

3. T ≥ 102seg beta emission

These times, of the order of the inverse of the transition rate, reflect the relative strengths
of the basic forces that produce the decays: the nuclear force that drives nucleon emission is
the strongest, while the beta force is by far the weakest. This is the reason why they are called
strong interaction and weak interaction respectively. This means that an excited nucleus will
decay through the sequence:

1. nucleon emission as long as this is energetically possible

2. gamma emission (or internal conversion)

3. beta emission if energetically allowed

4. finally, if left in an excited state, by gamma emission until it ends up as a nucleus in a
stable ground state.

Special Relativity and Quantum Mechanics show that forces between bodies are due to the
exchange of particles that act as carriers of energy and momentum between them. The electro-
magnetic interaction between electric charges and/or magnetic dipoles is due to the exchange of
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Figure 12.1: .

photons, the strong interaction between nucleons to the exchange of π0, π± mesons, and W,Z±

bosons generate the weak force between nucleons and neutrinos as shown in Figure 12.1.
The emission of a π meson by an isolated nucleon violates the conservation of energy and

momentum, but the energy-time uncertainty principle allows its existence for a time interval δt
given by

δEδt ∼ ~

where δE is of the order of the energy of the π meson. The range R = vδt of a π meson with
speed v is

R ∼ ~v/δE

replacing the maximum value v = c and the minimum δE = Mπc2 we get:

R ∼ ~/Mπc

The masses of π0, π± mesons are of the order of 140MeV/c2, so

Rstrong ∼ 1.4 f m

Following the same procedure for the weak interaction, the Z, W± bosons have masses
MW,Z ∼ 90GeV/c2, so the range of the weak force is

Rweak ∼ ~/MW,Zc
∼ 2 × 10−3 f m

It is immediate to conclude that the ”weakness” of the weak interaction comes from the
extremely small range of the force.
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12.2 Beta decay

12.2.1 Introduction

Natural radioactivity was discovered at the end of the nineteenth century: it was observed that
atoms emit ”rays” that were identified as alpha, beta and gamma. Alpha and beta rays are parti-
cles that have electric charge and are easily stopped in matter while gamma rays are not deviated
by electric fields and are highly penetrating in matter . Beta particles may have negative or pos-
itive charge and were later identified as electrons and positrons respectively, alpha particles are
in fact Helium nuclei and gamma rays electromagnetic radiation, photons in quantum physics
terms.

In beta decay a nucleus of energy Ei and charge Z transforms into one of energy E f and
charge Z ∓ 1 with the emission of a particle β± ≡ e±. The electrical charge is conserved in
the process, but experiments show that apparently the energy is not conserved: the electron or
positron are emitted with a continuous distribution of energy as shown in Figure (12.2). Energy
conservation Ei − E f = ε0 is satisfied only for the maximum energy observed for the β particle.

Figure 12.2: .

The possibility that some physical processes can violate energy conservation was left aside
by Pauli who suggested in 1930 the existence of a second emitted particle, the neutrino ν, that
carries on the energy difference

Ei = E f + ε + εν

To satisfy charge conservation the neutrino should be a neutral particle, and for energy
conservation its mass should be zero or below the resolution of the experiment.

231



Nuclear Physics

12.3 Beta decay and the weak interaction

Nucleons interact through the strong, electromagnetic and weak forces. There are three elemen-
tary processes involving neutrons, protons and atomic electrons due to the weak interaction:

p→ n + e+ + ν (12.1)

n→ p + e− + ν (12.2)

p + e− → n + ν (12.3)

Each one of these reactions can be produced inside a nucleus (Z,N) with Z protons and N
neutrons as long as the energy of the final state is smaller than that of the initial state.There are
then three classes of nuclear beta decay, as follows:

1. p→ n + e+ + ν produces β decay with positron emission

(Z,N) → (Z − 1,N + 1) + e+ + ν

when mn(Z,N) > mn(Z − 1,N + 1) + me (12.4)

2. n→ p + e− + ν produces β decay with electron emission

(Z,N) → (Z + 1,N − 1) + e− + ν

when mn(Z,N) > mn(Z + 1,N − 1) + me (12.5)

3. p + e− → n + ν produces β decay with electron capture

(Z,N) + e− → (Z − 1,N + 1) + ν

when mn(Z,N) + me > mn(Z − 1,N + 1) (12.6)

(we have assumed that the neutrino mass is zero or negligible respect to me). Electron
capture is the beta decay with the smallest energy threshold: Ei − E f = −mec2, while for β±

emission is for Ei − E f = mec2.
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12.3.1 Examples of beta processes

Tritium decays with the emission of an electron e− and an antineutrino ν, the energy released is
ε0 = Ei − E f and T1/2 the lifetime:

3H → 3He+ + e− + ν, ε0 = 0.018MeV, T1/2 = 12 years

the basic process is the decay of a neutron of Tritium:

n→ p + e− + ν, ε0 = 0.78MeV, T1/2 = 12 minutes

first observed by J.M.Robson (Phys. Rev. 83, 349, (1951)).
An example of becay decay with positron emission is

11
6 C →11

5 B + e+ + ν, ε0 = 0.96MeV, T1/2 = 20.5 minutes

And the example chosen for beta decay with electron capture from the K shell

7
4Be→7

3 Li + ν − eK , ε0 = 0.862MeV, T1/2 = 53.4 days

where −eK indicates that an electron of the K shell of Be has been absorbed by the 7
4Be

becoming a 7
3Li nucleus, the basic reaction is

p + eK → n + ν

12.4 Properties of the neutrino

Charge: we have already noticed that to conserve the electrical charge in beta decay the neutrino
charge is zero.

Mass: Energy conservation requires that the mass of the neutrino is close to zero, within the
energy resolution of the measurement. Recent experiments limit the neutrino mass to less than
1eV/c2.

Spin: for the reaction

14
6 C →14

7 N + e− + ν

the spin of the particles are

14
6 C = 0, 14

7 N = 1, e− =
1
2

to conserve angular momentum of the reaction it is necessary to compensate the one-half
spin of the electron with the spin of the neutrino, so it should be

ν =
1
2

and the neutrino is a fermion.
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At the end of this Chapter we will return to some other peculiar properties, such as its
extremely small cross section for interaction with other particles which made its detection a
formidable task for experimentalists.

12.5 Beta decay cross section

12.5.1 Multipole expansion of the transition rate

In the shell model the nucleons behave as independent particles described by orbitals ψp =

ϕp(−→r p)χp(σp), ψn = ϕn(−→r n)χn(σn) for protons and neutrons respectively. In beta decay a proton
changes into a neutron or viceversa, with the simultaneous emission of a β particle (e+, e−) and
a neutrino ν. The electron-neutrino pair (the word electron refers to both positive and negative
particles e±) can be found either in the singlet S = 0 or triplet S = 1 of the total spin.

Figure 12.3: .

As depicted in Figure (12.3) the transition is from ψp to the final state ψnψeψν, the rest of
the nucleons remain undisturbed.

In the laboratory we observe the nucleus originally in state Ψi ending up in the final state Ψ f

and the β particle emitted with energy ε. The transition rate in first order perturbation theory is

wi f =
2π
~

∣∣∣∣∣〈Ψ f

∣∣∣∣V̂weak

∣∣∣∣ Ψi

〉∣∣∣∣∣2 N f (ε) (12.7)

that we deduced in Chapter (???) and have already applied for nuclear gamma decay. V̂weak is
the perturbation produced by the weak interaction and N f (ε) the density of continuum electron
states with energy ε. In the independent particle descrition of the shell model the matrix element
of (12.7) is

Hi f =

∫
d3red3rνd3rnd3rpψ

∗
e(−→r e)ψ∗ν(

−→r ν)ψ∗n(−→r n)V̂weak(−→r e,
−→r ν,
−→r n,
−→r p)ψp(−→r p)

234



Beta decay

the weak interaction depends on position and spin coordinates of the particles and is of very
short range, much shorter than the nuclear radius, so we may approximate

V̂weak(−→r e,
−→r ν,
−→r n,
−→r p) � Gwδ(−→r e −

−→r p)δ(−→r ν −
−→r p)δ(−→r n −

−→r p)

as did by Fermi in 1934, then

Hi f � Gw

∫
d3rψ∗n(−→r )ψ∗e(−→r )ψ∗ν(

−→r )ψp(−→r )

where Gw is the strength of the interaction that may depend on the spin of the particles;
it is fixed so as to optimize transition rates (12.7) to measured values. Using plane waves
normalized in a finite volume V as approximations for the continuum states of the emitted
electron (positron) and neutrino

ψe(−→r ) =
1
√

V
ei
−→
k e
−→r (12.8)

ψν(−→r ) =
1
√

V
ei
−→
k ν
−→r

we obtain

Hi f �
Gw

V

∫
d3rψ∗n(−→r )ψp(−→r )e−i(

−→
k e+
−→
k ν)−→r

Typical energies Ei f of β-decay are of the order of a few MeV, so the wave vectors
−→
k e,
−→
k ν ∼

MeV/~c ∼ 10−2 f m−1 and the exponents in the integrand are small over the range of the nuclear
wave functions. We therefore may expand the exponentials and keep the first few non vanishing
terms, since a given term is a factor ∼ 102 larger than the following

Hi f �
Gw

V

∫
d3rψ∗n(−→r )ψp(−→r )

[
1 − i

(
−→
k e +

−→
k ν

)
−→r + ......

]
(12.9)

We can identify in the bracket the contribution of different electron-neutrino angular mo-
mentum eigenfunctions: the constant 1 corresponds to the orbital quantum number L = 0, the

following term
(
−→
k e +

−→
k ν

)
−→r =

∣∣∣∣−→k e +
−→
k ν

∣∣∣∣ r cos θ to L = 1 and so on.

12.5.2 Momentum distribution of emitted electrons and positrons

Assuming the validity of keeping only the L = 0 term in (12.9) the transition rate wi f depends on
the final electron momentum p only through the final states density N f , which we now proceed
to calculate. The electron and neutrino differential number of free states are given by

dne = 4πp2dpV/h3

dnν = 4πq2dqV/h3
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In beta decay the momenta p and q are connected by energy conservation, so the final states
differential number is

d2n f =

(
4πV
h3

)2

p2q2δ(Ei f − ε − εν)dpdq

the electron relativistic kinetic energy is ε =
√

p2c2 + m2c4 −mc2 while the neutrino energy
is εν = cq, then the electron momentum density is

N f (p) =
dn f

dp
=

(
4πV
h3

)2

p2
∫

q2δ(Ei f −
√

p2c2 + m2c4 + mc2 − cq)
dq
c

=
1
c3

(
4πV
h3

)2

p2(Ei f −
√

p2c2 + m2c4 + mc2)2

and the electron energy density is

N f (ε) =
dn f

dε
=

dn f

dp
dp
dε

=
1
c3

(
4πV
h3

)2 √
ε(ε + 2mc)

(
ε + mc2

) (
Ei f − ε

)2
(12.10)

Figure 12.4: 64Cu can decay by either positron or electron emission. Comparison of the electron
energy density approximated by N f (ε) with the measured energy distributions of positrons and
electrons.

In Figure (12.4) we present the beta decay of 64Cu that can proceed by the emission of ei-
ther positrons or electrons; we compare the β particle energy distribution when described by the
density N f (ε) and the measured positron and electron distributions. Even though the general
form is similar we see clear differences between the calculation and experiments. These differ-
ences originate in the Coulomb interaction between the β particle and the daughter nucleus: the
attraction of e− by the nucleus increases the density of low energy electrons, while the repulsion
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of e+ reduces the low energy positron density. This effect can be incorporated by a factor in the
plane wave approximation for the β particle

ψe±(−→r ) =
1
√

V
F(Ze±, ke)ei

−→
k e
−→r

The Fermi function F(Ze±, ke) appears in the solution of the Schrödinger equation for con-
tinuum states of a particle of charge ±e in the Coulomb potential Ze/r, its behaviour for low
energy electrons ke/Ze→ 0 is

∣∣∣F(Ze−, ke)
∣∣∣2 → Ze

ke∣∣∣F(Ze−, ke)
∣∣∣2 → e−2πZe/ke → 0

This is the reason of the surprising finite distribution of electrons emitted with zero energy
in Figure (12.4), opposed to the null distribution of zero energy positrons.

12.5.3 Fermi and Gamow-Teller transitions

There are selection rules that have to be satisfied for the transition Ψi → Ψ f to be possible.
We have just seen that the conservation of energy imposes the inequalities between initial

and final state masses (12.4, ??, 12.6) of the three classes of nuclear beta decay.
We now analyse the conservation of total angular momentum. The initial and final nuclear

states have well defined total angular momenta quantum numbers Ji, J f , while the β − ν pair
contributes to the final state with an orbital angular momentum L and a spin that can be either a
singlet S = 0 or a triplet S = 1. The case of β− ν in a singlet state is called a Fermi transition,
and the conservation of total angular momentum imposes the triangle rule

Ji − J f ≤ L ≤ Ji + J f (12.11)

where we assumed that Ji ≥ J f .
L = 0:
For each beta-unstable nucleus, Fermi transitions with L = 0 give the largest contribution

to the transition rate wi f , so they are called allowed transitions. The triangle condition (12.11)
shows that they require that

∆J = Ji − J f = 0

also, to ensure a non-zero matrix element Hi f (L = 0) ∼
∫

d3rψ∗n(−→r )ψp(−→r ) , 0 initial and
final orbitals should have the same parity:

πi = π f

where πi = (−1)Li , π f = (−1)L f . These are the selection rules to have an allowed beta decay
with L = 0.
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L = 1:
When Ji and J f are different from zero, the triangle condition allows a contribution L = 1

to the transition as long as the initial and final orbitals have different parity: Hi f (L = 1) ∼∫
d3rψ∗n(−→r )ψp(−→r )

(
−→
k e +

−→
k ν

)
−→r , 0:

πi = − π f

and angular momentum conservation requires that

∆J = 0, 1

The contribution of L = 1 terms to the transition rate wi f is a factor ∼ 10−4 that of the
allowed transition for the same nucleus, so they are called first forbidden transitions, even
though they are not strictly forbidden.

Using the same arguments as above we can determine the selection rules for angular mo-
mentum and parity in order to have second and higher order forbidden transitions.

When J f is zero, angular momentum conservation imposes that L = Ji, so there is only one
non-zero contribution to the transition rate in this case: L = Ji. This reasoning also applies to
the reciprocal case J f , 0, Ji = 0.

In the case of Gamow-Teller transitions the total angular momentum conservation has four
players: Ji, J f , L and S = 1. As shown in Figure (12.5.3) the coupling of the three vectors
−→
Ji ,
−→
J f ,
−→
S gives a minimum value for

−→
L that is the lowest value between ∆J and |∆J − 1|, where

∆J =
∣∣∣Ji − J f

∣∣∣. The possible minimum values for L are |∆J − 1|, ∆J, ∆J + 1, so the selection
rules for allowed and first forbidden transitions are:

L = 0:

∆J = 0, 1

πi = π f

L = 1:

∆J = 0, 1, 2

πi = − π f

XXX AGREGAR FIGURA XXX
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Table (??) presents the selection rules for allowed (L = 0) and forbidden (L = 1, 2...) Fermi
and Gamow-Teller transitions

Transition L Fermi Gamow-Teller
∆J ∆π ∆J ∆π

Allowed 0 0 no 0, 1 no
1st f orbidden 1 (0) , 1 yes 0, 1, 2 yes
2nd f orbidden 2 (1) , 2 no 1, 2, 3 no
3rd f orbidden 3 (2) , 3 yes 2, 3, 4 yes
4th f orbidden 4 (3) , 4 no 3, 4, 5 no

The ∆J values shown in parenthesis are not possible if either Ji or J f is zero.
The following Table presents examples of beta decays where the selection rules determine

the intensity of the transition, from superallowed to fourth forbidden. The superallowed are
those allowed transitions between 0+ → 0+, that in principle present the largest transition
amplitude Hi f .

Transition Reaction Ji → J f ∆π T1/2

Superallowed 14
8 O→14

7 N + e+ + ν 0+ → 0+ no 70.6 sec
Allowed 35

16S →35
17 Cl + e− + ν 3/2+ → 3/2+ no 79.6days

1st forbidden 17
7 N →17

8 O + e− + ν 1/2− → 5/2+ yes 4.17 sec
2nd forbidden 22

11Na→22
10 Ne + e+ + ν 3+ → 0+ no 2.6years

3rd forbidden 40
19K →40

20 Ca + e− + ν 4− → 0+ yes 1.2 × 109years
4th forbidden 115

49 In→115
50 S n + e− + ν 9/2+ → 1/2+ no 4.41 × 1014years

Except for the case of 0+ → 0+, the transition rates of these reactions are a mixture of Fermi
and Gamow-Teller decays.

12.6 Appendix

12.6.1 Detection of the neutrino

The neutrino was first detected in 1953 by Frederick Reines and Clyde Cowan (Phys.Rev. 92,
830 (1953), Science ) who measured the cross section for beta decay of a nucleus bombarded
by a flux of antineutrinos, so the basic reaction is

ν + p→ n + e+ (12.12)

with a threshold Ethr(p) =
(
mn − mp

)
c2 = 1.8MeV for an isolated proton; for a proton of a

nucleus (Z,N) the threshold is Ethr(Z,N) = 1.8MeV + Ethr(Z − 1,N + 1) − E(Z,N).
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The antineutrinos came from a nuclear reactor as a product of beta decay, with an energy
spectrum centered below 2MeV that drops by three orders of magnitude at 8MeV . The tar-
get chosen is liquid water with a small addition of cadmiun chloride; only the protons of
the hydrogen atoms need to be considered because the threshold for oxygen is Ethr(8, 8) =

1.8MeV + E(7, 9) − E(8, 8) = 9.4MeV .
The positron of the reaction (12.12) is rapidly stopped and annihilates with an electron of

the target producing a pair of gamma rays of 0.511MeV; the neutron is also thermalized in the
target and absorbed by a cadmiun nucleus, that becomes excited and decays by gamma emission
as shown in Figure (12.5). There is an appreciable time interval between the gammas from the
pair annihilation and those of cadmiun deexcitation that makes delayed coincidence observation
of both radiations an irrefutable proof of the reaction.

Figure 12.5: 64Cu can decay by either positron or electron emission. Comparison of the electron
energy density approximated by N f (ε) with the measured energy distributions of positrons and
electrons.

Due to the extremely short range of the weak force the cross section for reaction (12.12)
can be approximated as the product of the neutrino cross section σcoll of collision with a given
β-emitter nucleus (A,Z), multiplied by the probability pβ of beta decay of the nucleus while the
neutrino is inside it:
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σνp→ne+ ' σcoll × pβ

Assuming a typical nucleus radius RA ' 10−12cm is σcoll ' 10−24cm2, while pβ = T/τ is the
relation between the time T ' RA/c spent by the neutrino inside the Z protons divided by the
β-decay lifetime, τ & 1 sec .: pβ & 10−22cm, then

σνp→ne+ ∼ 10−46cm2

Rigorous calculations and measurements give

σνp→ne+ = 1.07 × 10−43cm2 (12.13)

for 1.5MeV neutrinos. To get an idea of the smallness of this cross section we calculate the
distance L traveled by 1.5MeV neutrinos in water that reduces the beam intensity by one half;
it is given by the formula

Lν =
1

Nσνp→ne+

with the hidrogen atoms density N = 2ρH2ONAvog/A in terms of the mass density of water
ρH2O , then

Lν =
A

2ρH2O NAvogσνp→ne+

=
18

2 × 6 × 1023 × 10−43 = 1.5 × 1020cm ' 150 light years

In the experiment of Reines and Cowan a flat tank with water is sandwiched between two
large tanks with liquid scintillator. The gamma rays from the e+ − e− annihilation and those
of the decay of the Cd atom that captured the neutron get into the scintillator tanks where the
energy is absorbed and part reemited as visible light, that a battery of photomultiplier tubes
(PMT) surrounding each tank converts in an electric signal proportional to the energy absorbed
by the scintillator. The expected count rate τ for the neutrino flux F = 1013/cm2 coming from
the nuclear reactor, a target of N = 1028 protons, and a couting efficiency ε = 10−2 was:
τ = FNσνp→ne+ε ' 1 count/hour.

To detect a reaction with such a small cross section it is necessary to reduce the background
signal generated by radiation from the nearby reactor, and even from cosmic rays. It is possible
to shield the reaction chamber and detectors from charged particles, gammas and neutrons,
except for muons originated in cosmic ray cascades. Muons are like heavy electrons with a
mass approximately 200 times larger, and due to their greater mass they are not as sharply
accelerated when they encounter electromagnetic fields so do not emit as much bremsstrahlung
(deceleration radiation). This allows muons of a given energy to penetrate far more deeply into
matter than electrons, since the deceleration of electrons and muons is primarily due to energy
loss by the bremsstrahlung mechanism.
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Figure 12.6: .

The positron annihilation and the Cd deexcitation deposit an energy of 1.022MeV and
9MeV respectively in the scintillator tanks A, B as shown in Figure (12.7). The photomulti-
plier tubes focused on each tank register two peaks of energy separated by a few microseconds.
To eliminate spurious delayed coincidences produced by high energy muons Reines and Cowan
added a pair of water and scintillator tanks: a peak of energy registered by the three photomul-
tiplier tubes indicates the passage of a muon so a simultaneous delayed coincidence should not
be taken into account.

12.6.2 Parity violation of the weak interaction

In the absence of external forces the time evolution of a physical system is independent of its
initial position in space; in other words: space is homogeneous for an isolated system. This
means that the potential energy is independent of the center of mass vector

−→
R (it is said that this

is a cyclic coordinate) and depends only on the relative positions of its particles. Because of the
absence of

−→
R from the potential energy the wavefunction of the system is of the form

Ψ = ei
−→
P
−→
R/~ψ(−→r 12,

−→r 23...; t)

showing the independence of the evolution from the initial position
−→
R of the system and the

presence of a constant of the motion related to this invariance under translations: the total linear
momentum

−→
P
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−̂→
PΨ = − i~

−→
∇−→R Ψ =

−→
PΨ

The same happens with the isotropy of space for an isolated system: the potential energy is
independent of the orientation ϕ of the system around any direction z, then the wavefunction is

Ψ = eiLzϕ/~ψ(−→r 12,
−→r 23...; t)

and the constant of the motion related to the isotropy of space is the angular momentum
along êz

L̂zΨ = − i~
∂

∂ϕ
Ψ = LzΨ

There is an equivalence between the operation of translating a physical system by
−→
d and

moving the orign of the coordinate system by −
−→
d as shown in Figure (??). In the same way,

the rotation of the physical system by an angle ϕ along êz is equivalent to a rotation of the
coordinate frame in −ϕ along that axis.

We now consider a new coordinate transformation: the inversion of the three axis (x, y, z)→
(−x,−y,−z) that can be decomposed in a reflexion of the x axis (x→ −x) followed by a rotation
along êx by an angle π (y, z → −y,−z): the new transformation introduced is then the reflexion
on a plane normal to a given direction. The reflection of a physical system results in its mirror
image as shown in Figure (12.8).

Reflection changes the notions of ”left” and ”right”, a current loop that moves in a clock-
wise sense is changed to anticlockwise and viceversa. Observations show that gravitational,
electromagnetic and strong nuclear forces are invariant to the reflection of coordinates: both the
experiment and the mirror image correspond to possible evolutions of the physical system. This
is not the case for the weak force as shown in an experiment of β-decay of 60Co:[?] these nuclei
with non-zero spin were polarized by a magnetic field −H êz as shown in Figure (12.8), and the
electrons from the decay were observed to decay preferentially along êz. The figure shows that
the coil that generates the magnetic field has a current that reverses its sense of rotation in the
mirror image, so the magnetic field image isH êz; at the same time, in the mirror image the elec-
trons keep their preferential sense of emission along êz, then the weak force is not invariant
under reflexion, and then under parity transformation of the coordinates.

The weak force distinguishes left from right hands and clockwise from anticlockwise rota-
tion, which makes it different from the rest of forces of Nature.
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Figure 12.7: .
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Figure 12.8: The measurements of Wu (1957) show that the electrons produced by β-decay of
are emitted preferentially opposite to the polarization of 60Co. Since in the mirror the sense
of the magnetic field is reversed, the weak interaction is not invariant under the reflexion, or
inversion, of coordinates.
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Chapter 13

Nuclear Reactions

13.1 Introduction

Natural radioactivity was discovered in 1896 by Becquerel, when he observed the radiation
(later identified as gamma rays) emitted by a salt of uranium. Soon afterwards Marie Curie
proved that the radiation originated inside the uranium atom, more precisely in the atomic nu-
cleus, and she observed that the original U nucleus transmuted into a lighter nuclide that in turn
also decayed by emission of particles or radiation.

The fact that some natural nuclides undergo spontaneous disintegration led to the idea that
stable atoms may also disintegrate when bombarded with energetic particles able to penetrate
into the nucleus. The first candidates to be used as projectiles were alpha particles with energies
of several MeV emitted by natural radioactive materials, and Rutherford in 1919 first observed
a nuclear reaction when he bombarded with alpha particles a nitrogen target getting as a result
an oxygen nucleus plus a proton:

4He +14 N →17 O +1 H (13.1)

Using other light targets from Boron to Potassium, Rutherford found that in some cases
the energy of the emitted proton was larger than that of the alpha projectile. This supports the
interpretation of the reaction as proceeding in two steps: first the projectile penetrates inside the
target nucleus producing a compound nucleus, that afterwards decays emitting a proton

4He +14 N →
[

18F
]
→17 O +1 H

13.2 Nuclear collisions

Nuclear reactions are a special case of collisions of a projectile a with a target nucleus X, both
in their ground states:

a + X → Y + b (13.2)

a , X are identified as the reactants, and Y , b the products of the reaction.
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In general, but not always, a and b are nucleons (p, n) or light nuclei such as 2
1H, 3

1H, 3
2He,

4
2He. Eq.13.2 assumes only two particles in the final state, which is the usual case for collision
energies E / 50MeV .

The collision can be classified according to the resulting particles in the final state:
When a = b and X = Y we have a scattering process, either Elastic Scattering:

a + X → X + a

where the internal states of a, X do not change so the relative kinetic energy is conserved, or
Inelastic Scattering:

a + X → X∗ + a
→ X + a∗

when some of the kinetic energy is transferred to internal excitation of one or both resulting
nuclei. Elastic scattering requires low energy collision energies and/or large impact parameters,
the latter in the cases where a projectile trajectory can be defined.

When there is an exchange of nucleons between the reactants we have a Nuclear Reaction

a + X → Y + b
→ Z + c

.........

each one of the possible products→ Y + b,→ Z + c, ... is called a channel of the reaction.
Nuclear reactions are produced when a and X become very close or come into contact, and

very often coalesce forming a compound nucleus C = a + X. When the projectile keeps its
identity along the trajectory we are in the presence of a Direct Reaction as shown in Figure
(13.1); it is a special type of collision, characterized by the exchange of particles between
projectile and target.

Finally, the projectile a may penetrate into the nucleus X followed by a mixing of the nucle-
ons of both particles producing a compound nucleus C = (A + x). C is unstable, decaying into
one of several possible pairs:

a + X → C → X + a (13.3)
→ Y + b (13.4)
→ Z + c (13.5)
→ ......... (13.6)

Compound nucleus reactions are represented in Figure (13.2).
Nuclear reactions have become a fundamental tool in the study of nuclear physics, for ex-

ample:
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Figure 13.1: Direct Reaction.

Figure 13.2: Compound nucleus reaction.

1. They may produce nuclides in excited states Y∗ whose energy and internal structure can
then be determined.

2. Allow for the study of the compound nucleus C: the intermediate stage of some processes
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a + X → C → Y + b; its spectrum of excited states with appreciable mean lives becomes
visible through narrow and strong peaks in the reaction cross section.

3. Are a tool to produce light particle beams b, in particular neutrons, in a wide range of
energies.

In Section 13.3.1 we enumerate the constants of the motion that apply during the nuclear
collision when the relevant interactions are the strong and electromagnetic forces, and from
them we determine the possible values for the charge, mass and nuclear spin of the products b,Y .
Section 13.4.2 uses conservation of energy to determine the energy threshold of the reaction:
the minimum kinetic energy of the projectile in the laboratory reference frame required for the
reaction to take place. Also, linear momentum conservation in the laboratory frame gives the
range of the emission angle of particle b.

In the rest of the Chapter we obtain information on the probabilities of transition to the
channels of the reaction: Section 13.6 estimates the transmission probability of the projectile
through the nuclear surface, both for neutrons and for charged particles. Section 13.6.2 uses the
compound nucleus model to describe the partial probabilities of decay to the allowed channels
of the reaction, and Section 13.6.3 incorporates the effect of compound nucleus resonances on
those probabilities. All these steps combined give a simple approximation to the reaction cross
section, usually known as the Breit-Wigner formula, Section 13.6.4.

13.3 Allowed channels of nuclear reactions

13.3.1 Conservation laws in nuclear reactions

We will study the conservation of physical magnitudes, such as linear and angular momen-
tum, energy, parity, atomic number Z and mass number A during a nuclear reaction, and we
will apply those conservation laws to a concrete example taken from Evans:[1]

4
2He +10

5 B→
(

14
7 N

)
→1

1 H +13
6 C (13.7)

Other physical magnitudes such as magnetic dipole and electric quadrupole moments of
nuclei are not conserved in a nuclear reaction because they depend on the number of protons,
neutrons and spin of the products Y , b, that in principle is different from those of the reactants
a , X.

Atomic number Z: we assume that the number of protons is conserved during a nuclear
collision, because nuclei present a much longer lifetime for beta decay than the time interval
where the nuclear collision develops. The nuclear reaction presented in Eq.13.7 can be written
in compact notation as:

10B(α, p)13C

and we see that it verifies conservation of the proton number:
Initial number of protons: 5 + 2
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Compound nucleus number of protons: 7
Reaction products number of protons: 1 + 6
then: ∑

i

Zi = cte.

Mass number A: the energies exchanged in nuclear reactions do not allow the creation of
nucleon-antinucleon pairs, then the mass number A is conserved. For the example of Eq. 13.7:

Initial A: 10 + 4
Compound nucleus A: 14
Reaction products A: 1 + 13
then: ∑

i

Ai = cte.

Angular momentum: it comes from the isotropy of space: the physical system remains
invariant under rotations around any axis.

Initial state: for our example (13.7) and according to measurements the intrinsic angular
momenta are J = 3+ for 10B, J = 0+ for α (the superscript indicates the intrinsic parity of the
state). Then we have the orbital angular momentum of projectile a relative to X that may have
any value of orbital quantum number ` depending on the impact parameter. We will consider
the case of ` = 0+ (s wave) that for low energy collisions gives the largest contribution to the
cross section.

For α capture by 10B with ` = 0 (s wave), then JC = 3+

Final state: known values are J = 1/2− for 13C, J = 1/2+ for 1H, which add up to an
angular momentum contribution of either 0 or 1 to the final total angular momentum that should
be J f = JC = 3. Therefore, there should be also an orbital angular momentum contribution,
` f , from the relative motion of nuclei 13C and 1H, whose value we get from the following
relationship:

∣∣∣J f − 0 or 1
∣∣∣ 0 ` f 0

∣∣∣J f + 0 or 1
∣∣∣, therefore getting for the first case ` f = 3 and

` f
.
= 2, 3, 4 for the second case. We have now to consider parity conservation to find which of

these possible ` f are allowed.
Parity: the evolution of a physical system is represented by the wave function in Quantum

Mechanics; when the forces acting between the particles of the system are strong, electro-
magnetic and/or gravitational the evolution of the system is not altered if we invert the spatial
coordinates, and this requires that

Ψ(−→r 1,
−→r 2...

−→r n; t) = ±Ψ(−−→r 1,−
−→r 2... −

−→r n; t)

The parity of the wave function is conserved along time.
Weak interactions do not conserve the parity of the wave function, and strictly speaking this

is the case of the atomic nucleus. Nevertheless, the times required for weak forces to produce
a nuclear transition are much longer than those required by strong or electromagnetic forces, so
we are justified in assuming parity conservation when studying the latter.
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For (13.7) the initial state is defined by
10B : J = 3+

4He : J = 0+

`i = 0+ → π = (−1)` = +1
so the parity of the initial state is: πi = 1 (or +).
For the final state the known parities of the particles are: −1 for 13C, and +1 for 1H.
In order to conserve parity the orbital angular momentum should contribute with negative

parity, so only ` f = 3 of Eq.(13.7) is allowed since (−1)3 = −1.
Energy and linear momentum: The energy of a particle a of mass Ma and velocity va

expressed in the frame of Special Relativity is:

Ea =
Mac2√
1 − β2

a

= Mac2 + Ta (13.8)

where βa = va/c is the velocity of the nucleus a in units of the speed of light, Mac2 is the
rest energy of a independent of the velocity of the particle, and Ta is the relativistic form of the
kinetic energy of a:

Ta = Mac2(
1√

1 − β2
a

− 1) (13.9)

that for small βa approaches the Newtonian definition:

Ta|βa→0 →
1
2

Mav2
a + O(β2

a) (13.10)

We will use the classical form of Ta, for projectiles of mass number A, the relative error
being

O(β2
a) ≈ 2 × 10−3 ×

T (MeV)
A

(13.11)

For the linear momentum

−→
Pa =

Ma
−→v a√

1 − β2
a

(13.12)

the classical limit results

−→
Pa

∣∣∣∣
βa→0
→ Ma

−→v a + O(β2
a) (13.13)

Mass dependence on internal energy: The inertial mass Ma is not constant in Special
Relativity: in 1905 Einstein showed that Ma has a contribution from its internal energy: if the
mass for the internal ground state is Ma, that of a state with excitation energy W is:

M∗
a = Ma +

W
c2 (13.14)
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Replacing Eq.(13.14) in expression (13.8) we see that the total relativistic energy automati-
cally includes the internal energy of the body.

Ea∗ = Mac2 + W + Ta (13.15)

Conservation of linear momentum and energy: Since there are no external forces acting
on the colliding particles and the interaction between nucleons is conservative the linear mo-
mentum and total energy of the system are conserved; in our example of nuclear reaction the
conservation of linear momentum is:

−→p 4
2H + −→p 10

5 B = −→p 1
1H + −→p 13

6 C

that to terms of order O(β2
a) reduces to the conservation of the classical linear momentum

M4
2He
−→v 4

2He + M10
5 B
−→v 10

5 B = M1
1H
−→v 1

1H + M13
6 C
−→v 13

6 C

and, for the conservation of the total energy:

M4
2Hec

2 + T4
2He + M10

5 Bc2 + T10
5 B = M1

1Hc2 + T1
1H + M13

6 Cc2 + T 13
6 C

where the kinetic energies Ti to order O(β2
i ) can be replaced by the classical form

1
2

miv2
i .

13.4 Kinematics of Nuclear reactions

13.4.1 Laboratory and center of mass description of the nuclear
reaction

The position of the reactants a,X can be described by the coordinates −→r a,
−→r X. In the laboratory

frame (Figure 13.4) where experiments are performed, the target X is at rest before the collision.
An equivalent pair of coordinates is that of the center of mass −→r CM and relative vector −→r aX,
shown in Figure 13.3

−→r CM =
Ma
−→r a + MX

−→r X

Ma + MX
(13.16)

−→r aX = −→r a −
−→r X

where we use the Newtonian definition 13.16 for the center of mass point, neglecting rela-
tivistic contributions of order v2

a/c
2. Expressing −→r a,

−→r X in terms of −→r CM,
−→r aX:

−→r a = −→r CM +
MX

MX + Ma

−→r aX (13.17)

−→r X = −→r CM −
Ma

MX + Ma

−→r aX (13.18)
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Figure 13.3: Laboratory and center of mass coordinates.

Figure 13.4: Initial and final states of the collision as seen in the laboratory frame.

Since there are no external forces acting on the a,X system the CM moves with constant
velocity, obtained from Eq. (13.16):

−→v CM =
Ma

Ma + MX

−→v a (13.19)
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where
−→v a = d−→r aX/dt|raX→∞ (13.20)

is the projectile velocity relative to the target X at times long before the collision.
Using Eqs. (13.17, 13.18) the linear momentum of a results

−→p a = Ma
−→v CM + µaX

−→v aX (13.21)

where we use the lower case letter p to identify linear momenta in the lab frame, and

µaX =
MX Ma

MX + Ma

is the reduced mass of a, X.
After the collision there is a rearrangement of nucleons. Proceeding with the products Y ,b

in the same way as for the reactants we get:

−→r bY = −→r b −
−→r Y (13.22)

−→r b = −→r CM +
MY

MY + Mb

−→r bY (13.23)

−→r Y = −→r CM −
Mb

MY + Mb

−→r bY (13.24)

Using Eqs. (13.23, 13.24) the linear momentum of b results

−→p b = Mb
−→v CM + µbY

−→v bY (13.25)

where the reduced mass µbY is

µbY =
MY Mb

MY + Mb

Conservation of linear momentum in the lab frame gives

−→p a = −→p b + −→p Y

The center of mass (CM) frame shown in Figure (13.5) is defined with origin at the center
of mass point so that the CM point is at rest. Using Eqs. (13.17, 13.18) we obtain the linear
momentum of the reactants a, X

−→
Pa = µaX

−→v aX (13.26)
−→
P X = −

−→
Pa (13.27)

where we choose the capital letter P to identify linear momenta in this frame. For the products
b,Y using Eqs. (13.23, 13.24):
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−→
Pb = µbY

−→v bY (13.28)
−→
PY = −

−→
Pb (13.29)

Figure 13.5: Initial and final states of the collision as seen in the center of mass frame.

The initial kinetic energy in the CM frame can be expressed in terms of the a − X relative
velocity vaX

TaX =
1
2

MaV2
a +

1
2

MXV2
X =

=
1
2
µaXv2

aX (13.30)

and the final kinetic energy in terms of the corresponding relative velocity vbY :

TbY =
1
2
µbYv2

bY (13.31)

The emission angle ϑ of particle b measured in experiments can be expressed as a function
of the CM angle θ using simple trigonometric relations, (see Figures (13.6), (13.7):

pb sinϑ = Pb sin θ
pb cosϑ = MbvCM + Pb cos θ

then

tanϑ =
sin θ

α + cos θ
(13.32)
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with

α =
Mava

MYvbY
(13.33)

this result being valid up to terms of order O(β2
a).

The CM angle θ can in principle adopt any value in the range 0 ≤ θ ≤ π, and the distribution
of the emitted particle b is a general function f (θ).

When α = Mava/MYvbY > 1 from Eq. (13.32) is ϑ = 0 for θ = 0 and the maximum value
value reached by ϑ is ϑmax = arctan

[
α2 − 1

]−1/2

0 ≤ ϑ ≤ arctan
[
α2 − 1

]−1/2
for α > 1

We also see in Fig. (13.6) a peculiarity of the lab frame kinematics, which is the emission
of the light nucleus b with two energies

(
p1

b

)2
/2Mb,

(
p2

b

)2
/2Mb at every angle ϑ; if seen in the

CM frame the two groups of nuclei are emitted with the same energy but at different angles θ1,
θ2.

For α = Mava/MYvbY < 1 depicted in Fig. (13.7), we find that ϑ = 0 for θ = 0, ϑ = π/2 for
cos θ = −Mava/MYvbY , and ϑ = π for θ = π. We conclude that:

0 ≤ ϑ ≤ π for α < 1
0 ≤ ϑ ≤ π/2 for α = 1

0 ≤ ϑ ≤ arctan
[
α2 − 1

]−1/2
for α > 1

Figure 13.6: Relation between CM and lab frame linear momenta for the case Mava/MYvbY > 1.
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Figure 13.7: Relation between CM and lab frame linear momenta when Mava/MYvbY < 1.

13.4.2 Q value of a nuclear reaction

Energy conservation of the nuclear reaction a + X → Y + b in the CM frame gives, up to terms
of order O(β2

a):

Ma + MX + TaX = Mb + MY + Wi + TbY (13.34)

where the rest masses Mi are given in energy units: Mi → Mic2, Einstein’s energy-mass
relation (13.14) is used, and an excited state i is assumed for the product nucleus Y .

The Qi value or nuclear disintegration energy is defined as the difference between the rest
masses of the reactants and the products of the reaction:

Qi = Ma + MX − (Mb + MY + Wi)
= TbY − TaX

or using the compact form of the CM kinetic energies Eqs. (13.30, 13.31):

Qi =
1
2
µbYv2

bYi
−

1
2
µaXv2

aX (13.35)

where vbYi , vaX are the asymptotic initial and final relative velocities of reactants and products
respectively. We assume that the light product b is left in the ground state, which is the usual
case; Q0 corresponds to the product Y also left in the ground state:

Q0 = Ma + MX − Mb − MY (13.36)

If Qi > 0 the reaction is always possible, the reaction channel Yi + b is open and this is an

exoergic or exothermic transition:
1
2
µbYv2

bYi
>

1
2
µaXv2

aX.
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If Qi < 0 The reaction is endoergic or endothermic, it is only possible when the kinetic
energy TaX in the center of mass system is greater than |Qi|: from Eqs. (13.30, 13.35) we get

TaX =
1
2
µaXv2

aX ≥ |Qi| (13.37)

The collision energy in the lab frame, identified by the greek letter ε, is related to the CM
kinetic energy through Eq. (13.30):

εaX =
1
2

Mav2
aX

=
Ma + MX

MX
TaX

then, using (13.37) the threshold energy in the lab frame results

εaX ≥
Ma + MX

MX
|Qi| (13.38)

According to Eq. (13.38) εaX provides not only the energy |Qi| required by the internal states
of the products b , Yi, but also an addition Ma

MX
|Qi|, that can be seen corresponds to the kinetic

energy of the center of mass motion.
Qi can be expressed in terms of the binding energies of particles a and b in the compound

nucleus C :

Qi = [Ma + MX − MC] − [Mb + MY − MC] (13.39)
= Ba(C) − Bb(C) (13.40)

where Bx(C) is the binding energy of particle x in nucleus C. A nuclear reaction is then
exoergic if the incoming particle a has a stronger binding in the compound nucleus than the
emerging particle b.

13.4.3 Accurate measurement of Q values

The Qi value of a nuclear reaction can be obtained from the measurement of the laboratory
kinetic energies εa, εb, εY of the projectile and products of the reaction:

Qi = Ma + MX − (Mb + MY + Wi)
= εb + εY − εa (13.41)

the kinetic energy εY of the recoiling target is small and difficult to measure with accuracy,
but through the conservation of linear momentum:

−→p a = −→p b + −→p Y
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it can be expressed as a function of εa, εb, and the scattering angle ϑ (see Fig. (13.4)). Since
nuclear reactions kinetic energies are of the order of a few MeV’s, it is valid to approximate
them with the non relativistic form:

Qi =
p2

Y

2MY
+ εb − εa

=
p2

a

2MY
+

p2
b

2MY
−

pa pb

MY
cosϑ + εb − εa

=

(
1 +

Mb

MY

)
εb −

(
1 −

Ma

MY

)
εa −

2
√

MaMb

MY

√
εaεb cosϑ (13.42)

Eq. (13.42) is of great importance in the experimental study of nuclear reactions because
it allows for the determination of Qi (and thereby the energy of some excited states) from the
measurement of the kinetic energies of the light particles εa, εb.

In the usual case where the laboratory scattering angle has a range 0 ≤ ϑ ≤ π, selecting
ϑ = 90◦ (13.42) simplifies to

Qi =

(
1 +

Mb

MY

)
εb(90◦) −

(
1 −

Ma

MY

)
εa (13.43)

13.4.4 Calculation of Q from known atomic masses.

Example: Reaction 56Fe(d, p)57Fe

Q0 =
[
M(56Fe) + M(2H)

]
−

[
M(1H) + M(57Fe)

]
expressed in terms of known values of mass excess δm as defined in Chapter 5, with u the

atomic mass unit:

Q0 =
[
M(56Fe) − 56u + M(2H) − 2u

]
−

[
M(1H) − 1u + M(57Fe) − 57u

]
=

[
∆M(56Fe) + ∆M(2H)

]
−

[
∆M(1H) + ∆M(57Fe)

]
= (−60.606 + 13.136) − (7.289 − 60.181) MeV
= 5.422MeV

so the reaction 56Fe(d,p) 57Fe is exoergic.
The relations between center of mass and laboratory momenta and energies allow to deter-

mine general properties of nuclear reactions such as the threshold energy Eq. (13.36) and the
range of the light particle scattering angle ϑ Eq.(13.42). These relations depend on the particle
masses and Qi value, so we will study specific nuclear reactions.
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13.4.5 Examples of nuclear reactions

Exoergic 3H(d, n)4He reaction:
The very high Q value of this reaction: Q0 = 17.590MeV makes it ideal for the production of

high energy neutrons (En ≈ 14MeV) with very low energy deuteron projectiles (Ed . 100KeV).
In this case CM and lab frames coincide in the limit vd → 0, and the energy balance of the
reaction reduces to

lim
1
2

(
Mnv2

n + M4Hev2
4He

)∣∣∣∣∣
vd→0

= Q0 (13.44)

In the CM frame the linear momentum is zero, then:

M4Hev4He = Mnvn (13.45)

v4He =
1
4

vn (13.46)

and replacing Eqs. (13.45, 13.46) in Eq. 13.44 we obtain

1
2

(
Mn + M4He

1
16

)
v2

n ≈ Q0 (13.47)

Finally, the kinetic energy of the emitted neutron for projectile energy Ed → 0 results

Tn =
1
2

Mnv2
n (13.48)

≈
4
5

Q0 (13.49)

≈ 14.072MeV (13.50)

Figure (13.8) shows energy vs. emission angle ϑ for the neutron in the reaction 3H(d, n)4He
for several energies εd of the projectile in the lab frame. Since the projectile has to traverse the
Coulomb barrier, measurements are restricted to Ed ≥ 500 keV .

The distribution of neutrons has cylindrical symmetry (independence of azymuthal angle
ϕ) around the direction of the projectile flux, and depends on the polar angle ϑ; Figure (13.8)
shows the tendency to isotropy of the angular distribution (independence of ϑ) when lowering
the projectile energy εd.

Endoergic 7Li(p, n)7Be reaction: This has been one of the first reactions used for the pro-
duction of low energy neutrons, its Q value is negative, therefore this is an endoergic reaction:

Q0 = −1.643MeV

In the CM frame the kinetic energy of the reactants ECM =
1
2
µpLiv2

pLi has to be equal to or
greater than Q0 for the reaction to occur:

1
2
µpLiv2

pLi ≥ 1.643MeV
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Figure 13.8: Energy vs. emission angle ϑ for the neutron in the reaction 3H(d, n)4He for several
energies Ed of the projectile in the lab frame. Notice the tendency to isotropy when lowering
Ed. The graph shows that the energy En ≈ 14MeV of neutrons emitted at an angle ϑ ≈ 110◦ is
approximately independent of the projectile energy Ed; this is useful for producing intense and
quasi monochromatic beams of neutrons with a non-monochromatic beam of deuteron projec-
tiles.

where µpLi = MpMLi/(Mp+MLi) = 7/8 and vp the relative p−Li velocity. Then the minimum
bombarding energy is given by:

εp =
1
2

Mpv2
p =

1
2

Mp
2
µpLi

1.643

=
8
7

1.643 = 1.878MeV

The relation between the linear momenta of the emitted neutron in lab and CM frames,
shown in Figures (13.6, 13.7), is:

−→p n = Mn
−→v CM +

−→
Pn

−→
Pn = µnBe

−→v nBe
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at threshold, with zero kinetic energy in the CM, the circle of radius Pn = µnBevnBe in Fig.
(13.30)reduces to a point and in the lab the neutron is emitted in the forward direction with the
velocity vCM, then its energy is

En|thr =
1
2

v2
CM =

1
2

(
1
8

vpLi

)2

= 0.0296MeV

Above threshold neutrons are emitted within a cone of angle ϑmax = arcsin(vnBe/vp) for
vnBe/vp ≤ 1, for the case vnBe/vp > 1 is ϑmax = π. We see that neutrons are emitted with two
different energies for angles ϑ < ϑmax as shown in Figure (13.7). Figure (13.9) shows the range
of neutron energies and angles of emission as a function of the proton excess energy above
threshold ∆Ep. As ∆Ep increases, the angle ϑmax grows from zero at threshold (∆Ep = 0) to
ϑmax = 90 deg at ∆Ep = 40KeV . For ∆Ep energies above 40 keV the neutron could be emitted
at any angle theta between 0 and π.

Figure 13.9: Energies En of neutrons as a function of the difference ∆Ep between the bombard-
ing proton energy Ep and the threshold energy, for several angles of emission θ in the laboratory
system for the reaction 7Li(p, n)7Be, from: ”Monoenergetic neutrons from charged particles re-
actions”, Hanson A.O. et al.[3].
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13.5 Scattering formalism applied to nuclear collisions

A nuclear collision a + X has as possible results elastic and inelastic scattering, and direct and
compound nucleus reactions that may produce several outcomes:

a + X → a + X
a + X → a + X∗

a + X → b + Y
a + X → ............

here a + X on the left side is the entrance channel α that describes the incoming projectile
flux in the absence of interaction with the target, and a + X, b + Y , .. on the right side are
the exit channels β of the reaction; a + X is one of the exit channels of the reaction because
elastic scattering is always present. For a channel b+Y to be open the energy Eα of the entrance
channel should satisfy

Ma + MX + Eα ≥ Mb + MY

where

Eα =
1
2
µαv2

α

=
~2

2µα
k2
α

being µα, vα and kα the reduced mass, velocity and wave vector of channel α respectively, with
similar definitions for channels β, γ, etc.

Figure (13.10) gives a graphical description of the possible outcomes of a nuclear collision.
Let us consider the collision of nuclei a and X with atomic numbers Za,ZX and radii Ra,RX.

The asymptotic form of the wave function consists of the incoming flux of free particles a plus
outgoing spherical waves for elastic, inelastic and reaction channels, as shown in Figure (13.10):

Ψα → ei
−→
k α
−→r αχα +

∑
γ=α,β...

fαγ(θγ)
eikγrγ

rγ
χγ (13.51)

where χγ represents the internal states of the product nuclei in the open channels γ, −→r γ their
relative coordinate, and fαγ(θγ) their unknown spherical wave amplitudes.

The differential cross section for the transition α → γ is defined as the flux per unit solid
angle of the light product c along the direction θγ divided by the incoming flux of projectiles a:

dσαγ(θγ)
dΩ

=
vγ
vα

∣∣∣ fαγ(θγ)∣∣∣2 (13.52)
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Figure 13.10: Graphical description of a beam of particles a bombarding a target nucleus X.
Assuming the a − X interaction to be effective in producing elastic, inelastic scattering and
nuclear reactions in a finite range of distances rα =

∣∣∣−→r α −
−→r X

∣∣∣, the asymptotic form of the
wave function consists of the incoming plane wave of unscattered projectiles a, plus outgoing
spherical waves centered at X of scattered particles a from the process a + X → X + a, X∗ + a
and emitted products b from the reactions a + X → Y + b . (See Eq. 13.51).

13.5.1 Elastic scattering

We first study the range of low collision energies where only the elastic scattering channel is
open. At low collision energies such that the relative distance rα =

∣∣∣−→r a −
−→r X

∣∣∣ is larger than Ra +

RX nuclear forces are negligible; then, a and X interact only via the central Coulomb potential
ZaZX/rα screened by the atomic electrons of the target, so the projectile-target interaction decays
exponentially at distances rα greater than the radius of the X atom.

The wave function Ψα(−→r α) for the a− X relative motion satisfies the stationary Schrödinger
equation in the center of mass frame (CM)[

−
~2

2µα
∇2

rα + Vα(rα) − Eα

]
Ψα(−→r α) = 0 (13.53)

Ψα(−→r α) is separable in spherical coordinates because the potential energy Vα(r) is independent
of angles . Its asymptotic form describes the projectile flux traversing the target region and the
outgoing spherical wave of elastic scattered particles:

Ψα → ei
−→
k α
−→r α + fαα(θα)

eikαrα

rα
(13.54)

and the differential elastic scattering cross section (13.52) in the CM gives

dσαα(θα)
dΩ

= | fαα(θα)|2 (13.55)
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The wave functions Ψα(−→r α), solutions of Eq. (13.53) for a given value Eα of the collision
energy, can be expanded in a basis of simultaneous eigenfunctions of square module ~2`(` + 1)
and projection ~m = 0 of the orbital angular momentum:

Ψα(−→r α) =

∞∑
`=0

REα,`(rα)P`(cos θα) (13.56)

where Ψα is independent of the azymuthal angle ϕ due to the cylindrical symmetry of the
physical system around the direction k̂α of motion of a. The unknown functions Rα,`(rα) are
solutions of the radial equation[

−(
d2

dr2
α

+
2
rα

d
dr

) +
2µα
~2 Vα(rα) +

`(` + 1)
2µr2

α

− Eα

]
Rα,`(rα) = 0 (13.57)

At large distances where Vαrα) can be neglected Ψα(−→r α) describes free particle motion, and
after replacing ρα = kαrα Eq.(13.57) becomes[

d2

dρ2
α

+
2
ρα

d
dρα
−
`(` + 1)
ρ2
α

+ 1
]

R f ree
α,` (ρα) = 0 (13.58)

whose solutions are the spherical Bessel functions. The regular Bessel functions, those that do
not diverge at the origin, are defined by

j`(ρα) = (−ρα)`(
1
ρα

d
dρα

)`
sin ρα
ρα

(13.59)

the first four terms are

j0(ρα) =
sin ρα
ρα

j1(ρα) =
sin ρα
ρ2
α

−
cos ρα
ρα

j2(ρα) = (
3
ρ3
α

−
1
ρα

) sin ρα −
3
ρ2
α

cos ρα

j3(ρα) = (
15
ρ3
α

−
6
ρα

)
sin ρα
ρα

− (
15
ρ2
α

− 1)
cos ρα
ρα

They form a complete basis set for the one-body quantum system, so the wave function
ei
−→
k α
−→r α for a free particle moving with energy E = ~2k2/2m can be expanded in the set of

functions j`(ρα). The result is:

ei
−→
k α
−→r α =

∑
`

(2` + 1)i` j`(kαrα)P`(cos θα) (13.60)

for kαrα → ∞ it becomes

ei
−→
k α
−→r α →

∑
`

2` + 1
2ikαrα

(
eikαrα − (−1)`e−ikαrα

)
P`(cos θα) (13.61)

266



Nuclear Reactions

In the asymptotic region Rα,`(ρα) should describe the incident projectile flux ei
−→
k α
−→r α and the

elastically scattered radial wave fαα(θα) eikαrα

rα
as given in Eq. (13.54). Using Eq.(13.61) we get:

Rα,`(ρα)
∣∣∣
rα→∞

=

[
2` + 1
2ikαrα

(
eikαrα − (−1)`e−ikαrα

)
+ fαα(`)

eikαrα

rα

]
P`(cos θα) (13.62)

where fαα(`) is the ` -th partial wave of the scattering amplitude fαα(θα).
Conservation of the number of particles in each partial wave requires identical magnitudes

for the amplitudes of the ingoing and outgoing spherical waves, then the presence of a scatter-
ing potential can only introduce an additional phase on the outgoing spherical wave:

2` + 1
2i

+ kα fαα(`) =
2` + 1

2i
ei2δ` (13.63)

then:

fαα(`) =
2` + 1
2ikα

(
ei2δ` − 1

)
(13.64)

Replacing now (13.64) in (13.55) we arrive at the differential elastic cross section expressed
in terms of δ`:

dσαα(θα)
dΩ

=

∣∣∣∣∣∣∣∑
`

(2` + 1)
2ikα

(
ei2δ` − 1

)
P`(cos θα)

∣∣∣∣∣∣∣
2

(13.65)

Also, the total elastic cross section σαα is the integral of dσαα(θα)/dΩ over all directions
θα, ϕα:

σαα = 2π
∫ π

0
dθα sin θα

dσαα(θα)
dΩ

using the orthogonality of Legendre polynomials:∫ π

0
dθα sin θαP`(cos θα)P`′(cos θα) =

2δ``′
2` + 1

we obtain

σαα =

∞∑
`=0

σαα(`) (13.66)

where

σαα(`) = 4πo2
α (2` + 1) sin2 δell (13.67)

where we adhered to the usual notation in nuclear physics replacing the wave number k by
the reduced wavelength o: k = 1/o.

The phase shift δ` of Eq. (13.75) is obtained by solving the radial Schrödinger equation
(13.57).
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13.5.2 How many partial waves to consider?

We estimate the value ` = `max of terms σαα(`) that give a non-negligible contribution to the
total elastic scattering cross sections Eq. (13.74). For large values of `max classical and quantum
descriptions become equivalent, then the linear and angular momentum of a particle can be
written as

Pclass =
~

o

Lclass = ~
√
`(` + 1) ' ~`

In clasical physics Lclass is defined in terms of the impact parameter b of the particles

Lclass = Pclassb

then

b ' `o

Drawing a set of concentrical circles of radii b` = `o we ascribe the value ` to particles with
impact parameters b in the range (` − 1/2)o ≤ b` < (` + 1/2)o as shown in Figure (13.11).

The area of the ring for particles with a value `, in other words their cross section σclass(`),
is given by

σclass(`) = π(2` + 1)o2 (13.68)

The upper limit for the impact parameter of projectiles that reach the surface is bmax =

Ra + RX, this corresponds to

`maxo ≤ Ra + RX (13.69)

then the number of partial waves we need to know to study nuclear reactions is finite.
Our simple estimation is consistent with the fact that the spherical Bessel function has its

maximum value at r ' `o.

13.5.3 Correction to the elastic cross section due to open inelastic
channels

We will introduce attenuation factors 0 ≤ η` ≤ 1 on the outgoing spherical waves of Eq.
(13.62) to incorporate the effect of open inelastic and reaction channels that reduce the
flux of elastic scattered particles:

Rα,`(rα)→
2` + 1
2ikαrα

[
η`eikαrα+2iδ` − (−1)`e−ikαrα

]
(13.70)
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Figure 13.11: Classical image of the incoming flux where the concentric circles correspond to
particles with impact parameter b = `o. Particles with b ≤ Ra + RX interact with the target, then
the classical total elastic cross section is σTotal = π(Ra + RX)2. The contribution of each partial
wave y`,α is approximately the area between successive circles: σ` = π(2` + 1)2. This classical
description is justified only for large values of the quantum number `.

The set of η` can be obtained exactly only by solving the coupled channels Schrödinger
equation,usually their values are chosen to optimise the agreement of the calculated elastic
scattering cross section to the experimental measurements.

The outgoing flux is reduced by the factor η` by non elastic channels, then Eq. (13.63) is
replaced by

2` + 1
2i

+ kα fαα(`) = η`
2` + 1

2i
ei2δ` (13.71)

and the scattering amplitude fαα(`) becomes

fαα(`) =
2` + 1
2ikα

(
η`ei2δ` − 1

)
(13.72)

Replacing now (13.72) in (13.55) we arrive at the differential elastic cross section expressed
in terms of δ` and η`:

dσαα(θα)
dΩ

=

∣∣∣∣∣∣∣∑
`

(2` + 1)
2ikα

(
η`ei2δ` − 1

)
P`(cos θα)

∣∣∣∣∣∣∣
2

(13.73)

The total elastic cross section σαα is the integral of dσαα(θα)/dΩ over all directions θα, ϕα:

σαα = 2π
∫ π

0
dθα sin θα

dσαα(θα)
dΩ

using the orthogonality of Legendre polynomials:∫ π

0
dθα sin θαP`(cos θα)P`′(cos θα) =

2δ``′
2` + 1
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we obtain

σαα =

∞∑
`=0

σαα(`) (13.74)

where

σαα(`) = πo2
α (2` + 1)

(
1 + η2

` − 2η`cos2δell

)
(13.75)

where we adhered to the usual notation in nuclear physics replacing the wave number k by
the reduced wavelength o: k = 1/o.

13.5.4 Total non-elastic cross section

The values of the attenuation parameters η` are chosen to optimise the agreement of the calcu-
lated elastic differential cross section, Eq. (13.73) with experiments.

The outgoing flux of Eq. (13.70) integrated over a sphere of radius r0 → ∞ is, using the
orthogonality of Legendre polynomials

w+
α = 2πr2

0
~kα
µα

∑
`

(2` + 1)2

4 (kαr0)2 η
2
`

2
2` + 1

=
π~oα
µα

∑
`

(2` + 1) η2
`

Likewise, the rate of arrival of a particles has a similar result changing η` by 1:

w−α =
π~oα
µα

∑
`

(2` + 1)

Since the physical system is stationary, the net flux of a particles over the target should be
zero, then the rate of emitted a particles in non-elastic channels must cancel the incoming rate
in the elastic channel:

wnel
α =

π~oα
µα

∑
`

(2` + 1)
(
1 − η2

`

)
By definition the total non-elastic cross section is the rate of emitted final states divided by

the incoming projectile flux ~kα/µα, then

σnel
α = πo2

α

∑
`

(2` + 1)(1 − η2
`) (13.76)

σnel
α includes inelastic collisions a + X → a + X∗ and all nuclear reaction channels a + X →

b + Y:

σnel
α = σinel

α + σR
α
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13.5.5 Ranges and correlations between elastic and inelastic cross
sections

All the information on elastic and non-elastic cross sections is contained in the factors η`, δ`;
for example:

η` = 1: corresponds only to elastic scattering, with a maximum of the cross section for the
`-th partial wave when the phase shift δ` is π/2:

σel
α (`)

∣∣∣
max

= 4πo2
α (2` + 1) (13.77)

η` = 0: describes total absorption of the incoming `-th partial wave by the target, from Eqs.
(13.76, 13.77) we find that total absorption is accompanied by elastic scattering with identical
values for the `-th partial wave cross sections

σel
α (`) = σnel

α (`) = πo2
α(2` + 1)

At first sight it seems that total absorption of projectiles that hit the target should be accom-
panied by a null elastic scattering cross section, since the rest of projectiles does not interact
with the target. Figure (13.12) presents the example of an absorbing sphere, that shows the
absence of projectiles behind the target analogous to the shadow behind a planet illuminated
by sunlight; the only way for this to occur is by the presence of a scattered wave. In the figure
we see that the scattered wave ψscatt should be the cylindrical portion behind the target with a
change of phase so that there is destructive interference with the incoming plane wave.

ψscatt is a wave packet localized within a cylinder R behind the target, and due to the Heisen-
berg uncertainty principle Mδv×R & ~/2 the packet spreads and ψscatt can be detected at angles
θα ∼ δv/v ∼ ~/(RMv); for proton projectiles with mass M = MP, energy E ∼ 10MeV , and
targets with radius R ∼ 5 f m the scattering angle θα ∼ 0.5rad is certainly non negligible. The
same reasoning applied to the cylindrical hole of the incoming projectile flux predicts a spread
of the plane wave that restricts the shadow to a few nuclear diameters behind the target. Figure
(13.13) shows the spreading of ψscatt and the incoming plane wave due to the presence of the
target.

Figure 13.12: Scattering of a plane wave by an absorbing sphere of radius R: The absence of
incoming projectiles behind the target requires the presence of a scattered wave. It is a packet
formed by plane waves with wave vectors

−→
k ′ with module k′ = k , but arbitrary directions and

phases ϕ to maximize the destructive interference with the incoming plane wave ei
−→
k −→r behind

the target.
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Figure 13.13: Figure a shows the spreading of the wave ψscatt normal to
−→
k : the localisation in

the plane (x, y) to a circle of radius R centered at the target must be accompanied by a finite
distribution in the values of the velocity normal to

−→
k . Figure b shows the interference between

the incoming plane wave ei
−→
k −→r and ψscatt, also called border diffraction of ei

−→
k −→r by the target .

The non-elastic partial cross section σnel
α (`) depends on the attenuation parameter η`, while

σel
α (`) depends also on the phase shift δ`. Then, for a given value of η` the elastic scattering

cross section Eq. (13.75) has values in the range

(1 − η`)2 ≤
σel
α (`)

πo2
α (2` + 1)

≤ (1 + η`)2 (13.78)

while σnel
α (`) has the unique value

σnel
α (`)

πo2
α(2` + 1)

= 1 − η2
` (13.79)

Eqs. (13.78, 13.79) admit a graphical representation as that given by Figure (13.14), that
shows the region of the plane (x, y) with points x = σnel

α (`)/πo2
α(2` + 1), y = σel

α (`)/πo2
α(2` + 1).

13.5.6 The optical model

This is a model used in optics to describe light dispersion on a partially absorptive crystal sphere,
that we apply to a nuclear collision to incorporate the effect of open non elastic channels on the
elastic cross section.

The optical model introduces a complex potential energy for the nuclear interaction

Uα(rα) = Vα(rα) + iWα(rα)
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Figure 13.14: Range of values of σel
` /(πo

2
α(2` + 1)) given by Eq. (13.75) as a function of

σnel
` /(πo

2
α(2` + 1)). Eqs. (13.78, 13.79) give the range of σel

` /(πo
2
α(2` + 1)) for each value of

σnel
` /(πo

2
α(2` + 1)). The point (1, 1) of the Figure corresponds to σel

α (`) = σnel
α (`), Eq. (13.5.5).

Vα(rα) is responsible for elastic scattering by the nuclear force, while Wα(rα) should describe
the flux loss at point −→r α from the elastic to all non elastic channels.

The Schrödinger equation

ĤΨα(−→r α, t) = i~
∂

∂t
Ψα(−→r α, t)

produces a wave function with a time-varying norm:

d
dt

∫
d3rαΨ∗α(−→r α, t)Ψα(−→r α, t)

=
i
~

∫
d3rα

{
H∗Ψ∗α(−→r α, t)Ψα(−→r α, t) − Ψ∗α(−→r α, t)HΨ(−→r α, t)

}
=

2
~

∫
d3rαWα(−→r α)Ψ∗(−→r α, t)Ψ(−→r α, t) , 0

then Ψ has a time dependence beyond the time dependent phase factor of stationary states.
Due to the central symmetry of the potential energy the solution Ψα(−→r α, t) is separable in

spherical coordinates

Ψα(−→r α, t) =

∞∑
`=0

a`REα,`(rα, t)P`(cos θ)

where the unknowm REα,` satisfy the radial wave equation in the combined nuclear and
Coulomb potentials
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[
−
~2

2µ
(

d2

dr2
α

+
2
rα

d
drα

) + Vα(rα) + iWα(rα)

+
ZaZX

rα
+
~2`(` + 1)

r2
α

]
REα,`(rα, t) = i~

∂

∂t
REα,`(rα, t) (13.80)

As a first approach we approximate the nuclear interaction by a square well, neglecting
surface effects on the nuclear interaction and assuming a uniform absorption of the projectile
while inside the target:

Uα(rα) = −(Vα + iWα)Θ(Ra + RX − rα) (13.81)

that replaced in Eq. (13.80) gives

[
−
~2

2µ
(

d2

dr2
α

+
2
rα

d
drα

) − (Vα + iWα) Θ(Ra + RX − rα)

+
ZaZX

rα
+
~2`(` + 1)

r2
α

]
REα,`(rα, t) = i~

∂

∂t
REα,`(rα, t) (13.82)

Figure 13.15: Graphical description of the collision experiment: initially, the projectile is a
localised plane wave packet with mean position z, velocity v and small dispersion δz/z, δv/v;
this packet can be described as the constructive interference of incoming spherical waves. After
the collision, the receding plane wave packet is produced by the constructive interference of
outgoing spherical waves.
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As shown in Fig. (13.15), the collision experiment is prepared so that initially projectile a
and target X are well separated, and a is represented by a packet of plane waves centered at
a position z = v|t| with small dispersions δz/z, δ−→v /v (time is defined so that the origin t = 0
corresponds to the closest approach between a and X).

Before the collision the wave packet is produced by the constructive interference of the
incoming spherical waves in the expansion Eq.1.60 of e−i

−→
k α
−→r α−iEαt/~, so the boundary condition

for each partial wave REα,`(rα, t) is:

REα,`(rα, t)
∣∣∣
t→−∞

→ (−1)`+1 2` + 1
2ikαrα

e−ikαrα−iEαt/~
∣∣∣∣∣
rα'~kα |t|/µ

(13.83)

Eq.(13.82) separates in two equations:

[
−
~2

2µ
(

d2

dr2
α

+
2
rα

d
drα

) − Vα − iWα +
ZaZX

rα
+
~2`(` + 1)

r2
α

− i~
∂

∂t

]
R<

Eα,`(rα, t) = 0 (13.84)

for rα ≤ Ra + RX, and:[
−
~2

2µ
(

d2

dr2
α

+
2
rα

d
drα

) +
ZaZX

rα
+
~2`(` + 1)

r2
α

− i~
∂

∂t

]
R>

Eα,`(rα, t) = 0 (13.85)

for rα > Ra + RX. The solutions that satisfy the boundary condition (13.83) are:

R<
Eα,`(rα, t) = a<Eα,`e

−i(Eα+Vα)t/~e−WαtRCoul
Eα+Vα+Wα,`

(rα)

where RCoul
E (rα) are the solutions of the radial Schrödinger equation for a Coulomb potential:

R>
Eα,`(rα, t) = a>Eα,`e

−iEαt/~e−WαtRCoul
Eα,` (rα) (13.86)

with: [
−
~2

2µ
(

d2

dr2
α

+
2
rα

d
drα

) +
ZaZX

rα
+
~2`(` + 1)

r2
α

− E
]

RCoul
E (rα, `) = 0

and the constants a<Eα,`, a>Eα,` are chosen to satisfy the boundary condition (13.83) and the
continuity of the wave function at rα = Ra + RX.

The asymptotic form of the radial waves R>
Eα,`

were expressed by Eq.(13.70) in terms of the
phase shift δ` and the attenuation parameter η`:

R>
Eα,`(rα, t)

∣∣∣
rα→∞

→
2` + 1
2ikαrα

[
η`ei(kαrα+2δ`) − (−1)`e−ikαrα

]
(13.87)

so the radial waves (13.86) found as solutions of the wave equation (13.84, 13.81) provide
values of δ`, η`.

Numerical results for attenuation factors η`
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The values found for δ`, η` depend on the assumptions we make for the complex interaction
potential (13.81) such as the square-well form for the potential. An expression that introduces
a realistic surface dependence of Vα is the following

Vα(rα) = −
V

1 + ei(rα−R)/d (13.88)

where the constants V , R = Ra + RX, d are chosen to get the best fits with the scattering
measurements. Also, the absorption term Wα(rα) must be very different from a constant Wα(rα)
for rα ≤ R: due to the exclusion principle tightly bound inner shell nucleons cannot absorb
energy from the incident projectile, only valence nucleons close to the surface can do so. The
function Wα(rα) should then be large only close to the surface and is usually chosen proportional
to Vα(rα)

Wα(rα) = C
dVα(rα)

drα
(13.89)

while at high collision energies Wα(rα) will look more like Vα(rα). Figure (13.16) shows
the complex potential Eq. (13.88, 13.89) optimised for the case of a target with mass number
A = 64.

Figure 13.16: Woods-Saxon model for the nuclear scattering potential Vα(rα), and the proposal
Eq. (13.89) for the imaginary term Wα(rα).[4]

Solving the radial Schrödinger equation Eq. ( 13.80) with the improved potential (Eqs.
13.88, 13.89) determines each partial R>

Eα,`
(rα, t), and the values of the attenuation factor η` and

phase shift δ` are extracted from its asymptotic form Eq. (13.87). Figure (13.17) shows the
values of η` obtained with the optical model for the elastic scattering of 4He on 58Ni(α, α)58Ni
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at 40 MeV . We see that outgoing elastic partial waves attenuated by inelastic processes are
limited to a finite number, as shown in Section 13.5.2, Eq. (13.69); also for this collision it
happens that the attenuation by the target is almost total.

Figure 13.17: Attenuation factors η` for outgoing partial wave amplitudes in the case of elastic
scattering of 4He on 58Ni(α, α)58Ni at 40 MeV energy. For 0 ≤ ` ≤ 12 the projectile penetrates
into the target with a high probability of either losing energy or being absorbed; for ` ≥ 16 it is
unable to get into the target and only elastic scattering takes place.

Experimental values for differential elastic cross sections can be compared with the results
obtained with the nuclear optical model. Figure (13.18) presents measurements and numerical
results for 10MeV protons elastically scattered from several targets using the best fits of the op-
tical potential parameters V , R, d in Eq. (13.88). The agreement between measurements and the
results of the optical model along the whole range of the scattering angle θ is impressive. Nev-
ertheless, it should be kept in mind that the nuclear optical model treats the effects of inelastic
and reaction channels in elastic scattering only in an average way.

13.6 Direct and Compound nucleus reactions

In Direct reactions the projectile interacts with the target conserving its identity, so it is not
captured and absorbed by this. There are several conditions for the projectile-target a, X that
may lead to a direct reaction, for example: 1) Fast projectiles, so its interaction with target
nucleons is weak, 2) Light targets so the projectile interacts with few nucleons, 3) Projectiles
that perform grazing collisions and so interact only with a few target nucleons, 4) When X,
described in the nuclear shell model, presents only one neutron and/or proton outside closed
shells capable of interacting with a.

In Compound nucleus reactions the projectile mixes with the target and its nucleons to-
gether with those of the target constitute an unstable state with a typical lifetime of the order of
10−18 sec or longer, called compound nucleus. The evolution of the reaction admits the use of
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Figure 13.18: Comparison of measurements and calculations with the optical potential model
of the differential elastic cross section σel(θα) for 10 MeV protons on several targets. Results are
shown relative to the Rutherford cross section. The agreement is excellent taking into account
that the optical potential model uses only three free parameters.

a collective model, since all nucleons except those in inner shells participate in the transitions
to the final channels. The production of a compound nucleus a + X → C is facilitated for low
energy projectiles and heavy targets.

13.6.1 Direct reactions

These are reactions where the projectile conserves its identity and there is a fast passage from the
initial to the final state. Direct reactions are produced in grazing collisions where the projectile
path inside the target is short, or for high energy collisions where its interaction with the target
nucleons weakens.

Stripping reactions

Best known direct reactions are those involving nucleons and deuterons as projectiles that we
will analyse in this Section. Most common direct reactions involve deuteron projectiles: due
to the weak proton-neutron binding energy deuteron projectiles are easily stripped of one of
its nucleons that may be captured by the target; examples of these stripping reactions are the
following
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90Zr(d, p)91Zr 3H(d, n)4He

The calculation of the cross section for these reactions requires the dynamical description of
a many-particle system, which is a formidable task. Nevertheless, we can get useful information
on energy, angular momentum and parity of the products of the reaction using the conservation
laws presented in Section 13.3.1.

Figure 13.19: (d, p) stripping reaction.

Let us analyse the angular momentum conservation for the stripping reaction (d, p) where
the neutron is captured by the target X(Z,N), so the products are an isotope Y∗(N + 1, P) plus a
free proton:

d(1, 1) + X(Z,N)→ X∗(Z,N + 1) + p

This reaction shown in Figure (13.19) is facilitated by the weak deuteron binding and the
p−X Coulomb repulsion, so the neutron penetrates easily into the target while the proton usually
reflects at the Coulomb barrier.

The neutron is captured and transfers to X part of the deuteron energy and angular mo-
mentum, the rest is carried away by the proton. The target X(Z,N) becomes the recoil nucleus
Y∗ = X(Z,N + 1), and by measuring the energy and angular momentum of the proton we may
get information on the excitation energy and angular momentum of Y∗.

We will assume the dissociation d → p + n happens in a grazing collision of the projectile
d with target X with the proton leaving at angle θ and the neutron being absorbed by the target
as shown in Figure (13.20). We use a quasi classical approximation, where the projectile is
assumed with well defined values of momentum and position during the collision.

Conservation of linear momentum gives the relation

Pn =

√
P2

d + P2
p − 2PdPp cos θ

where Pn is just the neutron linear momentum absorbed by X.
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Figure 13.20: Geometry of stripping reactions produced in grazing collisions.

Associated to Pn there is an angular momentum that we will approximate by the classical
physics definition

−→
L n = −→r ×

−→
Pn

where r ≈ R, the nuclear radius of the target. The maximum value of the amplitude Ln,
written as Ln = ~

√
`(` + 1), results

~
√
`(` + 1)|max = RPn = R

√
P2

d + P2
p − 2PdPp cos θ

= R

√(
Pd − Pp

)2
+ 4PdPp sin2 θ

2

then

~
√
`(` + 1) ≤ R

√(
Pd − Pp

)2
+ 4PdPp sin2 θ

2
The value of the transferred orbital angular momentum fixes a lower limit to the proton

emission angle θ:

4PdPp sin2 θ

2
≥
~2`(` + 1)

R2 −
(
Pd − Pp

)2

We see that for ` = 0 the protons can be emitted at θ = 0; for ` = 1, 2, 3... the lower limits
θ` are θ1 < θ2 < θ3, ....

Figure (13.21) presents measurements of the differential cross section for the reaction 90Zr(d, p)
91Zr∗ with emission angle θ for the proton. Shown are examples of excited states of 91Zr that
require the transfer of orbital angular momentum from the projectile corresponding to values
` = 0, 1, 2; we see that the proton distribution determines the value of ` associated to the re-
action. The oscillations in the distribution correspond to diffraction effects of the proton on the
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surface of the target: Figure (13.20) shows the proton trajectories that interfere to generate the
diffraction pattern.

Figure 13.21: Measurements of the differential cross section for the reaction 90Zr(d, p) 91Zr∗

with emission angle θ for the proton.

The nuclear reactions we are analysing:

N
Z X(d, p)N+1

Z X

can be direct reactions as we have been considering, or compound nucleus reactions that
we will study in the next Section. We can distinghish between the two mechanisms because in
the latter case the angular distribution of the products is symmetric around θ = 90◦, while for a
direct reaction it is highly asymmetric towards the forward direction.

Pick up reactions

A second class of direct reactions are Pick up reactions, they are time-reversed Stripping reac-
tions. For example:

stripping =⇒ pick up
90Zr(d, p)91Zr =⇒ 91Zr(p, d)90Zr

3H(d, n)4He =⇒ 4He(n, d)3H

For low energy collisions (n, d) and (p, d) reactions are likely to proceed through compound
nucleus formation, but at higher energies of tens or more MeV’s the projectile, let us choose p,
may knock out a neutron from X and then capture it after leaving the target. The formation of
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Figure 13.22: .

the weakly bound deuterium state requires that the relative distance and velocity of the proton-
neutron pair be small, this condition reduces the magnitude of direct pick up reaction cross
sections.

13.6.2 Compound nucleus formation

Nuclear shell model applied to the compound nucleus

One of the possible results of the nuclear collision a + X is the formation of a nucleus C in a
localised excited state Ψi, with a very long lifetime so we may think it as practically stationary
in nuclear characteristic times.

Energy conservation for the nuclear reaction fixes the compound nucleus rest mass (in en-
ergy units, so M means Mc2)

Ma + MX + Ea = MC + Ei (13.90)

where Ea is the kinetic energy in the center of mass system, and Ei is the excitation energy
of C.

For not too heavy nuclei the ground state of C is stable: MC ≤ Ma + MX , then independent
of the value Ea of the collision energy C is in an unstable state with energy Ei:

Ei = Ma + MX + Ea − MC

The nuclear shell model presented in Chapter ?? gives a simple but usually accurate descrip-
tion of the localised states of the nucleus C, where A nucleons move as independent particles in
a self consistent potential Ve f f :[

−
~2

2m
∇2

r + Ve f f (−→r , σ) − εn

]
χn(−→r , σ) = 0 (13.91)
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The nuclear shell model stationary states Ψi of C are given by an antisymmetrized product
of orbitals χn

Ψi = A
{
χn1(
−→r 1, σ1)χn2(

−→r 2, σ2)...χnA(−→r A, σA)
}

(13.92)

with eigenvalues Ei that depend on the occupied orbitals: i = f (n1, n2...nA):

(HNS − Ei) Ψi = 0 (13.93)

where HNS is the independent particle approximation to the nuclear Hamiltonian.
The orbitals χn selected must belong to the bound spectrum εn < 0 to generate localised

wave functions Ψi.
The nuclear shell approximation neglects two-nucleon correlations, usually weak perturba-

tions when compared with the effective potential Ve f f (−→r , σ).

Schematic description of compound nucleus formation

We consider, for simplicity, the projectile a to be a nucleon with kinetic energy Ea in the center
of mass frame and describe the target effective potential Ve f f (−→r , σ) by a spherical well of depth
−V0 and radius RX. We assume the projectile mean free path inside X much smaller than the
nuclear radius: λa << RX so that, just after traversing the nuclear surface a collides with a target
nucleon transferring to it part of its energy and momentum as shown schematically in Figure
(13.23, a). Both a and the struck nucleon end up in general in non-stationary states.

Then, both particles will undergo second generation collisions with other target nucleons
(Figure 13.23, b) generating a collision cascade. In this way, the energy carried by a will be
distributed among many of the nucleons of C, and soon enough the excitation energy of each
nucleon drops below the dissociation limit (Figure 13.23, c).

Figure 13.23: .
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Further transitions between pairs of nucleons will continue, and it may be possible to arrive
at a final state where all the nucleons occupy bound discrete orbitals χn(−→r ) of the effective
potential (Figure 13.23,c). This is a quasi-bound excited state of C defined by Eqs. (8.1, 13.92,
13.93).

Once reached the configuration of one-particle orbitals χp1(
−→r 1)χp2(

−→r 2)...χpA(−→r A) from then
on the perturbation reduces to weak nucleon-nucleon correlations with a long lifetime τi and
narrow linewidth of the level Ei: Γi = ~/τi.

In conclusion, the condition for a nuclear resonance to happen is that the collision energy
Ea must be close to one of the excitation levels Ei of the nuclear shell model in the compound
nucleus C

|Ea − Ei| < Γi (13.94)

The compound nucleus has a discrete spectrum of these quasi-stationary levels, those with
energy separations δEi = Ei+1 − Ei greater than the energy widths Γi, Γi+1. They correspond to
low values of Ei, because at higher energies the number of configurations close to Ei increases,
then sooner or later the separation will become smaller than the linewidth: δEi < Γi and the
spectrum becomes continuous.

13.6.3 Approximation to the Resonance wave function

A resonance is a localised non-stationary state created at a time t = 0 immersed in the contin-
uum spectrum φE(−→r ) of the A nucleons of the colliding system as shown in Figure(13.24).

Figure 13.24: The resonance i is formed by a combination of continuum states of open exit
channels, this Figure assumes two exit channels: C → Y + b, C → Z + c.
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The resonance i can be expressed as a linear combination of the states φE(−→r ):

Ψi(−→r , t) =

∫
dEa(E)φE(−→r )e−iEt/~ (13.95)

where −→r is a short-hand notation for the space-spin coordinates. The amplitudes a(E) are
non negligible in a small interval |E − Ei| ∼ Γi, so for Γi very small compared with characteristic
nuclear energies we can assume φE(−→r )e−iEt/~ to be weakly varying in the integration range:

Ψi(−→r , t) ≈ 〈a〉 φEi(
−→r )e−iEit/~ (13.96)

where 〈a〉 =
∫

dEa(E)/Γi.
We will build a phenomenological description of a resonance i assuming it is centered at

an energy Ei with level width Γi previously known from experiments. We incorporate the finite
lifetime of the resonance introducing in Eq. (13.96) an exponential decay factor e−Γit/2~ and
putting as initial condition the creation of the state at time t = 0

Ψi(−→r , t) = Θ(t) 〈a〉 φEi(
−→r )e−i(Ei−iΓi/2)t/~ (13.97)

The time-dependent part of the wave function (13.97) can be expanded in a Fourier series:

Θ(t)e−i(Et−
i
2 Γi)t/~ =

∫ ∞

−∞

f (ω)e−iωtdω (13.98)

with

f (ω) =
1

2π

∫ ∞

0
e−i(Ei−

i
2 Γi)t/~eiωtdt

= −
~

2π
1

i (~ω − Ei) − Γi/2
(13.99)

replacing Eqs. (13.99, 13.98) in Eq. (13.97) we get Ψi(−→r , t) as a distribution of components
with energies E = ~ω

Ψi(−→r , t) = −
1

2π
〈a〉 φEi(

−→r )
∫

dEe−iEt/~ 1
i (E − Ei) − Γi/2

(13.100)

so the square module of the amplitude

a(E) ≈
1

2πi
〈a〉

E − Ei + iΓi/2
(13.101)

gives the probability density of obtaining the energy E when measuring Ψi(−→r , t)

Pi(E) =
1
π

Γi

(E − Ei)2 + Γ2
i /4

(13.102)
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where 〈a〉 is chosen so that
∫

dEPi(E) = 1. Pi(E) also is the probability for a projectile of
energy E that penetrates into X to form the compound nucleus state Ψi, as we will see in the
next Section.

Pi(E) is a Lorentzian function shown in Figure (13.25) with maximum 4/πΓi at E = Ei and
full width δE = Γi at half maximum.

Figure 13.25: The Lorentzian form Eq. (13.102) expressed as a function of (E − Ei)/Γ.

13.6.4 Cross sections for nuclear reactions. Breit-Wigner formulae

Nuclear reactions with one decay channel

We consider cases where at the collision energy Ea only the channel α is open, so the projectiles
undergo either direct elastic scattering by the internuclear potential with cross sectionσel

α (`), Eq.
(??):

a + X → a + X (13.103)

or penetrate into the target to form a long-lived compound nucleus a+X → C that afterwards
breaks-up elastically: C → X + a with cross section σ`

αα(Ea)

a + X → C → X + a (13.104)
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Before the collision the projectile a moves with energy Ea towards the target X, its wave
function is the stationary state φEa(

−→r ) of the channel a + X. When a comes close to X it can
either disperse elastically Eq.(13.103), or be absorbed by X to produce the compound nucleus,
Eq. (13.104). The fraction of the amplitude of φEa(

−→r ) that goes to form C in the state Ψi(−→r , t)
is a(Ea) Eq. (13.101), so the probability for a projectile that penetrates into the target to form
the compound nucleus is given by Pi(E), Eq. (13.102). The cross section σ`

αα(Ea) will be
proportional to that probability

σ`
αα(Ea) = C

Γi

(Ea − Ei)2 + Γ2
i /4

(13.105)

Being the nuclear reaction σ`
αα(Ea) a form of elastic process it satisfies the same wave me-

chanical rules that we found in Section 13.5.1 for direct elastic scattering. We will use this
analogy to determine the value of the parameter C of Eq. (13.105): the elastic scattering cross
section for the ` partial wave, Eq. (13.75)

σel
α (`) = 4πo2

a (2` + 1) sin2 δ`

has an upper limit that is independent of the potential or whatever mechanism that produces
the elastic scattering: ∣∣∣σel

α (`)
∣∣∣
max

= 4πo2
α (2` + 1) (13.106)

obtained for the phase shift δ` = (n + 1/2)π with n=integer, and due to the long lifetime of
the compound nucles for energies close to and including Ea = Ei we assume that the phase shift
δ` is large and the value sin2 δ` = 1 is reached one or more times. Then applying this restriction
to the nuclear reaction cross section Eq. (13.105)∣∣∣σ`

αα(Ea)
∣∣∣
max

= C
4
Γi

= 4πo2
α (2` + 1) (13.107)

Eq.(13.107) fixes the value of C and so determines the compound nucleus-mediated elastic
scattering cross section σ`

αα(Ea):

σ`
αα(Ea) = πo2

a (2` + 1)
Γ2

(Ea − E)2 + Γ2/4
(13.108)

where to simplify the notation we drop from now on the index i from the resonance energy
E and width Γi.

Equation 13.108 is the simplest Breit-Wigner formula describing a nuclear reaction with
only one open channel, that of elastic scattering.

The terms of Eq.(13.108) have a clear physical meaning:

σ`
αα(Ea) = πo2

a (2` + 1)︸        ︷︷        ︸
1

Γ︸︷︷︸
2

Γ

(Ea − E)2 + Γ2/4︸                ︷︷                ︸
3

(13.109)
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1. πo2
a (2` + 1) area of the projectile `− partial wave that interacts with the target,

2. Γ = ~/τ linewidth of the resonance, represents the transmission rate of projectiles into
the target

3. Γ/
[
(Ea − E)2 + Γ2/4

]
energy distribution of the resonance.

Nuclear reactions with several decay channels

When two or more channels are open, the compound nucleus C has several ways to break up

a + X → C → X + a
→ Y + b
→ Z + c

the partial cross sections σ`
αα, σ`

αβ, σ
`
αγ ... can be determined measuring the rate of emission

of each of the light particles a, b, c , their sum gives the total cross section for the decay of C

σ`
αC = σ`

αα + σ`
αβ + σ`

αγ...

The total transition rate for the decay of the compound nucleus is proportional to Γ/~. We
introduce partial widths Γα, Γβ, Γγ...... for the exit channels such that the transition rate to
channel µ is proportional to Γµ/~, then

σ`
αµ = σ`

αCΓµ/Γ

where

Γ = Γα + Γβ + Γγ......

then

σ`
αµ = σ`

αC

Γµ

Γ

= πo2
a (2` + 1) Γα

Γ

(Ea − E)2 + Γ2/4

Γµ

Γ
(13.110)

Following the same reasoning as for the one open channel Eq. (13.109) we identify four
factors in Eq. (13.110):

1. πo2
a (2` + 1) area of the projectile `− partial wave that interacts with the target,

2. Γα = ~/τ linewidth of the resonance, represents the transmission rate of projectiles into
the target

3. Γ/
[
(Ea − E)2 + Γ2/4

]
energy distribution of the resonance.
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4. Γµ/Γ fraction of the decay of the resonance through the exit channel µ.

There is a difference between Γ that is the measured width of the peak in the decay of the
resonance and the partial widths Γα,Γβ,Γγ, ... that are not observed as widths of peaks in the
cross section. In fact, the partial cross sections σ`

αµ have the same linedwidth Γ as σ`
C as shown

in Figure (13.26).

Figure 13.26: .

13.6.5 Reactions leading to the same compound nucleus

In the case of 15N∗ as the compound nucleus, it may be produced by several entrance channels,
for example:

14N + n → 15N∗
14C + p → 15N∗

11B +4 He → 15N∗
13C +2 H → 15N∗

and the same channels will be the possible exit channels of the reaction; for example, for
14C + p as the entrance channel the nuclear reaction proceeds as follows:

14C + p→15 N∗ →14 C + p (13.111)

which is the contribution to elastic scattering via compound nucleus formation, and

14C + p → 15N∗ →14 N + n (13.112)
14C + p → 15N∗ →11 B +4 He (13.113)
14C + p → 15N∗ →13 C +2 H (13.114)
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Figure 13.27: Energy-level diagram for the resonance formation of 15N from several reactions.
Once formed, 15N may dissociate in any of the exit channels open at the energy Ea of the
reaction. Nuclear energy levels are referred to the center of mass frame, and kinetic energies Ea

to the laboratory frame.

that correspond to typical nuclear reactions where the exit channels differ from the incident
channel.

Figure (13.27) shows the energy-level diagram for the resonance formation of 15N from
several reactions. Once formed, 15N may dissociate in any of the exit channels open at the
energy Ea of the reaction; it also may decay by γ emission to lower levels but with a usually
much longer life time.

The reactions leading to the compound nucleus 15N presented in the graph are, 14N(n, α)11B,
14N(n, p)14C, 11B(α, n)14N, 14C(p, n)14N. The central energy level diagram corresponds to excited
states (resonances) of 15N, and experimental cross sections for n+14N, α+11B, and p+14C entrance
channels are located at both sides. The graphs for these cross sections have the entrance channel
kinetic energy plotted vertically, with origins shifted in the difference between the entrance
channel and compound nucleus rest masses; for example, for p +14C the shift is 10.15MeV .

The curves plotted are measurements of the cross sections, in the case of the reactions
14N(n, α)11B, 14N(n, p)14C they are separated in the experiments by a coincidence measurement
of the cross section with the light particle appearing in the exit channel: α or n.

The experimental cross sections for any of the open exit channels show maxima that cor-
respond to resonances in the formation of the 15N compound nucleus. The same resonances
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appear in the exit channels that present overlapping energies, as is the case of 14N(n, p)14C and
14C(p, n)14N.

13.7 Scattering matrix and Reciprocity theorem

13.7.1 Introducing the Scattering matrix

The asymptotic form of the wave function Ψα for a collision a + X with several open exit
channels is given in Eq.(13.51)

Ψα → ei
−→
k α
−→r αχα(ξα) +

∑
γ

∑
`

s`αγP`(θγ)
eikγrγ

rγ
χγ(ξγ) (13.115)

where χγ(ξγ) represents the internal states of product nuclei of the exit channel γ.
At large but finite internuclear distances rγ the nuclei move as free particles. Then, only a

few low ` values will contribute to the nuclear reaction in Eq.(13.115).
The plane wave in Eq.(13.115) behaves in the asymptotic region as shown in Eq. (13.61):

ei
−→
k α
−→r α →

∑
`

2` + 1
2ikαrα

(
eikαrα − (−1)`e−ikαrα

)
P`(cos θα) (13.116)

The wave function Ψα has been expressed as a linear combination of channel wave functions
Ψαβ defined in Eq.(??) with unknown coefficients sαβ(θβ)

Formally, the rigorous solution Ψα is obtained by solving the system of coupled equations
in sαβ(θβ)

The cross sections σαβ are determined by the set of transition amplitudes fαβ, obtained by
solving the Schrödinger equation for Ψα in the region where whole of configuration space.

We will introduce a matrix S , called Scattering matrix or S-matrix, whose elements S αβ

provide the same information as the amplitudes fαβ for each one of the entrance channels α, β...δ.
The importance of the S-matrix will come from general symmetry properties of the elements
S αβ that relate cross sections for different reactions of the collision system, independently of the
kind of reaction mechanism.

We will study the S-matrix for the simple case of a collision where reactants and products
are zero spin nuclei, so that the angular momentum for the relative motion is conserved. Fur-
thermore, to simplify the algebra we consider S-wave scattering. The relations we will obtain
for the set of elements S αβ will be valid for a general collision.

Consider a compound nucleus C formed in the collision a + X that can disintegrate into
several exit channels α, β...δ. We assume that only the ` = 0 partial wave of Ψα plays an active
role in the nuclear reaction, which corresponds to small collision energies Eα.

In this case, the asymptotic behavior of Ψα Eq. (13.115) reduces to
; the system wave function with entrance channel α is denoted by Ψα.
in the configuration space of a channel β , α given by Eq. (13.115)

Ψalpha = ψαβχβ
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with

ψαβ =
1√
4πvβ

eikβrβ

rβ

where we normalise the spherical waves to unit flux over the whole solid angle:

Ψα →
1

√
4πvαrα

(e−ikαrα − eikαrα)χα +
∑
β

S αβ

1√
4πvβ

eikβrβ

rβ
χβ (13.117)

where

S αβ =

√
vα
vβ

f `=0
αβ

Since the nuclear reactions we are studying do not create or destroy nucleons, the incoming
and outgoing fluxes should be identical to conserve the number of nucleons.

Ja f ter = |S αα|
2 +

∣∣∣S αβ

∣∣∣2 ...... + |S αδ|
2 = Jbe f ore = 1 (13.118)

where the contribution of an exit channel γ to the outgoing flux is given by

Jγ =
∣∣∣S αγ

∣∣∣2 (13.119)

There are N independent equations of the type of Eq. (13.118), one for each of the N
possible entrance channel α, β, ... δ

Ψγ = S γαψα(rα)χα + S γβψβ(rβ)χβ...... + S γδψδ(rδ)χδ (13.120)
γ = α, β, ......δ

they form an orthonormal set because
〈
χµ |χν

〉
= δµν〈

Ψµ |Ψν

〉
= δµν (13.121)

that written in terms of the elements S µν gives∑
ν

S ∗ανS βν = δαβ (13.122)

The N2 elements S µγ define a matrix called the S matrix of the collision system:

S =

∣∣∣∣∣∣∣∣∣∣∣
S αα S αβ ... S αδ

S βα S ββ ... S βδ

... ... ... ...
S δα S δβ ... S δδ

∣∣∣∣∣∣∣∣∣∣∣
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13.7.2 Cross sections

The beam of projectiles a that interact with the target X is described by the plane wave ei
−→
k α
−→r α .

At low collision energies Ea = ~2k2
a/2Ma only the partial wave ` = 0 overlaps with X, from Eq.

(13.62):

ei
−→
k α
−→r α

∣∣∣∣
rα→∞

≈
1

2ikαrα

(
eikαrα − e−ikαrα

)
The ingoing spherical wave that we have to consider as generator of the reaction is identical

to ψα(rα) of Eq. (??) except for the normalization:

ψα(rα)→ −
e−ikαrα

2ikαrα
then the ingoing spherical flux converging over X results

Jin(α) =

∣∣∣∣∣∣ e−ikαrα

2ikαrα
χα

∣∣∣∣∣∣2 4πr2
αvα

= πo2
αvα

Cross section for a nuclear reaction α→ γ
The cross section is defined as the outgoing flux in the channel γ divided by the flux of the

ingoing plane wave, equal to the velocity vα. The outgoing flux in channel γ is
∣∣∣S αγ

∣∣∣2 of Eq.
(13.119) multiplied by the ingoing spherical flux Jin(α) = πo2

αvα, then:

σαγ = πo2
α

∣∣∣S αγ

∣∣∣2 (13.123)

Cross section for elastic scattering α→ α
The wave function ψα(rα) describes the collision in channel α: the projectile plane wave

ei
−→
k α
−→r α and the elastic scattering amplitude fαα(` = 0) as shown in Eq. (??):

ψα(rα)|rα→∞ ≈
1

2ikαrα

(
eikαrα − e−ikαrα

)
+ fαα(` = 0)

eikαrα

rα
(13.124)

where, equating the coefficients of eikαrα/rα of left and right members:

1
2ikα

S αα ≈
1

2ikα
+ fαα(` = 0)

so the elastic scattering amplitude fαα(` = 0) is determined by the S matrix element S αα:

fαα(` = 0) =
1

2ikα
(S αα − 1)

Finally, since the elastic cross section is σαα = 4π | fα(θα)|2, we obtain:

σαα = πo2
α |1 − S αα|

2 (13.125)
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Both results (13.123, 13.125) are condensed as

σαβ = πo2
α

∣∣∣δαβ − S αβ

∣∣∣2
13.7.3 Time reversal invariance of a Quantum system

For a real Hamiltonian H = H∗ the complex conjugate of the Schrödinger equation

HΨ = i~
∂Ψ

∂t

is

HΨ∗ = −i~
∂Ψ∗

∂t
= i~

∂Ψ∗

∂(−t)

then Ψ∗ evolves in the negative time sense in the same way that Ψ does in the positive sense.
In nuclear reactions consider Ψ as the wave function that describes the evolution of a physical
system from an entrance channel α to a combination of exit channels β, γ, ......δ as depicted in
Figure(13.28).

Figure 13.28: .

But for γ as an entrance channel the exit channels are not only α but also β, γ, ......δ. Then, in
principle there is an outgoing flux in channel µ for example: the amplitude S ∗αγ of the entrance
channel α produces and amplitude S ∗αγS γµin the µ exit channel as shown in Figure (13.29).
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Figure 13.29: .

The sum of all of these contributions to make µ an exit channel must cancel except for µ = α∑
γ

S ∗αγS γµ = δαµ (13.126)

this result is valid for µ varying over all open channels, also for µ = α because the channel
α is the exit channel required for time reversal invariance to have a unit amplitude.

We will express the constraints given by Eqs. (13.122, 13.126) in matrix notation. The
matrices related to S αβ in these equations are:

Transpose matrix:

S T
αβ = S βα

Adjoint matrix:

S †αβ = S ∗βα

Then Eqs. (13.122, 13.126) are expressed as

S × S † = I

S × S ∗ = I

Equating the first terms of these equations:

S × S † = S × S ∗
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we obtain:

S † = S ∗

that in terms of the matrix elements gives:

S αβ = S βα (13.127)

and this proves the reciprocity theorem: The probability
∣∣∣S αβ

∣∣∣2 for a transition α → β

from a state α to a state β is equal to the probability
∣∣∣S βα

∣∣∣2 β → α for the transition in the
reverse order. Equation (13.127) gives the following relation between reaction cross sections:

σαβ = πo2
α

∣∣∣S αβ

∣∣∣2
σβα = πo2

β

∣∣∣S αβ

∣∣∣2
then one cross section determines the other.

σαβ

o2
α

=
σβα

o2
β

this relation is called the reciprocity theorem for nuclear reactions.
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Chapter 14

Nuclear fission

14.1 Introduction

As nuclei get larger and larger, Coulomb repulsion among their protons becomes more and
more important. So much so that nuclei with atomic numbers equal or greater than 96, usually
decay not only through the emission of alpha particles but also through spontaneous fission of
the original nucleus into two heavy fragments plus a few neutrons. It is the emission of these
extra neutrons that make it possible to sustain a fission chain reaction. Even before Z gets to be
96, say for Z ≥ 90, Coulomb repulsion is strong enough that a small perturbation could induce
fission in such a nucleus. As an example of this last process let us consider a thermal neutron
(practically negligible kinetic energy) hitting a 235

92 U nucleus; among several different fissioning
possibilities (besides neutron capture), a likely result of this reaction is the following:

n + 235U −→ 236U∗ −→ 142
56 Ba + 92

36Kr + 2n (14.1)

where the notation 236U∗ represents an excited state of the 236U nucleus.
We will come back to the left hand side of this fission reaction later on in the chapter.
The different stages taking place during the reaction described in Eq. 14.1 are represented

schematically in Fig 14.1:

Figure 14.1: Evolution of a heavy nucleus that absorbs a neutron leading to an unstable com-
pound nucleus, the competition between the disruptive Coulomb repulsion that deforms the
spherical shape and the surface tension that tries to restore the original form may end up in the
splitting of the nucleus in two fragments plus some free neutrons, as shown in this figure.

The target nucleus absorbs a neutron, the resulting compound nucleus acquires an excitation
energy that results in a strong deformation. During this deformation there are two forces at
work: the Coulomb repulsion that tends to disrupt the nucleus, and the surface tension that tries
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to keep its nucleons together. If in this competition the Coulomb repulsion prevails, the original
excited nucleus splits into two fragments plus some free neutrons (remember that heavy nuclei
have a greater proportion of neutrons than their medium weight counterparts), with the reaction
proceeding as shown in Fig.14.1; if it is the surface tension that wins out, then the excited
nucleus recovers its spherical shape finally decaying through gamma emission to its ground
state.

As we have seen in Chapter 6, nuclei of medium mass are more tightly bound than heavy
nuclei; therefore, in principle, the split of a heavy nucleus into two lighter ones should release
energy. A rough estimate of the energy released in this process can be obtained by using curve
B/A vs. A shown in Fig.6.3. From this graph we see that:

for A ' 240, B/A ' 7.5MeV ∴ B ' 1800MeV
for A ' 120, B/A ' 8.5MeV ∴ B ' 1020MeV for each fission product;

therefore the total energy released in the process would be about 2×1020−1800 = 240MeV.
A more accurate estimation can be obtained through the use of the semiempirical mass

formula (SMF) we developed in Chapter 7. According to this formula we have:

M (A,Z) = ZMH + (A − Z) Mn − a1A + a2A2/3 + a3
Z (Z − 1)

A1/3 + a4

(
A
2 − Z

)2

A
+ δ (A,Z)

For a symmetric fission (of an even-even nucleus) the energy released is given by:

Q = M (A,Z) − 2M
(A

2
,

Z
2

)
=

(
1 − 21/3

)
a2A2/3 +

(
1 −

1
22/3

)
a3Z (Z − 1) A−1/3 (14.2)

using the values given by Seeger in Table 7.4 of Chapter 7: a2 = 17.23MeV, a3 = 0.697MeV,
we get for the fission of 236

92 U

Q (236, 92) = −4.48 × 2362/3 + 0.258 × 92 × 91 ÷ 2361/3 = 178.4MeV

Since fission occurs for heavy nuclei, we can write Z (Z − 1) ' Z2, and we see that according
to expression (14.2) fission can occur (Q > 0) only if

Z2

A
&

4.48
0.258

= 17.4

In the first column of Table 14.1 below we have chosen some nuclei with their Z2/A value
shown in the second column. Their experimental binding energy, as well as those corresponding
to the equal fission fragments they would split into (fourth column), are respectively shown in
the third and fifth columns. Also shown are the energy Q that would be released in the process
(sixth column), and in the last column the Coulomb barrier the fragments would encounter were
they brought together during an inverse process.
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Nucleus Z2/A B (Z, A) Symmetric B
(

Z
2 ,

A
2

)
Q (fission) Coulomb

MeV fission MeV MeV barrier [MeV]
84
38S r 17.2 728.9 42

19K 359.1 -10.6 59.8
90
40Zr 17.8 783.9 45

20Ca 388.4 -7.15 64.8
124
54 Xe 23.5 1046.2 62

27Co 540.7 +35.2 106.1
...

...
...

...
...

...
...

236
92 U 35.9 1790.4 118

46 Pd 991.8 +193.2 248.5

As an example let us consider, for instance, the nucleus 90
40Zr for which we have Z2/A = 17.8

that in principle could fission into 45
20Ca+45

20Ca. If we calculate the energy that would be released
in this process we get: Q = 2B (20, 45) − B (40, 90) = 2 × 388.37 − 783.88 = −7.15MeV.
Although we expect here a value close to zero, remember that inequality (14.1) was obtained
from the semiempirical mass formula and, as we remarked before, this formula yields large
uncertainties when mass (or binding energies) differences are involved.
This negative Q value means that in this case it is impossible for the fission process to occur.
To better illustrate this, let us think of the inverse process: two 45

20Ca nuclei approaching each
other until they coalesce in one single 90

40Zr nucleus. Of course, to do this, the two approaching
nuclei would have to overcome a Coulomb barrier of about 65 MeV (Z2e2/2R = 202 × 1.44 ×
10−13/(2 × 1.25 × 10−13 × 451/3) = 64.8MeV) in which hypothetical case the 90

40Zr nucleus thus
formed would have its ground state lying at −7.15MeV in the system where E = 0 when r = ∞.
The potential energy of the two approaching fragments as a function of their separation distance
r, and the relative position of the 90Zr ground state, are represented in Fig. 14.2 below.

Figure 14.2: Potential Coulomb energy of a pair of approaching 45
20Ca nuclei.

If we choose a heavier nucleus, for instance 124
54 Xe for which Z2/A = 23.5, fissioning into

62
27Co + 62

27Co, and perform the same calculations we carried out for 90
40Zr, we get the results
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Figure 14.3: Coulomb energy for two approaching 62
27Co nuclei. If each one arrives with an

energy E ≥ Q/2 = 17.6MeV, they could in principle coalesce to form the 124
54 Xe nucleus.

already shown in Table 14.1: Q = +35.2MeV, with a Coulomb barrier of 106.1MeV for the
two approaching fragments. In this case the representation is shown in Fig. 14.3.

Therefore, if the two 62Co nuclei approach with an energy of 17.6MeV each, they could
form, in principle, the 124Xe nucleus. However, due to the large Coulomb barrier the cross
section for this process is completely negligible (”transmissivity” in the order of 10−120—see
Chapter on alpha decay). Conversely, if 124Xe were to fission into 62Co+ 62Co, the impossibility
for the fragments to penetrate and cross the large Coulomb barrier to the region where the total
energy minus the potential energy is positive, causes the fragments to be immediately reflected
back to keep the 124Xe nucleus in its original state.

The influence exerted by the Coulomb barrier will be less important when the ground state
of the parent nucleus is rather close to the upper part of the barrier. To illustrate this let us
consider now the case of 236U

(
Z2/A = 35.9

)
, splitting into two equal 118Pd fragments, with

Q = +193.2MeV and a Coulomb barrier of 248.5MeV, as represented in Fig. 14.4.
In the drawing of these potentials we have not taken into account the influence of the attrac-

tive short range nuclear forces acting on the fragments when they are at close distances. When
we do take them into account we get the more realistic potential depicted in Fig.14.5 for the two
approaching 118Pd fragments. Obviously, this change in the shape of the potential at distances
of the order of r ' 2R, also takes place in the cases shown in Figs. 14.2 and 14.3.

As a result, the Coulomb barrier for the fissioning of 236U into two fragments is only a few
MeV. If we calculate the excitation energy attained by a nucleus of 236U when a 235U nucleus
captures a thermal neutron (kinetic energy practically zero), we get: M

(
235U

)
+Mn−M

(
236U

)
=

6.545MeV, excitation that is large enough to bring the 236U nucleus above its Coulomb barrier
for fission, which is the most likely event to occur when 235U captures a slow neutron, this being
the basis for the operation of a nuclear reactor.
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Figure 14.4: Coulomb barrier for a pair of 118Pd nuclei. The position of the ground state of the
236U nucleus close to the peak of the barrier.

Figure 14.5: Effect of the finite range of the nuclear interaction in rwducing the height of the
barrier for 236U.
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Figure 14.6: Energetics of neutron capture by 235U and 238U nuclei. Thick lines represent
ground states, and thin lines excited states. Dashed lines indicate the mass obtained through the
use of the semiempirical mass formula neglecting thr δ (A) pairing term.

If we now calculate the excitation energy attained by a nucleus of 239U when a 238U nucleus
captures a thermal neutron, we get: M

(
238U

)
+ Mn − M

(
239U

)
= 4.806MeV, excitation that is

still below the Coulomb barrier for fission of the 239U nucleus. For this reason, if we want to
fission 238U through the bombardment of neutrons, they must have an energy above a certain
threshold. Reactors operating on the basis of fast neutron bombardment are called fast nuclear
reactors.

In Fig. 14.6 below we show schematically the energetics involved in the capture of a neutron
by a 235U nucleus as compared to the same process with a 238U nucleus. In this diagram ground
states are indicated with thick lines and excited states with a thinner line. Dashed lines indicate
the mass obtained through the use of the semiempirical mass formula for the given mass number
A, without taking into account the δ (A) pairing term.

As seen in Fig.14.6, the distinct behavior of 235U and 238U when capturing a thermal neutron
is not accidental: 235U, an odd A nucleus, gains an extra pairing energy after capturing a neutron
and transforms into 236U, an even A nucleus; on the contrary, 238U, being an even A nucleus,
is already strongly bound but after the capturing of the thermal neutron transforms into 239U
thereby losing some binding energy. The net effect is that heavy odd A nuclei, like 235U or 239U,
can start a nuclear chain reaction through the capture of a thermal neutron, as opposed to heavy
even A nuclei, like 232Th or 238U, that can start a nuclear chain reaction through the capture of
neutrons only if they are fast enough. 235U, 239U, 239Pu, that can fission with thermal neutrons
are called fissile nuclei;
232Th, 234U, 238U, that can fission with neutrons only if they have an energy above a certain
threshold are called fissionable nuclei.
Nuclei that after capturing a neutron, through successive β− decays transform into a fissile nu-
cleus, are called fertile. 232Th and 238U are examples of fertile nuclei:

232Th (n, γ) =⇒ 233Th
β−

−→ 233Pa
β−

−→ 233U; 238U (n, γ) =⇒ 239U
β−

−→ 239N p
β−

−→ 239Pu
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Going back to expression (14.1), the considerations we made to get that inequality were of
a purely statical character: we only took into account the initial and final states of the system.
However, the problem of nuclear fission we have at hand is of a dynamic character as we can
see if we study the physics involved when small deformations of a nucleus occurs:

We assume a nucleus initially with a spherical shape but somehow subjected to a small
deformation; under this condition two things could happen:

If under deformation the binding energy decreases (final state has a greater total energy),
the nucleus goes back to its original condition, thus the spherical shape is stable.

If under deformation the binding energy increases (final state has a lower total energy),
fission can occur.

According to the SMF for a spherical drop we have developed in Chapter 7, we can write,
ignoring the pairing term:

B (A,Z) = a1A − a2A2/3 − a3Z (Z − 1) A−1/3 − a4

(A
2
− Z

)2

A−1 (14.3)

We assume the liquid drop to be incompressible, therefore its volume, proportional to A,
does not change, and neither does Z.

For small deformations of a prolate-type nucleus we can write for its semi-axes:

a = R (1 + ε)

b = R
1

√
1 + ε

' R
(
1 −

1
2
ε

)
where we have defined the semi-axes a and b in such a way that the volume, V = 4

3πab2 =
4
3πR3, remains constant.

Obviously during the deformation R changes, therefore so does A−1/3 in the Coulomb term.
Likewise, the drop´s area changes and this is reflected through A2/3 in the surface term. All other
terms in expression (14.3) do not change; therefore, taking into account that we are dealing
here with heavy nuclei, then Z (Z − 1) ' Z2, and with the new notation as ≡ a2 for the surface
coefficient and aC ≡ a3 for the Coulomb term, we write:

Bsphere (A,Z) = −asA2/3 − aCZ2A−1/3 + constant

It can be demonstrated that for an ellipsoid, to terms of order ε2, the expression above takes
the form:

Bellipsoid (A,Z) = −asA2/3
(
1 +

2
5
ε2 + · · ·

)
− aCZ2A−1/3

(
1 −

1
5
ε2 + · · ·

)
+ constant

According to our statements above, the condition for instability conducing to fission would
be:

Bsphere < Bellipsoid ∴ Bsphere − Bellipsoid < 0

asA2/3 2
5
ε2 − aCZ2A−1/3 1

5
ε2 < 0 ∴

2
5

asA −
1
5

aCZ2 < 0
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and we get the condition for nuclear fission, obtained through dynamic considerations:

Z2

A
>

2as

aC
(14.4)

expression that is valid for small deformations. Depending on the values chosen for the
SMF parameters, 2as/aC could take up the following values: 44 < 2as/aC < 50, values that
are much greater than that found in Eq.(??) and that better reflect the (Z, A) requirements for a
nucleus to fission.

14.2 Some numbers related to Fission Reactors

As seen before, nuclear fission can be attained using either neutrons having an energy above a
certain threshold, or using neutrons with practically zero (thermal) kinetic energy. By far the
most popular type of power nuclear reactors that exist today are those operating with thermal
neutrons, of which, two distinct types exist: those employing natural uranium as reactor fuel,
as opposed to those using 235U enriched uranium.

In a typical thermal neutron induced fission reaction we have:

n (slow) + 235U =⇒ f ission (with the release of ∼ 193MeV)

The approximate balance in the liberation of this energy, as well as the essential features of
this process are as follows:

• 165MeV are carried away by the fission products, speed∼ 109cm/s, stopped in∼ 10−5cm =

0.1µm

• an average of 2.5 fast neutrons (∼ 2MeV each–laboratory system) are released in each
fission

• about 0.016 delayed neutrons of around 0.3 MeV are released

• ∼ 7.5MeV prompt gamma rays

• ∼ 8.0MeV from β− decay of fission products

• ∼ 7.0MeV from gamma rays accompanying β− decay of fission products

• ∼ 12.0MeV from neutrinos emitted in the β− decay process (this is lost as far as the energy
balance is concerned)

The 165MeV kinetic energy carried by the fission products is almost all converted to heat
within the reactor; however, part of this energy is stored within the lattice through displace-
ment of their atoms. In the extreme case this radiation damage could destroy the mechanical
properties of a fuel element.
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Characteristically, prompt gamma rays are also emitted within about 10−14s of fission, there-
fore this happens after the fast neutron emission.

Since the fission products are highly rich in neutrons, once formed they start β− decaying
towards the stable isobar of the corresponding chain. In this process, β− and associated γ rays
also leave their energy in the reactor. The neutrinos emitted in each β− decay, because of their
practically zero interaction with matter, leave no energy within the reactor.

During the β− decay process, oftentimes a product (say (Z,N)) in the chain β decays to
an excited state of the (Z + 1,N − 1) daughter. If this excited state happens to be above the
neutron separation energy of the nucleus (Z + 1,N − 1), then the process (Z + 1,N − 1)exc −→

(Z + 1,N − 2)gs + n competes with gamma decays to lower energy levels of the (Z + 1,N − 1)
nucleus. Since the nucleus (Z,N) is β radioactive, it decays with its characteristic half life, and
therefore the neutrons emitted in the previous reaction show the same time behavior as the (Z,N)
nucleus, thereby the reason for the name ”delayed neutrons”. A simplified energy diagram for
the case of the fission product 87Br is presented in Fig.14.7.

Figure 14.7: Simplified energy diagram for the fission product 87Br.

Let us see what is the fate of the fission-generated neutrons within a reactor; the possibilities
are: a) to escape from the reactor b) be absorbed by non-fissile material c) be absorbed by fissile
material but not end in fission d) be absorbed by fissile material and produce a fissionLeakage
of fission neutrons described in a) above can be minimized by making the reactor large, the ratio
surface area/volume as low as possible, and surrounding the core of the reactor with a reflector
material that has a low neutron capture cross section. The inactive parts–fuel sheath, cladding
material, control system, cooling fluid, etc.–should also have low neutron capture cross sections.
If the geometric arrangement within the reactor (fuel elements, different materials and compo-
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nents, etc.) is such that of the ∼ 2.5 released neutrons per fission just one generates another
fission, then we are in the presence of a self sustained chain reaction, with a constant power
output. If more than one fission is produced then the power output increases exponentially; in
the extreme case we would be in the presence of an atomic bomb. Since we are interested in
the physics involved in the operation of uranium-fueled thermal neutron reactors, let us study
the implications of some important related parameters, as shown in Table 14.2. Since fission
neutrons are born with an average energy of about 2MeV, and they start degrading their energy
while in the reactor, in the Table we have arbitrarily chosen 1MeV for a fast neutron energy to
see these implications.

Isotopic Abundance Cross sections [barn]
[atom %] E ' 1MeV E thermal

σ (n, γ) σ (n, f ) σ (n, γ) σ (n, f )
235U 0.7204 0.109 1.20 100.3 584.32
238U 99.2742 0.112 0.0136 2.75 0

We calculate the probability of neutrons with an energy En ' 1MeV to be absorbed, as
compared to the probability of these neutrons to produce a fission.

As we have seen in Chapter 3, the yield of a reaction is given by the expression Y = NΦσ,
therefore we want to calculate:

Yabs

Y f ission
=

N238Φ × 0.112 + N235Φ × 0.109
N238Φ × 0.0136 + N235Φ × 1.20

=
N238 × 0.112 + N235 × 0.109
N238 × 0.0136 + N235 × 1.20

for the number of nuclei, as shown in Chapter 4, we have
N238 = NA

Matom

ηi
100 = NA

Matom

99.2742
100 , N235 = NA

Matom

0.7204
100 , that replaced in the expression above,

obtains:

Yabs

Y f ission
=

99.2742 × 0.112 + 0.7204 × 0.109
99.2742 × 0.0136 + 0.7204 × 1.20

=
11.119 + 0.079
1.350 + 0.864

= 5.06

Therefore, at En ' 1MeV, a neutron has five times a greater chance of being absorbed than
of producing a fission reaction, and a reactor cannot work under these conditions.

However, if we perform this same calculation for thermal neutrons, En ' 0.025eV, we get:

Yabs

Y f ission
=

99.2742 × 2.75 + 0.7204 × 100.3
99.2742 × 0 + 0.7204 × 584.32

=
273.0 + 72.3

0 + 420.9
= 0.82

and we see that for thermal neutrons there are 1.22 fissions for each absorption. We can
drastically lower this 0.82 ratio by increasing the number of 235U atoms as compared to the
number of 238U atoms, that is, using 235U enriched uranium. For instance, by increasing the
isotopic abundance of 235U to only 3%, we get Yabs/Y f ission = 0.324, that is a factor of 2.5
improvement.
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We want to see now whether a reactor fueled with natural-uranium could self-sustain a
fission chain reaction and, in that case, what are the conditions it has to comply with for this to
be possible.

From the values listed in Table 14.2 we can write, for a thermal neutron flux impinging on
natural uranium:

event event probability
number of fissions ∝ 584.32 × 0.7204 = 420.94 0.550
number of absorptions in 238U ∝ 2.75 × 99.2742 = 273.00 0.356
number of absorptions in 235U ∝ 100.3 × 0.7204 = 72.26 0.094

766.20

According to this we need 1/0.550 ' 1.8 thermal neutrons to produce 1 fission of 235U in
natural uranium. This means that, from the ∼ 2.5 original fast neutrons, we can afford to lose
0.7 of them, that is:

2.5 − 1.8
2.5

× 100 = 28%

Therefore, if we lose only 28% of the neutrons produced in a thermal fission reactor, it
could, in principle, work with natural uranium.

However, this is not an easy task. The problem at hand is the following: 235U has a very high
fission cross section for thermal neutrons but fission neutrons are born with an energy of about
2MeV, therefore they have to be thermalized. Since 238U presents a series of strong resonances
for the capture of neutrons between about 4 and 120eV, the degrading in energy of the neutrons
must be done in such a way that they lose their energy in as largest steps as possible so that they
can ”jump” over the many 238U resonances without being captured. This is why the study of
the slowing down of neutrons is important.

14.3 Slowing down of neutrons

The only way neutrons can degrade their energy is by colliding with other nuclei within the
reactor core. If, as mentioned above, we want them to lose as much energy as possible in each
collision, we have to make them collide with light nuclei. In this case we can say that the
original neutrons–about 2MeV in the laboratory system (L)–have, in the center of mass system
(CM), an energy En ' 1MeV. Remembering the expression

on [cm] =
4.55 × 10−13

En [MeV]

we see that our neutrons have an associated de Broglie wavelength on ' 4.55 × 10−13cm,
therefore we may consider that they will only have s wave (` = 0) scattering in their collisions.

We will study now elastic scattering collisions specifically for neutrons; for that we consider
the problem in both the L and CM systems of coordinates, with the variables designation as
described in Fig.14.8 below.

309



Nuclear Physics

Figure 14.8: Neutron elastic scattering collisions described in the center of mass(CM) and
laboratory(L) systems.

By definition of center of mass (and under the assumption of elastic scattering) we can write:∣∣∣−→va

∣∣∣ =
∣∣∣−→vb

∣∣∣. Also, since we assume the moderating atom to be at rest, we have
∣∣∣∣−→VC

∣∣∣∣ =
∣∣∣−−→vcm

∣∣∣. Since
m = 1 for the neutron, by conservation of linear momentum we have:

(A + 1) vcm = 1 × v0 ∴ vcm = VC =
1

A + 1
v0

Using the vector diagram that relates CM and L systems as shown in Fig.14.9:
we can write:

v2 = V2
C + v2

b + 2VCvb cos θ =
v2

0

(A + 1)2 +
A2v2

0

(A + 1)2 +
2Av2

0

(A + 1)2 cos θ

v2 =
A2 + 1 + 2A cos θ

(A + 1)2 v2
0 ∴

v2

v2
0

=
E
E0

=
A2 + 1 + 2A cos θ

(A + 1)2

The angles are related by the expression:

cosψ =
A cos θ + 1

√
A2 + 1 + 2A cos θ

We see that:
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Figure 14.9: Relation between CM and L neutron velocities.

for θ = π −→
Emin

E0
=

A2 + 1 − 2A
(A + 1)2 =

(
A − 1
A + 1

)2

for θ = 0 −→
Emax

E0
=

A2 + 1 + 2A
(A + 1)2 = 1 grazing collision, no energy transfer

therefore we can write (
A − 1
A + 1

)2

0
E
E0
0 1

Usually, the maximum energy transfer factor is designated with the greek letter α, the colli-
sion parameter, thus:

α =
Emin

E0
=

(
A − 1
A + 1

)2

∴ α 0
E
E0
0 1 ∴ αE0 0 E 0 E0

The parameter α could vary between 0 and 1: 0 (hydrogen) 0 α < 1 (A→ ∞)
It can be readily shown that:

E
E0

=
1 + α

2
+

1 − α
2

cos θ (14.5)

Table 14.3 shows values of α for different elemental targets.

311



Nuclear Physics

Moderator A α Maximum energy lost (%)
Hydrogen 1 0 100
Deuterium 2 0.111 88.9
Beryllium 9 0.640 36.0
Carbon 12 0.716 28.4
Oxygen 16 0.779 22.1
Sodium 23 0.840 16.0
Iron 56 0931 6.89
Uranium 235 0.983 1.69
Uranium 238 0.983 1.67

As mentioned before, we expect the neutrons to have only s wave scattering. Therefore,
since with ` = 0 there are no preferred directions for the neutron to scatter, their distribution
should be isotropic in the CM system.

Taking into account the arguments above about scattering isotropy, we can obviously say
that since the probability of scattering in any direction (solid angle=4π) is unity, then the prob-
ability of scattering in the solid angle dΩ will be dW = dΩ/4π.

For the elemental solid angle pictured in Fig.14.3 we have:

dΩ = 2π sin θdθ ∴ dW =
dΩ

4π
=

sin θdθ
2

Just for convenience we write

dW = P (θ) dθ that is P (θ) =
sin θ

2
and we want to find the probability that after a single scattering a neutron will have an energy

between E and E + dE; this is the same as saying that we want to find the probability function
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Figure 14.10: Energy spectrum of neutrons after a single collision, depicted in the CM(left) and
L(right) frames.

P (E) dE. We see from equation (14.5) that there is a one to one correspondence between E and
θ; therefore, the probability distribution P (θ) dθ also determines the probability distribution
P (E) dE. Since the laboratory energy E decreases as the angle θ (and therefore ψ) increases,
we can write

P (E) dE = −P (θ) dθ = −
P (θ)

dE/dθ
dE

From expression (6) we get

dE
dθ

= −E0
1 − α

2
sin θ = −E0 (1 − α) P (θ) ∴ −

P (θ)
dE/dθ

=
1

E0 (1 − α)

and we finally get

P (E) =
1

E0 (1 − α)
(14.6)

we see that expression (14.6) does not depend on the scattered neutron energy E.
The energy spectrum of neutrons after a single collision, in the L system, is then given by

expression (14.6). This is represented in the left hand side of Fig.(fig:moderation4-1) below.
For the special case where the target is hydrogen, since in this case α = 0, the spectrum is that
shown in the right hand side of Fig.(fig:moderation4-1): scattered neutron energies take in all
values, from 0 (head-on collision) to E0 (grazing collision), with equal probability.

This means that after a single collision all neutron energies, regardless of the scattering
angle, are equally probable. Also observe that the area under the rectangles is unity as it should
be.

Since we know the probability function, P (E) dE, we can calculate the neutron average
energy after one collision:
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E1 =

∫ E0

αE0

EP (E) dE =
1

E0 (1 − α)

∫ E0

αE0

EdE =
1

E0 (1 − α)
1
2

(
E2

0 − α
2E2

0

)
=

E2
0

(
1 − α2

)
2E0 (1 − α)

=
(1 + α)

2
E0

result that, although could have been found in a straightforward manner, the procedure used
is instructive.

For the average energy lost per collision we have:

∆E = E0 − E1 = E0 − E1 = E0 −
(1 + α)

2
E0 =

(1 − α)
2

E0

We see that in the case of hydrogen, the average neutron energy is E0/2 and we would
expect, after n collisions, the average neutron energy to be:

En '

(
1
2

)n

E0 for hydrogen

and in the more general case we would expect, after n collisions:

En '

(
1 + α

2

)n

E0

If we want to degrade the neutron energy from, say 1MeV to 0.1eV, that is a factor of 107,
we calculate:

En

E0
=

(
1 + α

2

)n

= 10−7 ∴ n log
(
1 + α

2

)
= −7 ∴ n =

7

log
(

2
1+α

)
Therefore, for different moderators we would need the number of collisions indicated in the

last column of Table 14.3

Moderator A α n
(1MeV −→ 0.1eV)

Hydrogen 1 0 23
Deuterium 2 0.111 27
Beryllium 9 0.640 81
Carbon 12 0.716 105
Oxygen 16 0.779 137
Sodium 23 0.840 193
Iron 56 0931 459
Uranium 235 0.983 1902
Uranium 238 0.983 1926
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However, although it is true that after the first collision (with the impinging neutron having
a definite energy E0) all scattered neutron energies have the same probability, the calculation
above is misleading because the second collision (with the impinging neutron having any pos-
sible energy between αE0 and E0) shall no longer have a constant probability distribution of
energies. Indeed, the distribution will move towards lower energies than those wrongly implied
above. Obviously, after the second collision the neutron energies should be within the range
α2E0 0 E 0 E0.

To have a more realistic picture of the problem, we first define a new variable called lethargy:

u = ln
E0

E

The lethargy has the property that it increases, in each collision, as the neutron energy
decreases, the neutron becomes more and more sluggish, thereby its name.

It is found that in each collision the average lethargy remains approximately constant. This
average is usually called average lethargy gain or also logarithmic energy decrement and is
designated with the symbol ξ:

ξ =

〈
ln

E0

E

〉
= ln E0 − ln E

Knowing the neutron energy distribution after the first collision, given by Eq.(??), we can
evaluate ξ:

ξ =

∫ E0

αE0

ln
E0

E
P (E) dE =

∫ E0

αE0

ln
E0

E
dE

E0 − αE0

changing variables:

x =
E
E0
∴ dx =

dE
E0

{
for E = αE0 → x = α
for E = E0 → x = 1

ξ =

∫ 1

α

ln
1
x

dx
1 − α

=
1

1 − α

∫ α

1
ln xdx =

1
1 − α

(x ln x − x)|α1 =
1

1 − α
(α lnα − α + 1)

and we get the final expression

ξ = 1 +
α

1 − α
lnα

that, as we see, does not depend on the energy.
Since lim

α→0
(α lnα) = 0, the parameter ξ could vary between 0 and 1:

1 (hydrogen) 1 ξ > 0 (A→ ∞)
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For A 1 6 the following approximation is good to better than 1%

ξ '
2

A + 2
3

If E1, E2, · · · En represent respectively the average energies after the first, second,....., nth

collision during the slow down process from an initial energy E0 to a final energy En, we can
write, taking into account that as we have just found, ξ =

〈
ln E0

E

〉
is energy independent:

ln
E0

En
= ln

(
E0

E1

E1

E2
· · ·

En−1

En

)
= ln

E0

E1
+ ln

E1

E2
+ · · · + ln

En−1

En
' n

〈
ln

E0

E1

〉
= nξ

therefore, the number of collisions necessary to bring the neutron energy down from E0 to
En is given by the following expression:

n =
ln (E0/En)

ξ

with this, more realistic, formula to calculate the number of collisions necessary to bring the
neutron from energy E0 to En, we calculate the two last columns of Table 14.3 below.

Moderator A α ξ n n
(1MeV −→ 0.1eV) (2MeV −→ 0.025eV)

Hydrogen 1 0 1 16 18
Deuterium 2 0.111 0.725 22 25
Beryllium 9 0.640 0.2066 78 88
Carbon 12 0.716 0.1578 102 115
Oxygen 16 0.779 0.1199 134 152
Sodium 23 0.840 0.0845 191 215
Iron 56 0931 0.0353 457 516
Uranium 235 0.983 0.00849 1899 2144
Uranium 238 0.983 0.00838 1923 2172

Going back to our original objective, which was to know whether it would be possible for
a nuclear reactor to operate with natural uranium, let us say that we not only need to bring the
fission neutrons to thermal energies–with as few as possible collisions (large ξ)–by means of a
certain moderator, but for this moderator to be effective it has to fulfill the following conditions:

a) have high probability for the neutron to scatter
b) have low probability of absorbing the neutron
Condition a) requires the macroscopic scattering cross section of the moderator, Σs, to be

large. The slowing down power is defined as the product ξΣs.
Condition b) requires the macroscopic absorption cross section of the moderator, Σa, to be

low.
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The moderating ratio, MR, is defined as

MR =
ξΣs

Σa

therefore, the larger the moderating ratio, the better the moderator. Table 14.3 shows the
slowing down power and moderating ratio for some typical moderators.

Moderator Density ξΣs MR
g/cm3 cm−1

H2O 1.00 1.52 69.0
D2O (pure) 1.10 0.179 5400
Graphite 1.60 0.0596 165

Due to the ”high” value of the absorption cross section of water, σa = 0.57×10−24cm2, Σa =

0.019cm−1, it renders impossible for a reactor using natural uranium and water as a moderator,
to sustain a fission chain reaction. However, a reactor using graphite as a moderator, with a
rather low MR = 192, is capable of sustaining a fission chain reaction. In fact, the very first
nuclear reactor, built by Enrico Fermi and collaborators in 1942, had graphite as a moderator.
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