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“Nothing in life is to be feared,

it is only to be understood.”

Marie Curie





Resumen

En la presente tesis, estudiamos la dinámica de qubits superconductores (SC) en

presencia de campos armónicos fuertes, centrándonos principalmente en el análisis de

los efectos del ruido, la generación de entrelazamiento, y su aplicación como simuladores

cuánticos. En primer lugar, consideramos los efectos del ruido ambiente y analizamos su

comportamiento a diferentes escalas de tiempo. En este contexto, usamos la ecuación

maestra en la aproximación de Floquet-Markov para el análisis de la interformetŕıa

Landau-Zener-Stückelberg calculada a tiempo finito. Se encontró que la presencia de

resonancias multifotónicas simétricas y antisimétricas en el estado estacionario revela la

naturaleza del ruido. Adicionalmente, analizamos la posibilidad de manipular entrelaza-

miento a través de campos periódicos externos para los casos de disipación despreciable

y en presencia de un reservorio térmico. Para el caso de entrelazamiento de un sistema

de dos qubits acoplados y controlados por un flujo ac-magnético externo, se presentan

extensivos resultados numéricos y anaĺıticos, usándose la concurrencia como medida de

entrelazamiento. De esta manera, se estudió un nuevo mecanismo para la creación de

entrelazamiento en el estado estacionario, el cual puede ser manipulado en función de

la amplitud del campo externo. Finalmente, hemos implementado experimentalmente

un simulador cuántico para estudiar efectos mesoscópicos, mediante el uso de disper-

sión coherente en el cruce evitado de un sistema de dos qubits-SC, proporcionándose

a su vez un análisis teórico de los resultados experimentales. Los eventos de disper-

sión son implementados controladamente como transiciones Landau-Zener generadas

al conducir multiple veces el qubit a través de de una cruce evitado. Estos resulta-

dos demuestran como un sistema bien controlado, consistente de un qubit conducido

externamente, puede ser usado para estudiar efectos mesoscópicos complejos.

Palabras clave: DISPOSITIVOS DE ESTADO SÓLIDO, QUBITS SUPERCON-

DUCTORES, INTERFEROMETRÍA LANDAU-ZENER-STÜCKELBERG, ENTRE-

LAZAMIENTO, SIMULADORES CUÁNTICOS
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Abstract

In this thesis, we have studied the dynamics of superconducting (SC) qubits driven

by strong harmonic external fields, focussing on the e↵ects of noise, the generation

of entanglement, and their application as quantum simulators. First, we considered

the e↵ects of environmental noise, analyzing their behavior at di↵erent time scales.

In this context, we used the Floquet-Markov master equation applied to the Landau-

Zener-Stückelberg interferometry at finite-time. It was found that the presence of

both symmetric and asymmetric n-photon resonances in the stationary patterns reveals

the nature of the noise. Additionally, we analyzed the possibility of manipulating

entanglement by external periodic driving fields for the cases of negligible dissipation

and in the presence of a thermal reservoir. Extensive numerical and analytical results

are presented for the entanglement of a system composed of two-coupled qubits driven

by an external ac magnetic flux, using the concurrence as entanglement measure. A

new mechanism for the generation of steady-state entanglement has been studied, which

can be tuned as a function of the driving amplitude. Finally, we have experimentally

implemented a quantum simulator to study mesoscopic e↵ects using coherent scattering

at an avoided crossing in a system of two coupled SC-qubits, and we have provided a

theoretical analysis of the experimental results. The scattering events are controllably

implemented as Landau-Zener transitions by driving the two-qubit system multiple

times through an avoided crossing. These results demonstrate how a well-controlled

driven qubit system can be used to study complex e↵ects in mesoscopic physics.

Keywords: SOLID-STATE DEVICES, SUPERCONDUCTING QUBITS, LANDAU-

ZENER-STÜCKELBERG INTERFEROMETRY, ENTANGLEMENT, QUANTUM

SIMULATORS
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Chapter 1

Introduction and motivation

In this chapter, we introduce the reader to the basic concepts of quantum infor-

mation (QI), quantum computation (QC), and superconducting (SC) qubits. It has

been prepared to give a general and broader idea about the mentioned topics, helping

thus the unfamiliar reader to understand the di↵erent definitions presented along this

thesis.

1.1. Quantum information and quantum computa-

tion

The idea that a quantum system could perform a computation was first explicitly

and separately proposed by Paul Benio↵ and Richard Feynmann [1, 2].

In 1980, Benio↵ [1] introduced the idea that we will ultimately approach the regi-

me where quantum theory is highly relevant to how computing devices function. By

1982, Feynmann [2] starts by revisiting the assumption that physical systems can be

simulated by computers. Two questions immediately arise:

what kind of physics are we going to imitate with a computer?,

what kind of computers should be used for such a propose?.

Since the physical world is quantum mechanical, Feynman proposed that the proper

problem to simulate is a quantum physics problem, further claiming that such a task

can be only e�ciently performed by using quantum computers, being a new and revo-

lutionary concept at that moment.

In order to understand Feynman’s viewpoint, we need to define the mathematical

description of quantum computation, and consequently, the new concept of quantum

information.

Roughly speaking [3, 4], the basic unit of classical information is the bit : an object

that can take the classical values 0 or 1. Analogously, we can define the basic unit of

1



2 Introduction and motivation

quantum information as the quantum bit or qubit. In this way, the qubit is described

as a vector | i 2 H in a two-dimensional complex vector space with an inner product.

Further defining an orthonormal basis in this space spanned by the states {|0i, |1i},
corresponding to the computational basis, the qubit state can be written as the quantum

superposition of those states

| i = a|0i+ b|1i, (1.1)

with a, b 2 C and |a|2+ |b|2 = 1. Moreover, unlike in the classical case, when measuring

| i, e. g. projecting into the basis {|0i, |1i}, the outcome is not deterministic: the

probability of obtaining |0i is |a|2 and of obtaining |1i is |b|2.
Once the basic unit is identified, we proceed with a more general case of N qubits

living in a space of size 2N , which can be expressed as

|0000111. . . 0010101i,1

representing a binary string
2.

Using these minimal ingredients, we can finally describe the main and basic idea

of a quantum computation:

we prepare a set of N qubits in a given initial condition, for example, |000000. . .
0000000i,

then, a unitary operation is applied given by the operator U constructed using

quantum gates
3,

after U is applied we measure the system state by projecting it into the basis

{|0i, |1i}.

The outcome of the measurement is the output of the computation, which is classical

information. Notice that the outcome is probabilistic, hence an algorithm running in a

quantum computer is a probabilistic algorithm.

At this point, it becomes clear that quantum computation operates under di↵e-

rent principles as compared with a classical computation: the computer encodes the

information in quantum systems, whose dynamics are governed by quantum mecha-

nics, being the foundations of quantum information. Thus, properties such as quantum

superposition and entanglement are crucial to distinguish between a bit from a qubit.

The idea of quantum superposition has been already introduced in Eq.(1.1), showing

one of the first di↵erences between classical and quantum computation. The concept

of entanglement will be developed in detail in the following section.

1 We are using the simplified notation |0i1|0i2. . . |0iN�1|1iN = |00. . . 01i, where {|0il, |1il} are
defined in the vector space of each qubit j.

2 Similarly to the classical binary strings, using qubits instead of bits.
3 A quantum gate is a basic quantum circuit operating on a small number of qubits. They are the

analogs for quantum computers to classical logic gates for conventional digital computers [3].
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The previous description has lead to present the following definition [5]:

“A quantum computer is a machine designed to use quantum mechanics to do things

which cannot be done by any machine based only on the laws of classical physics.”

Nonetheless, during these years, physicists have been simulating the dynamics of

quantum systems by classical computers. Therefore, which are the advantages of per-

forming quantum computing?.

In 2012, John Preskill [6] introduced the original meaning of quantum supremacy.

The main idea is based on the following postulate:

“Classical systems cannot in general simulate quantum systems e�ciently.”

This claim has not been proven yet, either mathematically or experimentally. Ho-

wever, it can be understood in the sense that well-controlled large quantum systems

may “transcend understanding”, showing a surprising behavior.

Based on the previous postulate, Preskill introduced the following definition:

“Quantum supremacy denotes the capability to perform certain tasks with controlled

quantum systems going beyond what can be achieved with ordinary digital computers.”

Many of the quantum supremacy proposals rely on quantum algorithms, which are

algorithms that run on a quantum computer and achieve a speedup4, or other e�ciency

improvements, over any possible classical algorithm.

The most famous example of quantum algorithms that perform tasks going beyond

what we know how to do with classical digital computers is the Peter Shor’s algorithm

[3, 4, 7], which was proposed in 1994. Shor’s algorithm proposes a method to find

the prime factors of integers in an e�cient way, showing that a quantum computer

can factor in polynomial time. It was one of the first proof
5 of the advantages of

performing quantum computing. However, as was mentioned before, the discussion

about quantum supremacy should be carefully done, since there is no mathematical

proof showing supremacy over the classical computing: it is necessary to demonstrate

that it is possible to formulate a problem that is hard for a classical computer but easy

for a quantum computer.

Recently, in 2019, Google’s group [8] presented a quantum processor made of 53

SC-qubits6, claiming that it has achieved quantum supremacy. However, IBM’s group

[9] has questioned this claim, and the achieving of quantum supremacy is under the

current debate.

4 In both the classical and quantum settings, the runtime is measured by the number of elementary
operations used by an algorithm. In the case of quantum computation [5], it can be measured using
the quantum circuit model, corresponding to a sequence of elementary quantum operations called
quantum gates, each applied to a small number of qubits (quantum bits).

5 At least in principle.
6 They use transmon qubits, se Sec.1.2.2 for further details.
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Despite such discrepancies, Google’s results, Shor’s algorithm, and other quantum

algorithms [5] are examples of the relevance and interest in advancing in quantum

computation.

Without attempting to be exhaustive, and as it was discussed before, the quantum

superposition and entanglement are crucial to perform quantum computing in an e�-

cient way [3–5, 9, 10], allowing to quantum computers to explore a huge computational

space and ultimately converge on a solution, or solutions, to a problem. In what follows,

we focus on quantum entanglement and its main (and most general) aspects.

1.1.1. Quantum entanglement

There is a stunning feature of the quantum world, which is related to the existence

of global states of a composite system that cannot be written as the product of the

states of the individual subsystems. Such a phenomenon is known as entanglement,

and it is considered the most “non-classical”demonstration of quantum formalism [10].

In this way, entanglement is an unusual feature of quantum formalism that makes it

impossible to simulate quantum correlations within any classical formalism [3, 4].

To better understand the concept of entanglement, we shall consider a simple exam-

ple of a bipartite system. We start by considering the following state

|�+iAB =
1p
2
(|00iAB + |11iAB) , (1.2)

which describes a system composed by the subsystems A and B. We can define its

corresponding density matrix as

⇢AB = |�+iABABh�+|. (1.3)

If we further compute the reduced density matrix ⇢A = TrB (⇢AB) by tracing over the

degrees of freedom of the subsystem B, we get

⇢A =
1

2
IA, (1.4)

with IA the identity matrix defined in the Hilbert space of the system A. Similar result

is obtained for the reduced density matrix ⇢B = 1/2IB. Therefore, if we perform any

local measurement7 of the subsystems A or B, no information is acquired about the

7For bipartite systems, a local measurement can be understood as a measurement performed in

subsystem A or B, separately. For example [4], we apply the operator OA = �(A)
z ⌦ IB over |�+iAB ,

which acts locally in the subspace A. We obtain OA|�+iAB = |��iAB , where |��iAB is defined in
Eq.(1.5). Thus, this local measurement changes one maximally entangled state to any other maximally
entangled state, but it does not alter ⇢A = ⇢B = 1/2 I: the information which is manipulated by
measuring A cannot be read it in the subspace B.
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preparation of the global state: a random bit is generated.

It should be noticed that |�+iAB is a maximally entangled state known as a Bell

state8. In fact, |�+iAB is a member of a basis of four mutually orthogonal maximally

entangled states:

|�±iAB =
1p
2
(|00iAB ± |11iAB) ,

| ±iAB =
1p
2
(|01iAB ± |10iAB) .

(1.5)

Thus, the information of the full system can be recovered by performing an orthogo-

nal measurement that projects onto the basis {|�+iAB, |��iAB, | +iAB, | �iAB} (1.5).

However, if the subsystems are distantly separated, such information cannot be locally

accessed. Roughly speaking [6], the novelty of quantum entanglement is that if A and B

are distantly separated, we cannot get information about the global bipartite system by

performing measurements in each system separately due to the quantum correlations.

Furthermore, we cannot use classical information to characterize such correlations bet-

ween the two subsystems.

So far, we only focus on pure states described by the wavefunction | (t)i 2 H.

Nevertheless, in the physical world is more common to face mixed states described

by the density matrix ⇢. In this new collection of states, the previous entanglement

definition is no longer adequated. Instead, one describes a separable mixed state (the

non-entangled states) for a bipartite system as a convex combination of product states

(superposition principle), which means

⇢ =
X

pl⇢
l

A
⌦ ⇢l

B
. (1.6)

Consequently, the mixed state is entangled, if it cannot be written as Eq.(1.6). In

practice, it is di�cult to determine if a given state is separable or entangled based

on the definition itself. This is the so-called separability problem, and it is one of the

fundamental problems concerning entanglement[3, 4, 6, 10]. In Ap.A, we present a

general description of entanglement measures for bipartite systems, which are used to

quantify the amount of entanglement in a given quantum state.

The concept of entanglement has played a crucial role in the development of quan-

tum physics. Moreover, the subsequent development of Bell’s inequalities9 [4] in 1964

has made this distinction quantitative, and therefore rendered the non-local features

of quantum theory accessible to experimental verification [4, 11].

In general, quantum entanglement has three important features [10]:

8 The Bell states are special cases of bipartite maximally entangled states.
9 Without going into detail, for bipartite systems, the Bell’s inequalities is a correlation test by con-

sidering the quantitative properties of the correlations between the measurement outcomes obtained
from the subsystems A and B [4].
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It has, in general, a very complex structure.

It is fragile concerning the environment due to decoherence e↵ects.

It cannot be increased on average when systems are not in direct contact but

distributed in spatially separated regions [10].

1.2. A brief introduction to superconducting solid-

states devices

So far, we have presented the main concepts and ideas about QC and QI. In this way,

the basic description of quantum computing “software” has been introduced. However,

quantum computing is only possible if the quantum “hardware” is defined. This leads

us to the following question: how are quantum computers designed?. To answer this,

it is necessary to define the physical objects acting as qubits.

During the last years, many experimental and theoretical activities have been de-

dicated to explore possible technological implementations of quantum computers. The

constant search of candidates for being used as quantum bits has led to the emergence

of new technologies [12]. This further provokes an increasing interest in the solid-state

devices, which stand out among others physical systems due to their downscalability,

easy integration into circuits, controllability, and easy readout through external volta-

ges and currents [13–16].

Among these devices, solid-state superconducting circuits based on Josephson jun-

ctions are highly promising due to their microfabrication techniques and manipulation

with microwave signals [17–21]. Such SC-circuits [17, 22] behave as artificial atoms [23]

and had been extensively proven as quantum bits [15].

The theoretical and experimental study of the dynamics of such systems is not

easy. From an experimental perspective, there is a sharp challenge: the system should

preserve its quantum nature long enough to perform quantum computing. However,

the experimental devices are embedded in noisy environments, generating the loss of

its quantum nature by dissipative e↵ects. For another part, from a theoretical ap-

proach, the system dynamics should be described as an open quantum system, being

a completely non-trivial task.

In this section, we present a brief description of two types of SC-qubits: the Flux

Qubit (FQ) and the transmon. Further details can be found in the Refs. [17, 24] and

[16], respectively. These two solid-state devices are our main systems of study.
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1.2.1. Flux qubits

The FQ was originally introduced in Ref.[17] and over the last years, due to the

improvement in its design and fabrication techniques, it has become one of the most

tested devices for quantum information proposals [25].

The FQ consists on a superconducting ring with three Josephson junctions enclosing

a magnetic flux � = f�0, with �0 = h/2e the quantum flux, and phase di↵erences '1,

'2 and '3 = �'1 + '2 � 2⇡f , see Fig.1.1. Two of the junctions have coupling energy,

EJ , and capacitance, C, while the third has EJ,3 = ↵EJ and C3 = ↵C.

Figure 1.1: Flux Qubit. Schematic plot of the Flux Qubit
design [26]. The FQ consist in e SC-loop with an arragement of
three Josephon Junction (JJ), each one represented by crossed.
Each JJ has associate a SC-phase 'j , satistying the constraint
'3 + '1 � '2 = �2⇡f , with f the flux enclosed in the loop.

In the quantum regime, the FQ Hamiltonian reads [17, 26]:

HFQ = Epn
2
p
+ Emn

2
m
+ EJV ('p,'m; f) , (1.7)

with 'p = '1+'2

2 and 'm = '1�'2

2 the phase operators, nk = �i @

@'k
(k = p,m) the

charge number operators, Ep = 2EC , Em = Ep

1+2↵ , EC = e2/2C, and

V ('p,'m; f) = 2 + ↵� 2 cos'p cos'm � ↵ cos(2⇡f + 2'm). (1.8)

From Eq.(1.7) follows that the FQ has several levels with eigenenergies Ej and

eigenstates | ji, which depend on ↵, ⌘ =
p
8EC/EJ and the flux detuning f̃ := f�1/2.

Typical experiments have ↵ ⇠ 0,6 � 0,9 and ⌘ ⇠ 0,1 � 0,6 [22, 24, 27–29]. In Chap.3-

Fig.3.1, we present a numerical plot of the eigenenergies Ej spectrum as function of

the flux detuning.

The potencial (1.8) gives an anisotropic two-dimensional (2D) periodic potencial as

a function of {'p,'m} for f ⇠ 0,5. In Fig.1.2(a), we present an schematic color map

plot of V ('p,'m; f) for f = 0,46 as a function of {'p,'m}.10 Notice that the color

scale is dimensionless.

Restricting the range of {'p,'m} for ↵ � 1/2 and |f̃ | ⌧ 1, the potential V has the

shape of a double-well with two minima along the 'p direction, see Fig.1.2(a). Each

minima corresponds to macroscopic persistent currents of opposite sign, and for f̃ & 0

(f̃ . 0) a ground state with positive (negative) loop current is favored. In this regime

10 The others numerical parameters are similar to the experimental values presented above.
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(b)(a)
Figure 1.2: 2D-potencial and TLS approach. (a) Color map of the FQ potential
V ('p,'m; f) (1.8) as a function of {'p,'m}, for f = 0,46. The color scale is dimensionless. Due
to the negligible inter-well tunneling, the potential can be view as single double well with two
minima along the 'p direction. (b) Schematic plot of the TLS eigenenergies spectrum (bold lines)
as a function of f̃ . In dashed lines, the energies of the persistent current states {|I�,0i, |I+,0i},
which corresponds to measure a clockwise and anti-clockwise current in the SC-loop, respectively.
The di↵erent current signs can be understood in terms of the ground states of the double-well
potential.

the system can be operated as a quantum bit [17, 22] and approximated by a two-level

system (TLS) [17, 30]. In this limit, the Hamiltonian (1.7) can be approximated by [26]

HTLS = �✏0
2
�z �

�

2
�x , (1.9)

where the Hamiltonian is written in the basis defined by the persistent current (PC)

states {|I�,0i, |I+,0i}. The parameters of HTLS are the detuning ✏0 = 4⇡Ipf̃ , and the

energy gap � = E1 � E0 at f̃ = 0. Here |Ip| = |hI+,0|I|I+,0i| = |hI�,0|I|I�,0i| is the

magnitude of the loop current. Notice that Ip generates a change of the ✏0 sign, which

is manifests in a change on the slope sign in the eigenenergy spectrum.

Fig.1.2(b) presents an schematic plot of the eigenenergies spectrum as function of

the flux detuning f̃ for the TLS regime for the FQ. The energies corresponding to the

PC states {|I�,0i, |I+,0i} are plotted in dashed lines, and they correspond to the diabatic

states. Notice that the sign of the loop current is schematically marked as clockwise

and anti-clockwise. We further plot the double-well potencial for di↵erent values of f̃ ,

and the spectrum can be understood as follows

For f̃ ⌧ 0, the double-well potencial is asymmetric, and the ground state is

|I�,0i, corresponding to an anti-clockwise circulating current in the qubit loop.

For f̃ = 0, the double-well potencial is fully symmetric, and the ground state is

(|I�,0i � |I+,0i) /
p
2, corresponding to a null current loop.
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For f̃ � 0, the double-well potencial is again asymmetric, but the ground state

is |I+,0i, corresponding to a clockwise circulating current in the qubit loop.

Further technical details about the dynamics of the multilevel and TLS case of the

FQ will be presented in Chap.2 and Chap.3.

1.2.2. Transmons

Transmons are SC-qubits first theoretically proposed in 2007 [16]. Since then, many

experimental implementations have been performed [31]. As it will be shown in this

section, the transmon design is closely related to the Cooper pair box (CPB) qubit

[32]. However, the transmon is operated at a significantly di↵erent ratio of Josephson

energy to charging energy, leading to dramatically improved dephasing times.

Figure 1.3: Transmon. Schematic
circuit of the transmon [16]. The two
Josephson junctions with capacitance
and Josephson energy CJ and EJ are
shunted by an additional large capaci-
tance CB , matched by a comparably
large gate capacitance Cg. An LC-
circuit is coupled to the full circuit,
representing the resonator used for its
measurement.

The transmon consists of two superconducting islands coupled by two identical

Josephson junctions described by the Josephson energies EJ,1 = EJ,2 = EJ . Fig.1.3

present an schematic illustration. Without going into further details [16], the Hamilto-

nian for this circuit can be written as

H = 4EC(n� ng)
2 � EJ cos

✓
⇡�

�0

◆
cos', (1.10)

with ng and ' denoting the number of Cooper pairs11 transferred between the islands

and the gauge-invariant phase di↵erence between the superconductors, respectively.

� is the flux inside the superconducting loop, used for the transmon control, and �0

the quantum of flux. Here EC = e2/C⌃ with C⌃ = CJ + Cg + CB. Changing CB, the

transmon can be worked in the opposite CPB regime, which means EC ⌧ EJ .12

For the case of di↵erent Josephson junctions, such as EJ,1 = ↵EJ,2, the Josephson

term of the Hamiltonian (1.10) can be derived [16] as

EJ ! EJ,⌃ cos

✓
⇡�

�0

◆s

1 + d2 tan

✓
⇡�

�0

◆2

cos', (1.11)

11 In units of 2e, with e is the electron charge.
12 There is an extra capacitance CB , shunting to the superconducting islands, being the first design

di↵erence.
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with d = (1� ↵)/(1 + ↵).

An interesting feature of the transmon is related to its measurement process: an

indirect measurement can be performed using a resonator [16]. In Fig.1.3, the SC-

circuit presents an LC-circuit coupled to the superconducting island, representing the

resonator used for the measurement. Taking into account the LC-resonator terms, the

Hamiltonian (1.10) can be written in the uncoupled transmon states |ji as follows13

H = ~
X

j

!j|jihj|+ ~!ra
†a+ ~

X

j,k

gjk|jihk|(a† + a) (1.12)

The first term corresponds to the transmon Hamiltonian in the new basis, the second

term is the Hamiltonian of the resonator of frequency !r, and the last term is the

coupling Hamiltonian between the transmon and the resonator with strengths gjk.

Where a and a† are the creation and annihilation operators, respectively.

Moreover, restricting the transmon Hilbert space to the ground and the first excited

states, and further working in the dispersive limit [16], where the detuning�0 = !01�!r

between transmon and cavity is large, g01/|�0| ⌧ 1 with !01 = !1�!0, the Hamiltonian

(1.12) can be approximated by

He↵ = ~ !̃01

2
�z + ~(!̃r + ~��z)a†a. (1.13)

Where !̃01 = !01 + �01 is the renormalized qubit frequency, with �01 = g201/(!01 � !r).

The second term corresponds to the resonator Hamiltonian, whose natural frequency is

also renormalized !̃r = !r � �12/2, with �12 = g212/(!12 � !r). One interesting feature,

is that the resonator frequency presents a further shift, which depends on the “qubit

state”: ��z, with � = �01 � �12. If the qubit state is measured in the �z basis, e.g.

{|0i, |1i}, then it can take the values �z|0i = |0i and �z|1i = �|1i, thus the resonator

frequency is shifted as

1. If qubit is in the state |0i, then the total resonator frequency shift !̃r + ~�,

2. If qubit is in the state |1i, then the total resonator frequency shift !̃r � ~�.

Therefore, the readout proceeds by subjecting the resonator to a microwave field close

to its resonance frequency, and the qubit state is indirectly measured by the measure

of the resonator frequency shift.

A further description is performed in Chap.6, where we present some experimental

results using a circuit of coupled transmons qubits as quantum simulators.

13 The Hamiltonian corresponds to the generalized Jaynes-Cumming Hamiltonian [33].
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1.3. Thesis outline

This thesis aims to be a contribution to the study of the dynamics of SC solid-state

devices to be used as qubits for quantum computing.

In Chap.2, we introduce a general overview of the theory of the time-periodic quan-

tum systems, giving a broad idea on: (a) Floquet theory [34], a helpful tool to analyze

the unitary evolution of periodic quantum systems, (b) Floquet-Markov Master equa-

tion [35–43], employed to study the dynamics of driven open quantum systems, (c)

driven-TLS, and (d) Landau-Zener-Stückelberg (LZS) interferometry [44].

We further show, in Chap.3, the numerical and analytical results of the dynamics

for the driven FQ when the e↵ects of the environment are taken into account. In this

chapter, we propose to employ finite-time LZS interferometry to unveil the system-bath

coupling, helping to distinguish di↵erent possible noise sources in experiments. In this

way, we investigate the FQ dynamics in the presence of di↵erent e↵ective environments.

A numerical and analytical analysis of the entanglement dynamics of a driven bi-

partite system is presented in Chap.4. The system of study is composed of two-coupled

qubits. As a first approach, we consider a unitary dynamics, which is helpful to model

highly-coherent qubits, where the e↵ects of the environment are negligible. In particu-

lar, we present a mechanism to manipulate entanglement by external drivings.

In Chap.5, we go a step further and study the entanglement dynamics of a driven

open bipartite system, which exhibits a non-trivial behavior. In particular, we pro-

pose a mechanism to create and manipulate steady-state entanglement by tuning the

amplitude of the external driving.

In Chap.6, we show numerical, analytical, and experimental results of a quantum

simulator implemented by a circuit of SC-qubits. The proposal is based on the use of

a driven encoded qubit as a quantum simulator of a disordered system, emulating, in

this way, the e↵ects of weak localization and universal conductance fluctuations.

Finally, in Chap.7, the accomplishment of the main results of the thesis are presen-

ted.
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Resumen del caṕıtulo 1: Introducción y motivación

En este caṕıtulo, introducimos al lector los conceptos básicos de información cuánti-

ca (QI por sus siglas en inglés), computación cuántica (QC por sus siglas en inglés), y

qubits superconductores (SC por sus siglas en inglés). Ha sido preparado de tal manera

de presentar una idea general y amplia de los tópicos previamente mencionados, ayu-

dando de esta manera a los lectores no especializados a lograr una mejor comprensión

de las definiciones presentadas a lo largo de esta tesis.

Esquema de la tesis

El objetivo de esta tesis es contribuir al estudio de la dinámica de dispositivos de

estado sólido SC para su posterior uso como qubits en computación cuántica.

En el Cap.2, introducimos un abordaje general sobre la teoŕıa de sistemas cuánticos

periódicos en en el tiempo. De esta manera, se presentan las ideas principales, y más

generales, sobre: (a) teoŕıa de Floquet [34], correspondiente a una herramienta amplia-

mente usada en la literatura para analizar la evolución unitaria de sistemas cuánticos

periódicos en el tiempo, (b) la ecuación maestra en la aproximación de Floquet-Markov

[35–43], empleada para el estudio de la dinámica de sistemas cuánticos abiertos y en

presencia de campos externos, (c) sistemas de dos niveles (TLS por sus siglas en inglés),

e (d) interferometŕıa Landau-Zener-Stückelberg (LZS) [44].

Se presenta además, en el Cap.3, resultados numéricos y anaĺıticos de la dinámica

de un qubit de flujo (FQ por sus siglas en inglés) en presencia de campos externos

y en contacto con un reservorio térmico. En dicho caṕıtulo, proponemos el uso de

interferometŕıa LZS a tiempo finito como una herramienta para exponer y reflejar el

tipo de acomplamiento entre el sistema y el baño, siendo de utilidad para distinguir

las posibles fuentes de ruido presentes en un experimento. De esta manera, la dinámica

del FQ es estudiada en presencia de diversos ambientes efectivos.

Un análisis numérico y anaĺıtico de la dinámica de entrelazamiento para un sistema

bipartito, y en presencia de campos externos, se presenta en el Cap.4. El sistema de

estudio consiste básicamente en dos qubits acoplados. En un primer enfoque, se consi-

dera una evolución unitaria, resultando de gran utilidad para el modelado de qubits con

tiempos de coherencia largos, donde los efectos del ambiente pueden despreciarse. En

particular, se presenta un nuevo mecanismo para manipular entrelazamiento a través

de conducciones externas.

En el Cap.5, avanzamos un poco más, estudiando la dinámica de entrelazamiento

de un sistema bipartito abierto y conducido externamente, para el cual observamos

un comportamiento no trivial. En particular, proponemos un mecanismo para crear y

controlar entrelazamiento en el estado estacionario, mediante el ajuste y sintonización
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de la amplitud de la conducción externa.

En el Cap.6, mostramos los resultados numéricos, anaĺıticos, y experimentales de

un simulador cuántico, el cual fue realizado mediante la implementación de un cir-

cuito basado en qubits-SC. La propuesta consiste en el uso de un qubit operacional,

conducido externamente, como un simulador cuántico de un sistema desordenado, emu-

lando, de esta manera, los efectos de localización débil y de fluctuaciones universales

de conductancia.

Finalmente, en el Cap.7, se presenta un compendio de los resultados más destacados

de la tesis.





Chapter 2

Time-periodic quantum systems

In this chapter, we present a short review of the most relevant features of the

theory of time-periodic Hamiltonians. In what follows, we describe di↵erent analytical

approaches and numerical tools to solve the time-evolution of a strongly driven quan-

tum system, which will be used later to describe the dynamics of driven SC-qubits.

We start by reviewing the case of a unitary evolution, corresponding to the physical

state of negligible dissipation, wherewith the quantum system can be studied as an iso-

lated system. In order to describe its time-evolution, we employ the Floquet formalism

[34, 45], which gives us a full description of the system dynamics. In particular, this

tool helps us to access the full dynamics of strongly driven systems, being possible

since their time-evolution can be easily calculated by numerical treatments.

Later, these results are extended to a more realistic scenario where the quantum

system can be thought as an open system. In this case, the system is not longer isolated,

but it is linked to its environment, which can be treated as a noise source that introduces

dissipation. When the system is coupled to a reservoir, characterized by a thermal bath,

its dynamical description must be treated using additional analytical techniques since

the unitary representation is no longer possible. In this way, the e↵ects of system-bath

coupling, decoherence, and relaxation process are addressed using the Floquet-Markov

Master Equation [35–43].

Last but not least, we present a brief description of a particular case of a time-

periodic Hamiltonian: the driven two level system (TLS). This case has been extensively

studied in terms of the well-known Landau-Zener-Stückelberg (LZS) interferometry for

a unitary evolution [27, 38–40, 44, 46–49]. In particular, the driven-TLS has been

adopted to describe experimental realizations in SC-qubits using LZS interferometry

[24, 50].

15
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2.1. Unitary evolution of time-periodic systems: Flo-

quet theory

We present a brief description of the main concepts of the Floquet formalism, which

is an important tool to solve the dynamics of time-periodic Hamiltonians.

The dynamics of a non-relativistic quantum system is governed by the time-dependent

Schrödinger equation, which reads

i}@| (t)i
@t

= H(t)| (t)i. (2.1)

One particular case corresponds to the time-periodic Hamiltonian

H(t+ ⌧) = H(t), (2.2)

which is invariant under time-translations of period ⌧ .

According to the Floquet theorem [34] the Schrödinger equation in Eq.(2.1) with

the Hamiltonian (2.2) has a complete set of solutions {| ↵(t)i} separable in a phase

factor e�i"↵t/} and a state vector |u↵(t)i with the form

| ↵(t)i = e�i"↵t/~|u↵(t)i, (2.3)

"↵ 2 R are the quasi-energies, and |u↵(t)i are the Floquet states satisfying periodicity

in ⌧ , |u↵(t+⌧)i = |u↵(t)i, and they form an orthonormal basis. Notice that the solutions

| ↵(t)i are quasi-periodic in time and they can be written as

| ↵(t+ ⌧)i = e�i"↵t/}|u↵(t)i. (2.4)

In this way, the factorization of the Eq.(2.3) is not unique since the transformation

|u↵(t)i ! |u(q)
↵ (t)i = eiq!t|u↵(t)i, with q 2 Z and ! = 2⇡/⌧ , preserves the periodicity of

the Floquet states |u↵(t)i, leaving these states invariant under the phase transformation

"(q)↵ ! "↵ + q}!. Where we defined |u↵(t)i ⌘ |u(0)
↵ (t)i, with the quasi-energy "↵ ⌘ "(0)↵ ,

"↵ 2 [0, ~!].

Furthermore, the solution of Eq.(2.1) gives a unitary evolution over | (t)i with the

time-evolution operator

U(t, t0) =
X

↵�

e�i"↵�(t�t0)/~|u↵(t)ihu�(t0)|, (2.5)

with t0 the initial time and "↵� = "↵ � "�. Thus, the wavefunction | (t)i can be
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expressed as
| (t)i = U(t, t0)| (t0)i

=
X

↵�

e�i"↵�(t�t0)/~hu�(t0)| (t0)i|u↵(t)i. (2.6)

Consequently, in order to fully solve the Schrödinger equation, we only need to find

the Floquet states and their corresponding quasi-energies. Hence, the time-evolution

equation for the Floquet states can be obtained replacing the Eq.(2.3) into the Eq.(2.1),

getting then ✓
H(t)� i} @

@t

◆
|u↵(t)i = "↵|u↵(t)i. (2.7)

In this way, we reduce our initial problem to solve an eigenvalue problem.

It should be noticed that the Floquet theorem yields an exact solution of the

Shrödinger equation. However, finding an analytical expression of the Floquet states

carries on several di�culties. Thus, the use of numerical tools is crucial to obtain the

full system dynamics. Along these lines, in the following two subsections, we present

two methods to obtain the Floquet states [37].

2.1.1. Floquet matrix method: solving a stationary eigenvalue-

problem

The time-periodic system of Eq.(2.7) can be transformed into a stationary problem,

consisting of solving an eigenvalue problem of a time-independent matrix of infinite

dimension [45].

In this way, we can perform a Fourier expansion of the Hamiltonian H(t) and the

Floquet states |u↵(t)i, thus obtaining

H(t) =
1X

k=�1

H(k)eik!t, (2.8)

|u↵(t)i =
1X

k=�1

|u↵(k)ieik!t, (2.9)

with H(k) y |u↵(k)i, the corresponding Fourier components, k 2 Z and ! = 2⇡/⌧ .

Now, replacing the equations above in Eq.(2.7) we obtain

X

�

X

q

hu↵(k)|HF |u�(q)ihu�(q)|u�(l)i = "(l)
�
hu↵(k)|u�(l)i, (2.10)

with "(l)� = "� + l}!, where HF is the time-independent Floquet Hamiltonian defined

as

hu↵(k)|HF |u�(q)i = H(k � q)↵� + k}!�↵��kq (2.11)
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with H(k � q)↵� the Fourier component of Eq.(2.8) and k, q, l 2 Z.

Finally, solving numerically the Eq.(2.10) and anti-transforming the Floquet states

|u↵(k)i we can obtain the full dynamics of the state | (t)i from (2.6).

It should be noted that the Floquet matrix approach allows us to perform some of

the analytical strategies used throughout this thesis to obtain the Floquet states, see

Ap.B, C and E.

2.1.2. Propagator method: solving the time-evolution opera-

tor

The Floquet states can be determined as the eigenstates of the propagator U(t0 +

⌧, t0). The most simplistic way to compute U(t0+⌧, t0) is its factorization into a kinetic

and potential part, e.g. when the Hamiltonian can be split as H(t) = H0 + V (t).

In this way, we can use the unitary expansion of the propagator from the form

U(t+ �t, t) = e�iH0
�t
2 e�iV (t+ �t

2 )�te�iH0
�t
2 +O(�t3), (2.12)

with �t the time interval. Since the Floquet states satisfy periodicity in ⌧ , the time-

evolution of the propagator is computed during a period ⌧ , which can be discretized

as ⌧ = N�t, with N 2 N. The expansion remains

U(t+ �t, t) = ⇧N�1
n=0 U((n+ 1)�t, n�t), (2.13)

where we chose t0 = 0 for simplicity.

The approach described above allows us to obtain the Floquet states and their

quasi-energies by diagonalization of the propagator, which means

U(⌧, 0)|u↵(⌧)i = e�i"↵
⌧
~ |u↵(⌧)i, (2.14)

where |u↵(⌧)i = |u↵(0)i due to the Floquet states periodicity.

Once Eq.(2.14) is diagonalized we obtain |u↵(0)i, and thus the time-evolution of

|u↵(t)i as
|u↵(t)i = U(t, 0)|u↵(0)i. (2.15)

This is the method chosen to perform almost all the numerical simulations presented

in the next chapters.
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2.2. Time-periodic open quantum system: Floquet-

Markov Master equation

In a realistic scenario, a physical system is not isolated but interacts with its en-

vironment. Consequently, it can be considered as an open piece of a more extensive

Hamiltonian system comprised of the system-itself and the environment. Hence, if we

consider the dynamics of an open quantum system, its time-evolution cannot be des-

cribed using the Schrödinger equation, thus requiring a special analytical treatment.

In this way, we introduce the Floquet-Markov approach used to solve analytically

and numerically the dynamics of periodic time-dependent open quantum systems [30,

36–40, 47, 51, 52]. It should be remarked that, in this section, we only present the main

approximations and results to obtain the Floquet-Markov master equation. A detailed

analysis can be found in Refs.[36, 37].

Figure 2.1: Open-system Schematic illustration of a
quantum system S in contact to a thermal reservoir B at
equilibrium temperature T described by a spectral density
function J(⌦). � represents the coupling strength between
the system and the thermal bath.

We start by considering that the total Hamiltonian of an open system can be written

as

H(t) = Hs(t) +Hb +Hsb. (2.16)

Here, Hs is the system Hamiltonian, Hb is the Hamiltonian of the environment, which

is usually modeled as a bath of harmonic oscillators [35, 38–43], and Hsb is the system-

bath interaction Hamiltonian. Notice that we are considering that the degrees of free-

dom of the bath highly exceed the internal degrees of freedom of the system of interest,

thus the environment can be represented as a thermal reservoir at the equilibrium

temperature Tb.

The time-evolution of the system given by the Hamiltonian (2.16) is governed by

the Liouville-Von Neumann equation, which reads

i~ @
@t
⇢tot(t) = [H(t), ⇢tot(t)] , (2.17)

with ⇢tot(t) the density matrix of the system-bath system, which contains all the sta-

tistic information of the composite system.

From now on, we make the following assumptions [36, 37]:

The interaction Hamiltonian Hsb can be considered as a weak perturbation of the
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uncoupled system H0(t) = Hs(t) + Hb, therefore it is convenient to work in the

interaction picture. Thus, we define the unitary transformation

W̃ (t, t0) = U�1
0 (t, t0)W (t, t0)U0(t, t0),

U0(t, t0) = T e�i
R t
t0

H0(u)du/~
(2.18)

with T the time-ordering operator, which transforms the operator W (t, t0) into

the interaction picture W̃ (t, t0).

Using the transformation (2.18) and after integration of Eq.(2.17), we obtain

@

@t
⇢̃tot(t) = � i

~

h
H̃sb(t), ⇢tot(0)

i
� 1

~2

Z
t

0

dt0
h
H̃sb(t),

h
H̃sb(t

0), ⇢̃tot(t
0)
ii

. (2.19)

Notice that we take t0 = 0 [36, 37].

We are only interested in the dynamics of the physical system governed by the

Hamiltonian Hs(t), which is described by reduced matrix density of the system

⇢(t) = Trb (⇢tot(t)) , (2.20)

where the degrees of freedom of the bath were traced out. In this way, Eq.(2.19)

for the reduced density matrix becomes

@

@t
⇢̃(t) = � i

~Trb
h
H̃sb(t), ⇢tot(0)

i
� 1

~2

Z
t

0

dt0Trb
h
H̃sb(t),

h
H̃sb(t

0), ⇢̃tot(t
0)
ii

.

(2.21)

The system and the bath can be considered initially uncorrelated ⇢tot(0) = ⇢(0)⌦
⇢b, with ⇢b the density matrix of the thermal bath. Although new correlations can

arise during the time-evolution, these are the first order of O (Hsb), and they can

be neglected. In this way, we can write the density matrix of the whole system

as ⇢̃tot(t) = ⇢̃(t) ⌦ ⇢b, where ⇢b remains invariant and in thermal equilibrium

⇢b ⇠ e��Hb with � = 1/Tb. This approach is known as the Born approximation.

We can also consider that the fluctuations of the thermal bath are random, thus

hHsbib = Trb(Hsb⇢b) = 0, generating that the first term of the right-hand side of

Eq.(2.21) becomes zero. After these approximations, Eq.(2.21) is written as

@

@t
⇢̃(t) = � 1

~2

Z
t

0

dt0Trb
h
H̃sb(t),

h
H̃sb(t

0), ⇢̃(t0)⌦ ⇢b
ii

. (2.22)

The interaction Hamiltonian can be chosen to be

Hsb = �A⌦ B, (2.23)
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with A an observable of the system, B an observable of the bath, and � the

coupling strength.

Replacing Eq.(2.23) into Eq.(2.22), we get

@

@t
⇢̃(t) = ��

2

}2

Z
t

0

dt0
⇣
G(t� t0)

h
Ã(t)Ã(t0)⇢(t0)� Ã(t0)⇢(t0)Ã(t)

i

+G(t0 � t)
h
⇢(t0)Ã(t0)Ã(t)� Ã(t)⇢(t0)Ã(t0)

i⌘
,

(2.24)

with G(t� t0) = hB̃(t)B̃(t0)ib the correlation function of the bath and Ã(t) calcu-

lated using the transformation (2.18). Notice that Ã(t) ⌘ Ã(t, 0).

Assuming that there is a fast bath relaxation, we can perform the Markov appro-

ximation: the correlation bath function G(t�t0) decays rapidly in a characteristic

time ⌧c, thus any change of the system state occurs in a time scale t > ⌧c.

In order to perform the Markov approximation, it is useful to write the Eq.(2.24)

in the Shrödinger representation, obtaining [36, 37]

@

@t
⇢(t) =� i

} [Hs(t), ⇢(t)]

� �2

}2

Z
t

0

dt0
⇣
G(t0)

h
A(t)Ã(t� t0, t)⇢(t� t0, t)� Ã(t� t0, t0)⇢(t� t0, t)A(t)

i

+G⇤(t0)
h
⇢(t� t0)Ã(t� t0)A(t)� A(t)⇢(t� t0, t)Ã(t� t0, t)

i⌘
,

(2.25)

with the substitution t0 ! t� t0 and G(t0) = hB̃(t0)B̃(0)ib.

Now, we can proceed to perform the Markov approximation in Eq.(2.25), which

it manifests in the following substitution

⇢̃(t� t0, t) ⇠ ⇢̃(t, t) = ⇢(t), (2.26)

for 0 < t0 < ⌧c. As a consequence of the approximation [37], the equation of

motion becomes local in time. The action of the heat bath is now coarse-grained

on the scale ⌧c, meaning that changes on time scales smaller than ⌧c are not

resolved any more. Times larger than ⌧c, in contrast, do not contribute to the

integration in Eq.(2.25), since the correlation function G(t0) is assumed to be zero

there. For this reason the upper integration borders in Eq.(2.25) can be extended

to infinity, thereby destroying the explicit dependence on the preparation time of

the system ⇢(t).
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We finally obtain the Markovian Master equation1 [36, 37]

@

@t
⇢(t) =� i

} [Hs(t), ⇢(t)]

� �2

}2

Z 1

0

dt0
⇣
G(t0)

h
A(t)Ã(t� t0, t)⇢(t)� Ã(t� t0, t0)⇢(t)A(t)

i

+G⇤(t0)
h
⇢(t)Ã(t� t0)A(t)� A(t)⇢(t)Ã(t� t0, t)

i⌘
.

(2.27)

It should be noted that the Markovian master equation (2.27) does not exhibit a

Lindblad form [4, 54]

@

@t
⇢(t) = � i

~ [H0, ⇢] +
X

↵>0

⇣
L↵⇢L

†
↵
� 1

2
L↵L

†
↵
⇢� 1

2
⇢L†

↵
L↵

⌘
. (2.28)

The first term generates a unitary evolution, with H0 the Hamiltonian of the isolated

system. The other terms describe the possible transitions that the system may undergo

due to interactions with the thermal bath. The L↵ are the Lindblad operators, also

known as the quantum jump operators. In this way, the term L↵⇢L†
↵
induces a quantum

jump, while the term �1
2L↵L†

↵
⇢� 1

2⇢L
†
↵
L↵ is needed to normalize the case in which no

jumps occur.

Consequently, the positivity of the density operator in Eq.(2.27) is not guaranteed

for all possible initial states. The violation of positivity due to a master equation in this

case, however, is a transient e↵ect that only arises for preparations far from equilibrium

[55–58], where the conditions under which the master equation has been derived, are

not fulfilled [36].

Furthermore, by considering a ⌧ -periodic Hamiltonian Hs(t) = Hs(t + ⌧), with

⌧ = 2⇡/!, we can make use of the Floquet theorem [34]. We can expand the reduced

density operator ⇢(t) and the time-evolution operator Us(t, t0) into the time-periodic

Floquet states2 |u↵(t)i of the isolated driven system, with "↵ their corresponding quasi-

energies, see Sec.2.1. In this way, we get the expansions

⇢↵�(t) = hu↵(t)|⇢(t)|u�(t)i (2.29)

and
Us(t, t

0) =
X

↵�

e�i("↵�"�)(t�t
0)/~|u↵(t)ihu�(t

0)|. (2.30)

1 The Markov presumption, that the influence of these second-order terms is small on the time
scale ⌧c, thus requires ⌧c�(2) ⌧ 1, with �(2) = �2/~2⌧chAihBi [39]. A more restrictive condition has
found in Refs.[35, 53], where ~�(2) < "↵� , with "↵� = "↵ � "� .

2They form a well-adapted basis for the case of weak dissipation.
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Replacing Eqs. (2.29) and (2.30) into Eq.(2.27), we obtain [36, 37, 52]

d⇢↵�(t)

dt
=
X

↵0�0

⇤↵�↵0�0(t) ⇢↵0�0(t) , (2.31)

with

⇤↵�↵0�0(t) = � i

~("↵ � "�)�↵↵0���0 + L↵�↵0�0(t) . (2.32)

The first term represents the non-dissipative dynamics, while the second term describes

the influence of the thermal bath, and it can be written as follows

L↵�↵0�0(t) =
X

q0

Lq
0

↵�↵0�0e�iq
0
!t,

Lq
0

↵�↵0�0 =
�2

~2
X

k0

⇣
g(!↵↵0,k0) + g(!��0,�k0�q0)

⌘
A↵↵0,k0A�0�,k0+q0

� ���0
�2

~2
X

⌘

g(!⌘↵0,k0)A↵⌘,k0+q0A⌘↵0,k0

� �↵↵0
�2

~2
X

⌘

g(!⌘�0,�k0)A⌘�,k0+q0A�0⌘,k0 ,

(2.33)

with !↵↵0,k0 = ("↵�"↵0)/~+k0! and k0, q0 2 Z. The coe�cient g(!0) encodes the nature

of the reservoir, defined as

g(!0) =

Z 1

�1
dthB(t)B(0)ie�i!

0
t = J(!0)nth(~!0), (2.34)

with J(!0) [defining J(�!0) = �J(!0)] the bath spectral density,  2 R a constant

value, and nth(~!0) = 1/[exp (~!0/kbT )� 1] the Bose-Einstein function. We have assu-

med that the bath is in equilibrium at temperature Tb. The transitions matrix elements

A↵�,q0 are computed as

A↵�,q0 =
X

k0

hu↵(k
0)|A|u�(k

0 + q0)i, (2.35)

which encode the system-bath interaction.

We can further consider that dissipative e↵ects are relevant only on a time scale

much larger than the period ⌧ , which means tr � ⌧ , with tr the time scale for full

relaxation. Under this limit, L↵�↵0�0(t) can be approximated by their average over one

period ⌧ [35, 52, 53], L↵�↵0�0(t) ⇠ Lq
0=0

↵�↵0�0 = L↵�↵0�0 , obtaining

L↵�↵0�0 = R↵�↵0�0 +R⇤
�↵�0↵0 �

X

⌘

�
���0R⌘⌘↵0↵ + �↵↵0R⇤

⌘⌘�0�

�
. (2.36)
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Where R↵�↵0�0 are the transition rates

R↵�↵0�0 =
�2

~2
X

q

g(!↵↵0,q)A↵↵0,qA�0�,�q , (2.37)

which can be interpreted as sums of q-photon exchange terms.

Finally, the Floquet-Born-Markov master equation for the system reduced density

matrix ⇢(t) in the Floquet basis, ⇢↵�(t) = hu↵(t)|⇢(t)|u�(t)i, can be described by the

equation [35–39]:
d⇢↵�(t)

dt
=
X

↵0�0

⇤↵�↵0�0 ⇢↵0�0(t) ,

⇤↵�↵0�0 = � i

~("↵ � "�)�↵↵0���0 + L↵�↵0�0 .

(2.38)

We now proceed to change notation by the rewriting the Nl ⇥ Nl matrix ⇢ as a

N2
l
⇥ 1 vector represented by |⇢ii, with Nl the system size3. Consequently, we replace

the N2
l
⇥N2

l
supermatrix ⇤↵�↵0�0 as the operator ⇤̂. In this notation, the Eq.(2.38) can

be written as
d|⇢(t)ii

dt
= ⇤̂|⇢(t)ii. (2.39)

The operator ⇤̂ is non-hermitian and has left hhlµ| and right |rµii eigenvectors with
complex eigenvalues ⇣µ:

⇤̂|rµii = ⇣µ|rµii,

hhlµ|⇤̂ = hhlµ|⇣µ,
(2.40)

which are mutually orthogonal hhlµ|r⌫ii = �µ⌫ . In cases considered in this thesis, we

found numerically that ⇤̂ can be always diagonalized [35–37, 52]. Thus, the solution of

the Eq.(2.39) can be expressed as

|⇢(t)ii =
X

µ

cµe
⇣µt|rµii,

cµ = hhlµ|⇢(0)ii,
(2.41)

with |⇢(0)ii the initial condition.

Moreover, we know that the asymptotic state |⇢(t ! 1)ii ⌘ |⇢1ii must satisfy

⇤̂|⇢1ii = 0. (2.42)

The asymptotic state can be constructed from the right eigenvectors |rµii of ⇤̂ with

eigenvalue ⇣µ = 0, i.e. the kernel of ⇤̂. If ⇣µ = 0 is non-degenerate, the asymptotic state

is unique and independent of the initial condition. In cases considered in this thesis

3The number of energy levels of the system Hamiltonian Hs(t).
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[35–39], we found that ⇣µ = 0, within the numerical accuracy, is non-degenerate. Thus,

|⇢1ii = |r0ii, (2.43)

with |r0ii the eigenvector with eigenvalue ⇣0 = 0.

Furthermore, from Eq.(2.41), it follows that the information about the decoherence

and relaxation rates are contained in the eigenvalues ⇣µ. On one hand, the relaxation

rate �r = 1/tr can be compute as �r = �Re(⇣µ0), with �Re(⇣µ0) the minimum value

excluding ⇣0 = 0. On another hand, the decoherence rates are given by the negative

part of the complex conjugate pairs of eigenvalues of ⇤̂.

2.2.1. Lindbladian form: secular approximation

The Floquet-Markov equation (2.38) is achieved after performing the Born and

Markov approximations. An additional simplification can be performed by the secular

approximation where, after transforming the equation to the interaction picture, all

the oscillating contributions proportional to e±i("↵�"�)t and e±i(!�!
0)t for ↵ 6= � and

! 6= !0 are neglected [38, 53, 54, 59, 60].

The resulting master equation can be written as

d⇢

dt
= � i

~ [Hs(t), ⇢] +
X

↵,�

R↵�

n
Ĉ↵� ⇢ Ĉ

†
↵�

�1

2
Ĉ†

↵�
Ĉ↵� ⇢�

1

2
⇢ Ĉ†

↵�
Ĉ↵�

�
(2.44)

with the jump operators Ĉ↵� = |u↵(t)ihu�(t)| and the rates

R↵� = 2R↵↵�� = 2
�2

~2
X

k

g(!↵�,k)|A↵�,k|2. (2.45)

Eq.(2.44) is of Lindblad type (2.28) since it preserves the positivity of the density

operator [54]. In the Floquet basis, it splits into two separate equations:

d⇢↵↵
dt

=
X

�

R↵�⇢�� �R�↵⇢↵↵

d⇢↵�
dt

=


� i

~("↵ � "�)� �↵�

�
⇢↵� ↵ 6= �,

(2.46)

with �↵� =
P

⌘

1
2(R↵⌘ + R⌘�). For time-scales satisfying t � td (with td / ��1

↵�
the

decoherence time) the density matrix becomes diagonal in the Floquet basis [38, 60, 61].

It should be observed that the secular approximation that leads to Eq.(2.44) is not

completely correct at the resonances [60, 61], but works well o↵-resonance and even

arbitrarily close to resonance for su�ciently small coupling to the environment [52, 61].
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2.2.2. Multiple thermal reservoirs

If the physical system has more that one degree of freedom, then the number of

source noises could increase. In this way, we can consider the picture of multiple thermal

reservoirs coupled to di↵erent observables of the system [62].

We can consider that the interaction Hamiltonian can be written as

Hsb =
X

⌫

�⌫A⌫ ⌦ B⌫ , (2.47)

where theA⌫ are system operators and the B⌫ are bath operators associated to di↵erent

noise sources.

In the case of independent noise sources, the corresponding bath operators are

uncorrelated such that hB⌫(t)B⌫
0
(t0)i = 0 for ⌫ 6= ⌫ 0, and the transition rates R↵�↵0�0 of

Eq.(2.38) are now given as

R↵�↵0�0 =
X

⌫

R⌫

↵�↵0�0 . (2.48)

Where the R⌫

↵�↵0�0 can be obtained using similar expressions to Eq.(2.37).

Figure 2.2: Multiple thermal reser-

voirs. Schematic illustration of N uncorrela-
ted thermal baths B⌫ coupled to the quantum
system S with strength �⌫ , with ⌫ = 1, ..., N .
Each bath is in thermal equilibrium at tem-
perature T ⌫ described by the spectral density
function J⌫(⌦).

...

...

Notice that when the di↵erent noise sources are fully correlated, such that B⌫(t) =

a⌫B(t), it is straightforward to show (after redefining A =
P

⌫
a⌫A⌫) that Hsb = A⌦B,

i. e. there is an e↵ective single noise source.

2.3. Landau-Zener-Stückelberg interferometry of

driven-TLS

In the following sections, we present a brief description of the physics behind driven-

TLS in terms of the LZS interferometry framework. Moreover, we briefly introduce the

main concepts of this approach, helping to understand the vocabulary used in the next

chapters. In this section, we shall take ~ = 1.
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2.3.1. Model of a driven-TLS

A TLS can be described by the Hamiltonian

HTLS = �✏0
2
�z �

�

2
�x, (2.49)

with �z, �x the Pauli matrices, � the tunnel-splitting energy, and ✏0 the detuning

energy, being the tunable control parameter. In this way, we can perform the transfor-

mation ✏0 ! ✏0+f(t), with ✏0 a dc-bias and f(t) an ac-component. Thus, the Eq.(2.49)

changes into

HTLS(t) = �✏(t)
2
�z �

�

2
�x, (2.50)

where

✏(t) = ✏0 + f(t), (2.51)

with f(t) the external driving playing the role of an external microwave field. In par-

ticular, we can choose a monochromatic time-dependent bias

fs(t) = A sin(!t), (2.52)

with A and ! the amplitude of the driving. This picture corresponds to the well-known

LZS interferometry, and it has been used in experiments with SC-devices by applying a

harmonic (ac) field of frequency ! on top of the static flux [24, 50]. In these experiments,

the SC-devices are described by a driven-TLS, resulting in good candidates for being

used later as tunable qubits, since they act as artificial atoms. In particular Ref.[24]

perform LZS interferometry in FQ.

Fig.2.3(a) presents a schematic plot of the eigenenergies of the Hamiltonian (2.49).

If � = 0, the Hamiltonian becomes diagonal H�=0
TLS

= � ✏0
2 �z, and the eigenstates of

this new Hamiltonian corresponds to the computational basis {|0i, |1i} with energies

E0 = �✏0 and E1 = ✏0, respectively. Its corresponding energy-spectrum is described by

the dashed color lines in Fig.2.3(a). When � 6= 0 the spectrum exhibits an avoided level

crossing at ✏0, where the states {|0i, |1i} are mixed, breaking the energy degeneracy.

The eigenstates are now given by

|gi = cos
⇣�
2

⌘
|0i+ sin

⇣�
2

⌘
|1i,

|ei = � sin
⇣�
2

⌘
|0i+ cos

⇣�
2

⌘
|1i,

(2.53)

with ⇠ = arctan(�/✏0), |gi the ground state and |ei the excited state. Their corres-

ponding energies are Eg = �
p
✏20 +�

2/2 and Ee =
p
✏20 +�

2/2, plotted in bold color

lines in Fig.2.3(a).

Fig.2.3(b) further illustrates how the TLS is driven with ✏0 ! ✏0+f(t). The driving
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(a)

(b)

t
Figure 2.3: TLS-eigenengires and the dc+ac bias (a) Schematic plot of the eigenenergies
of the Hamiltonian HTLS (2.49) as a function of the bias ✏, for � = 0 and � 6= 0. The eigene-
nergies spectrum of H�=0

TLS is plotted in dashed lines, with E0 (green line) and E1 (orange line),

corresponding to the computational basis {|0i, |1i}. For the case H� 6=0
TLS , the eigenenergies are

Eg (red line) and Ee (blue line), which are related to the eigenstates basis {|gi, |ei}, defined as
the ground and excited states, respectively. The eigenenergies {Eg, Ee} present an avoided level
crossing at ✏ = 0 with a minimum of energy distance �, while there is an energy degeneracy
for {E0, E1}. (b) Schematic plot of the time-dependence of the dc+ac-bias ✏(t) = ✏0 + fs(t) for
a fixed value of amplitude A and frequency !, see Eqs. (2.51) and (2.52). Choosing ✏0 > 0, the
TLS is driven in a range of ✏ given by [✏0 �A, ✏0 +A]. In particular, if A > ✏0, the TLS reaches
multiple times the avoided level crossing.

protocol corresponds to the single driving fs(t) presented in Eq.(2.52) and is plotted

as a function of time. When the qubit is prepared at ✏0 the microwave field drives the

qubit throughout the spectrum in a range of the bias ✏ 2 [✏0 � A, ✏0 + A]. In this way,

if the amplitude satisfies the condition A > |✏0|, the TLS is driven back and forth

throughout the avoided crossing, generating non-trivial quantum phenomena.

Although the TLS is a rather simple-looking model, the process to obtain accurate

calculations on it carries on several di�culties. However, di↵erent theoretical approa-

ches can be employed to obtain approximate analytical expressions. In the following

sections, we present some of the well-known LZS results [44] for the described driven-

TLS.

2.3.2. Adiabatic-impulse model

In this section, we briefly present the adiabatic-impulse approach [44, 46] correspon-

ding to an analytical method which allows us to obtain a description of the driven-TLS

dynamics. We only present the main results of this model. For further technical details

see Ref.[44].

The instantaneous eigenenergies of the driven-TLS eigenenergies are schematically

plotted in Fig.2.4, for a fixed value of amplitud A and frequency !. Notice that we
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keep the same color references used in Fig.2.3(a) for the eigenenergies {Eg, Ee} and

for the computational basis eigenenergies {E0, E1}. The eigenenergies Eg(t) and Ee(t)

exhibit a minimum of energy distance of � when ✏0 + fs(t) = 0 for a given value of

dc-bias. In this case, we consider ✏0 > 0, see Fig.2.3(a). Thus, the minimum of distance

is periodically located, for example, at times t1+n⌧ and t2+n⌧ , with ⌧ = 2⇡/!, n 2 N,
and where t1 is the time chosen to identify the first passage throughout the avoided

level crossing and t2 the time identifying the second time, both processes taking place

during one period of time ⌧ .

A more detailed description of the time-dependent energy spectrum of Fig.2.4 can

be better resolved using the mentioned adiabatic-impulse approach. Under this picture,

we can start by splitting the system dynamics into the following regions.

t

Figure 2.4: Time-dynamics of the driven-TLS Schematic plot of the time-evolution of
the driven-TLS eigenenergies, using the same color references from Fig.2.3. The eigenenergies
{Eg(t), Eg(t)} are obtained from solving the Hamiltonian HTLS(t) from Eq.(2.50), and exhibit a
time-periodic behaviour due to the periodicity of the driving fs(t), see Eq.(2.52). In particular,
the energies {Eg(t), Eg(t)} exhibit a minimum of a distance of � located periodically in time.
Adiabatic impulse modelWhen the TLS is driven far away from the avoided level crossing, the
states {Eg(t), Eg(t)} evolve freely and independently between each other, following the unitary
evolution U1 for times [t1 + n⌧, t2 + n⌧ ] and U2 for times [t2 + n⌧, t1 + (n+ 1)⌧ ], see Eqs. (2.56)
and (2.57) respectively. The colored areas illustrate the relative phases {⇠1, ⇠2} acquired during
the free evolution, where ⇠1 is in light pink and ⇠2 is in light green color, see the integrals in Eqs.
(2.56) and (2.57). When the TLS is driven throughout the avoided level crossing, a LZ transition
occurs at times t1 + ⌧ and t2 + ⌧ , following the unitary matrix transition N , see Eq.(2.60).

Adiabatic evolution:

When the TLS is driven far away from the avoided level crossing, the system

exhibits an adiabatic evolution that can be described by a unitary evolution given

by the operator

U(tf , ti) =

 
e�i⇠(tf ,ti) 0

0 ei⇠(tf ,ti)

!
,

⇠(tf , ti) =
1

2

Z
tf

ti

⌦(t)dt,

(2.54)
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with ⇠ the acquired phase during the adiabatic evolution, see Fig.2.4, and

⌦(t) =
���
p
�2 + ✏(t)2

���, (2.55)

with ✏(t) = ✏0 + A sin(!t), see Eqs. (2.51) and (2.52)

During this evolution, the system wavefunction can be described in the adiaba-

tic basis {|'�(t)i, |'+(t)i}4, which corresponds to the instantaneous eigenstates

of the driven-TLS Hamiltonian (2.50). Their corresponding instantaneous eige-

nenergies satisfy E|'⌥i(t) = ⌥⌦(t)/2.5

Furthermore, from Fig.2.4 it follows that there are two zones of adiabatic

evolution which are periodically repetead:

1. One zone corresponds to t 2 (t1 + n⌧, t2 + n⌧), n 2 N, described by

U1 = U(t1 + n⌧, t2 + n⌧) = U(t1, t2) =

 
e�i⇠1 0

0 ei⇠1

!
,

⇠1 = ⇠(t1 + n⌧, t2 + n⌧) = ⇠(t1, t2) =
1

2

Z
t2

t1

⌦(t)dt.

(2.56)

Notice that the operator U1 and the phase ⇠1 are invariant under the trans-

formation t ! t+n⌧ . From Fig.2.4 follows that ⇠1 is the area colored between

[t1, t2], being the same for any interval from the form [t1 + ⌧, t2 + n⌧ ].

2. A second zone is related to t 2 (t2 + n⌧, t1 + (n + 1)⌧), n 2 N, represented
by

U2 = U(t2 + n⌧, t1 + (n+ 1)⌧) = U(t2, t1 + ⌧) =

 
e�i⇠2 0

0 ei⇠2

!
,

⇠2 = ⇠(t2 + n⌧, t1 + (n+ 1)⌧) = ⇠(t2, t1 + ⌧) =
1

2

Z
t1+⌧

t2

⌦(t)dt.

(2.57)

Similarly to the previous case, the operator U2 and the phase ⇠2 are invariant

under the transformation t ! t + n⌧ . Besides, from Fig.2.4 follows that ⇠2

is the area colored between [t2, t1 + ⌧ ], being the same for any interval from

the form [t2 + ⌧, t1 + (n+ 1)⌧ ].

Non-adiabatic evolution:

When the TLS is driven close to ✏0 = 0 the system experiments a non-adiabatic

evolution, where its dynamics is governed by a unitary transition matrixN , which

4When there is no driving, it straightforward to see that {|'�(t)i, |'+(t)i}f(t)=0 turns to {|gi, |ei}
5From footnote 4 follows that E|'⌥i(t)f(t)=0 turns E|egi



2.3 Landau-Zener-Stückelberg interferometry of
driven-TLS 31

can be constructed with the following approach, based on the idea of considering

the non-adiabatic evolution as instantaneous.

In the vicinity of the avoided level crossing, the ac-bias (2.51) can be linearized,

obtaining thus
fs(t

0) ⇠ vt0,

v = A!

r
1 +

⇣✏0
A

⌘2
.

(2.58)

Consequently, the driven-TLS Hamiltonian (2.50) becomes linear in timeHTLS(t) ⇠
⌥vt�z/2���x, which precisely represents the Landau-Zener (LZ) problem for a

single passage.

The probability of transition P non�ad

|gi!|ei (where the system is initially prepared

in the ground state |gi) can be calculated as

P non�ad

|gi!|ei = PLZ = e�2⇡�,

� =
�2

4v
,

(2.59)

corresponding to a LZ transition.

However, when the LZ transition takes place, there is a change of the relative

phase between the two components of the total wavefunction due to the interfe-

rence between the states {|0i, |1i}, forming the diabatic basis. One way to track

this phase is with the unitary evolution matrix

N =

 p
PLZ

p
1� PLZe�i'̃s

�
p
1� PLZei'̃s

p
PLZ

!
, (2.60)

where '̃s = 's � ⇡/2, with 's = ⇡/4 + � (ln� � 1) + arg
⇣
�(1 � i�)

⌘
the Stokes

phase and �(x) the gamma function.

Notice that a LZ transition takes place at times t1+n⌧ and t2+n⌧ , see Fig.2.4.

Taking into account the physics described above and considering that the driving

is applied during one period ⌧ , the TLS-evolution can be described by the composite

operator U1NU2, see Fig.2.4. In this case, two LZ transitions take place, since there is

a double passage throughout the non-adiabatic region.

Now, considering that the driving is applied during n 2 N periods ⌧ , the full system

dynamics obeys the operator Utot(t, n⌧):

Utot(t, n⌧) =

(
U(t, t1 + ⌧)(NU2NU1)n , for t� ⌧ 2 (t1, t2),

U(t, t2 + ⌧)NU1(NU2NU1)n , for t� ⌧ 2 (t2, t1 + ⌧).
(2.61)
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This leads to multiple passages throughout the non-adiabatic region thus multiple LZ

transitions occur, representing the LZS interferometry.

Given the time-evolution operator and any initial condition, the dynamics of the

system can be computed, such as the time-evolution of the transition probability

P|gi!|ei(t). In particular, we can compute the time-average transition probability P|gi!|ei

= P|gi!|ei(t), a quantity experimentally accesible and equivalent to perform an average

over experimental realizations.

Roughly speaking, Ref.[48] found that P|gi!|ei features resonances conditions, which

represent values where P|gi!|ei takes a maximum value, satisfying

(1� PLZ) sin (⇠+)� PLZ sin (⇠�) = 0, (2.62)

where
⇠+ = ⇠1 + ⇠2 + 2'̃s,

⇠� = ⇠1 � ⇠2.
(2.63)

These resonance conditions derive from time-dependent oscillations between the two

basis states, arising from the multiple passages throughout the avoided crossing.

Further approaches must be taken to obtain analytical expressions for P|gi!|ei and

its resonance conditions. One way to address the problem is to analyze the velocity

v of passage in the LZ transition compared with the tunnel-splitting �, which means

the ratio � = �2/4v related to the quantity PLZ . Thereby, we can set two regimes of

work for the driven-TLS: the slow-passage limit regime for � � 1 and PLZ ⌧ 1, and

the fast-passage limit regime for � ⌧ 1 and (1� PLZ) ⌧ 1.

2.3.2.1. LZS: slow-limit passage

In the limit � � 1 and PLZ ⌧ 1, the resonance conditions reduce to

⇠+ = ⇠1 + ⇠2 = (k + 1)⇡, (2.64)

with k 2 Z.
Considering that the system is initially prepared at the ground state |gi, the ave-

raged transition probability P|gi!|ei can be computed as [44, 48, 63]

P|gi!|ei =
PLZ

⇣
1 + cos (⇠�) cos (⇠+)

⌘

sin2 (⇠+) + 2PLZ

⇣
1 + cos (⇠�) cos (⇠+)

⌘ . (2.65)

It follows from this equation that P|gi!|ei is maximum and takes the value P|gi!|ei = 1/2

when the resonance condition is fulfilled. Moreover, once a resonance is tuned, the width

of the resonance lines are modulated by the numerator of Eq.(2.65) and tends to zero
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when

1 + cos (⇠�) cos (⇠+) = 0 (2.66)

Analytical expressions for the resonance condition ⇠+ of Eq.(2.64) are quite deman-

ding since the integrals of ⇠1 and ⇠2 from Eq.(2.54) have not closed analytical form.

However ⇠+ can be obtained numerically. We shall present such results in the Chap.6.

2.3.2.2. LZS: fast-limit passage

In the limit � ⌧ 1 and (1� PLZ) ⌧ 1, the resonance condition reduces to

⇠� = ⇠1 � ⇠2 = k⇡, (2.67)

with k 2 Z. Contrary to the previous case, this condition can be easily calculated

during one period as

⇠1 � ⇠2 ⇠
Z

t1+⌧

t1

✏(t) dt = ✏0, (2.68)

since it corresponds to the calculation of the di↵erence between the two colored areas

in Fig.2.4. In this way, the resonance condition reads

✏0 = k!, (2.69)

characterized as multiphoton resonances [38–40, 44, 47, 48].

Since we are working in the fast limit regime, satisfying A! � �2, we can use the

well-known Rotating Wave Approximation (RWA) [27, 44, 48]. In this limit, it is useful

to work on the diabatic basis {|0i, |1i} since (1� PLZ) ⌧ 1.

In the RWA [28], given the TLS-Hamiltonian (2.49), and the transformation

H̃ = Rz(��)HRz(�)�
�z
2

d�

dt
, (2.70)

with Rz(��) = e�i��z/2 and � =
R
fs(t)dt = A/! sin(!t), the new transformed TLS-

Hamiltonian H̃ remains

H̃ = �1

2

 
✏0

P1
k=0�Jk(A/!)eik!tP1

k=0�Jk(A/!)eik!t �✏0,

!
(2.71)

with Jk(A/!) the Bessel function of the first kind and where k 2 Z corresponds to

the number of photons involved in the transition between eigenstates. Since we are

interested in the study of an n-photon process, we proceed to neglect all the o↵-resonant
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cases k!, which are not equal to ✏0 = n!.6 Therefore, Eq.(2.71) transforms as

H̃ = �1

2

 
✏0 �Jn(A/!) (e�in!t + ein!t)

�Jn(A/!) (ein!t + e�in!t) �✏0.

!
(2.72)

Neglecting the second o↵-diagonal terms7 and by going to a rotating frame around z,

with the transformation R(��0) = e�i�
0
�z/2 and �0 = n!t, we get

H̃ = �1

2

 
✏0 � n! �Jn(A/!)

�Jn(A/!) �(✏0 � n!).

!
,

= �1

2

 
✏n �n

�n �✏n.

! (2.73)

where we define �n = �Jn(A/!) and ✏n = ✏0 � n!.

In this way, given the Hamiltonian (2.73) and the initial condition | (0)i = |0i, the
time-evolution of the system-wavefunction can be computed as

| n(t)i = e�iEg,nt cos
⇣�n

2

⌘
|gi � e�iEe,nt sin

⇣�n

2

⌘
|ei, (2.74)

where {Eg,n, Ee,n} = {�
p
✏2
n
+�n/2,

p
✏2
n
+�n/2} correspond to the eigenenergies of

(2.73) and �n = arctan(�n/✏n).

Working in the case of ✏0 � 0,8 the transition probability to be computed is

P|0i!|1i(t). If we operate with values of ✏0 near a n�photon resonance, P|0i!|1i(t) results

P|0i!|1i(t) = |h1| n(t)i|2,

= 1� |h0| n(t)i|2,
(2.75)

using Eq.(2.53) and Eq.(2.74), we obtain

|h0| n(t)i|2 =
�2

n

✏2
n
+�2

n

sin2

 p
✏2
n
+�2

n

2
t

!
. (2.76)

6This approximation is valid if the resonances do not overlAp.
7 To perform the RWA, the amplitude of the driving must be small when compared with ✏0, thus

A ⌧ ✏0.
8The same analysis can be extended to ✏0 ⌧ 0. In this case, the ground state is approximately

|1i thus the transition probability to be computed is P|1i!|0i. Since P|1i!|0i = 1 � P|0i!|1i, it is
straightforward to see that

P|1i!|0i =
1

2

�2
n

(✏0 � n!)2 +�2
n

.
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Further taking the average over time t

P|0i!|1i =
1

⌧

Z
T

t=0

P|0i!|1i(t)dt, (2.77)

we finally get

P|0i!|1i = 1� 1

2

�2
n

(✏0 � n!)2 +�2
n

. (2.78)

Therefore, when the resonance condition ✏0 = n! is satisfied, Eq.(2.78) gives P|0i!|1i =

1/2, otherwise is P|0i!|1i . 1.

From Eq.(2.78) follows that the resonance has a Lorentzian-shape in terms of ✏0,

and its width can be computed as �✏ = |�n| = �
���Jn(A/!)

���, with Jn(x) the Bessel

function of first kind. Hence, this gives a quasi-periodic dependence as a function of A

for a fixed value of ✏0. In particular, at the zeros of Jn(x), the resonance is destroyed

corresponding to a coherent destruction of tunneling [64, 65].

Similarly to the case of slow-limit passage, we can numerically compute the system

dynamics. These results are present in the Chaps. 3, 4 and 5 for the TLS case and the

multilevel case.

2.3.3. Analogy with the Mach-Zehnder interferometer

In this section, we present a short description of the LZS interferometry in terms of

the well-known Mach-Zehnder (MZ) interferometer. This analogy is taken from Ref.[24],

where LZS interferometry was experimentally investigated in a driven-TLS, consisting

of an FQ driven by a strongly external microwave field.

The usual MZ interferometer consists of two beamsplitters: 1) the first one divides

an optical signal into two coherent waves that travel along paths with di↵erent e↵ective

lengths, 2) while the second recombines and superposes these waves, leading to quantum

interference fringes in the measured output signal. The analogy with driven-TLS is

based on the idea described by Ref.[49], whereby each beamsplitter is profited by

a Landau-Zener (LZ) transition at an avoided level crossing, and with the FQ level

splitting playing the role of the optical path length in the usual MZ interferometer.

For a better illustration of this analogy, Fig.2.5(a) displays a schematic plot of

subsequent MZ interferometers, while Fig.2.5(b) shows the time-evolution of the driven-

TLS. In particular, the times t0 and t1 should be interpreted in terms of the dc-bias,

with ✏0 = ✏ > 0 at t0 and ✏0 = 0 at t1.

From Fig.2.5 it follows that, during one oscillation of the driving, the FQ reaches

twice the avoided level crossing, thus two consecutive LZ transitions take place, si-

milarly to the two beamsplitters forming the MZ interferometer. In this way, we can

identify the following stages: 1) the first LZ transition acts as a beamsplitter, splitting
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Figure 2.5: LZS interferometry in

terms of the MZ interferometer (a) Sche-
matic illustration of a series circuit of MZ in-
terferometers located periodically in the coor-
dinate space, where the red and blue path co-
rresponds to optical waves. One particular MZ
interferometer consists of two beamsplitters,
and its dynamics can be described during an
interval of time ⌧ . (b) Schematic illustration
of the dynamics of the driven-TLS described
in Fig.2.4. In this way, it straightforward to
recognize that the MZ interferometer configu-
ration (a) features a time-dynamics similar to
the driven-TLS (b), where the optical paths
represent the energy levels of the TLS and the
beamsplitter emulate a LZ transition. Moreo-
ver, while the dynamics of the MZ interfero-
meter takes place in the coordinate space, the
TLS-dynamics is carried out in the phase spa-
ce.

t

MZ1 MZ2 MZ3

(a)

(b)

the FQ state into a coherent superposition of the ground and the excited states, 2) the

second LZ transition recombines these states interfering and leading to quantum in-

terference fringes in the measured transition probability output. Similarly to the usual

MZ interferometer, depending on the relative phases ⇠1 and ⇠2 acquired during the

adiabatic evolution, the interference can be constructive or destructive. In particular,

if it is constructive corresponds to tune a resonance condition.

It should be remarked that the experiment in Ref.[24] works in the fast limit passage

regime, allowing to compute the relative phase acquired during one MZ interferometer

⇠1 � ⇠2 ⇠
Z

t1+⌧

t1

✏(t) dt = ✏0, (2.79)

similarly to the Eq.(2.68). Since the full dynamics is described by subsequent MZ

interferometer due to the periodic nature of the driving, the interference fringes in the

occupation probability correspond to integer and half-integer values of ⇠1 � ⇠2, which

is known as Stückelberg oscillations. In this way, we arrive at the same resonance

condition presented in Eq.(2.78), which reads

✏0 = k!, (2.80)

with k 2 Z.
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Resumen del caṕıtulo 2: Sistemas cuánticos periódi-

cos en el tiempo

En este caṕıtulo, se presenta un abordaje simple y breve de las caracteŕısticas más

relevantes de la teoŕıa de Hamiltonianos dependientes del tiempo. En particular, se

presenta una descripción breve de distintos métodos anaĺıticos y herramientas numéri-

cas para la resolución de la evolución temporal de sistemas cuánticos en presencia de

campos externos fuertes, dichos métodos son posteriormente usados para computar la

dinámica de qubits-SC conducidos externamente.

Comenzamos con un breve resumen para el caso de evolución unitaria, correspon-

diente al caso f́ısico de disipación despreciable o nula. De esta manera, el sistema

cuántico puede ser estudiado como un sistema aislado. Con el objetivo de describir su

evolución temporal, empleamos el formalismo de Floquet [34, 45], el cual nos permi-

te obtener una descripción completa de la evolución del sistema. En particular, esta

herramienta permite hallar la dinámica completa de sistemas en presencia de campos

externos fuertes mediante el empleo de diversos métodos numéricos.

Luego, los resultados previamente descriptos son nuevamente computados conside-

rando un escenario más realista, en el cual el sistema cuántico es descripto ahora como

un sistema abierto. En este caso, el sistema ya no puede ser considerado como un siste-

ma aislado debido a que se encuentra en contacto con su ambiente, el cual es modelado

como una fuente de ruido que genera disipación en el sistema. De esta manera, cuando

el sistema se encuentra acoplado con un reservorio, o baño térmico, la descripción de su

dinámica sólo puede resolverse usado técnicas anaĺıticas adicionales, ya que una evolu-

ción unitaria no es posible. De esta manera, los efectos del acoplamiento sistema-baño,

la decoherencia, y los procesos de relajación son abordados usando la ecuación maestra

en la aproximación de Floquet-Markov [35–43].

Por último, presentamos una breve descripción de un caso particular de los Ha-

miltonianos periódicos en el tiempo: el sistema de dos niveles (TLS por sus siglas en

inglés) en presencia de campos externos. Este caso ha sido ampliamente estudiado en

la literatura en términos de la interferometŕıa Landau-Zener-Stückelberg (LZS) para el

caso de la evolución unitaria [27, 38–40, 44, 46–49]. En particular, el TLS en presencia

de campos externos ha sido usado como herramienta para escribir diversas realizaciones

experimentales en qubits-SC mediante el uso de la interferometŕıa LZS [24, 50].





Chapter 3

Landau-Zener-Stückelberg

interferometry in SC-qubits in

presence of quantum noise

In this chapter, we study the system dynamics of a strongly driven SC-qubit and

the e↵ects of di↵erent noise sources. We model the SC-qubit as a multilevel system

(ML) driven by an external microwave field (corresponding to a harmonic driving),

further considering that the SC-qubit is embedded in a noisy environment modeled as

a quantum bath. The dynamics of this open quantum system is addressed using the

Floquet-Markov quantum master equation, see Chap.2.

In this way, we try to emulate the experimental scenario, where the SC-qubits are

not isolated quantum systems, but they are part of circuits used for their control and

readout. While the model can be used to describe any qubit, we focus on the well-

known Flux Qubit (FQ) first introduced in Ref.[17]. In particular, in this chapter, we

demonstrate that the finite time LZS spectroscopy in SC-qubits can unveil additional

features linked to how relevant time scales a↵ect the symmetry of the resonance patterns

for di↵erent system-bath couplings.

The following analysis becomes particularly relevant to understand LZS interfer-

ometry experiments for FQ with long relaxation times [24, 29]. While several well

established theoretical works have studied the steady-state of periodically driven two-

level systems [40, 42, 66–68], the experimental results on LZS interferometry in the

FQ do not agree with these previous theoretical results. The theory presented in Refs.

[40, 42, 66–68] shows population inversion and antisymmetric resonance patterns as

a function of the energy detuning, instead of the symmetric patterns observed in the

FQ experiments [24, 29]. Refs. [51, 52] claim a possible explanation: there is a dy-

namic transition from symmetric resonance patterns below the relaxation time tr to

antisymmetric resonance patterns for time scales above tr. Since the FQ- experiments

39
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were performed at finite time scales below tr, the steady-state patterns were not ob-

served, according to this scenario. On the other hand, in Ref.[69] it was shown that

transverse noise can lead to steady-state symmetric resonances in LZS interferometry,

which suggest a di↵erent possible explanation of the experimental results (previous

works [40, 42, 51, 52, 66–68] only considered longitudinal noise).

Along these lines, we try to define which theoretical scenario can reveal the results

obtained in the experiments of Refs. [24, 29] by analyzing the time-dependence of the

LZS-patterns for di↵erent system-bath couplings. We start by considering the FQ as

a TLS, and we extend this analysis to a ML (up to four levels).

3.1. Theoretical model for the Flux Qubit and its

noise sources

In this section, we perform a brief outline of the theoretical model used to study

the dynamics of FQ. We start by presenting the typical Hamiltonian used to describe

its dynamics [17], followed by a model of the noise sources.

As it was presented in Chap.1-Sec.1.2.1, the FQ Hamiltonian can be described by

the equation:

HFQ = Epn
2
p
+ Emn

2
m
+ EJV ('p,'m; f) , (3.1)

with 'p = '1+'2

2 and 'm = '1�'2

2 the phase operators, nk = �i @

@'k
(k = p,m) the

charge number operators, Ep = 2EC , Em = Ep

1+2↵ , EC = e2/2C and

V ('p,'m; f) = 2 + ↵� 2 cos'p cos'm � ↵ cos(2⇡f + 2'm). (3.2)

From Hamiltonian (3.1) it follows that the FQ has several levels with eigenenergies

Ej and eigenstates | ji, which depend on ↵, ⌘ =
p
8EC/EJ , and the flux detuning

f̃ := f � 1/2, with j the index specifying the number of the level. Moreover, | ji can
be written in terms of the persistent current (PC) state basis {|I±,ji}, which is formed

by the FQ quantum states distinguished by the sign of the current in the SC-loop.

Thus, the state |I+,ji is related to a positive current in the loop and |I�,ji related to

negative one.

The multilevel spectrum is numerically calculated solving the Hamiltonian (3.1),

with the following parameters: ↵ ⇠ 0.8, ⌘ ⇠ 0.25, and EJ/2⇡~ ⇠ 300GHz, which are

in the range of typical experiments: ↵ ⇠ 0.6 � 0.9 and ⌘ ⇠ 0.1 � 0.6 [22, 24, 27–29].

The result for the first four-levels as a function of the dc-bias f̃ ! fdc are plotted in

Fig.3.1. The plotted eigenenergies are {Eg, Ee1 , Ee2 , Ee3}, corresponding to the set of

eigenstates constituted by the ground state |gi and the following three excited states

|eji, j = 1, 2, 3, respectively. Furthermore we identify the set of energies {EI+,j , EI�,j}
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Figure 3.1: FQ eigenenergies spectrum. The numerical results for the eigenenergies from
Hamiltonian (3.1) are plotted as a function of the dc-bias fdc[�0], with �0 the quantum flux. The
energy spectrum only displays the lowest four levels, which are labeled as {Eg, Ee1 , Ee2 , Ee3},
and they correspond to eigenenergies of the ground state |gi and the next three excited states
|eji with j = 1, 2, 3, respectively. By its side, the corresponding zoom-in plots near each avoided
crossing, marked with dashed squares. The zoom-in axis have been amplified by a factor of
500. Since the energy spectrum is symmetry in terms of fdc, the zoom-in plots correspond to
the avoided level crossings located in the positive region fdc � 0. The spectrum also shows
that the energies with positive slope EI+,j / +|fdc| are associated with persistent current (PC)
states |I�,ji with positive loop current in the SC-circuit, and the energies with negative slope
EI�,j / �|fdc| are associated to PC-states |I�,ji with negative loop current.

corresponding to the PC-states {|I+,ji, |I�,ji}. As it was presented in Chap.1-Sec.1.2.1,

the PC-states are defined by the sign of the current in the SC-loop, which generates a

sign change in the PC-eigenenergies E|I±,ji / ±|fdc|, and consequently, a change of the

slope in the eigenenergy spectrum is observed.

In Fig.3.1, we show in addition di↵erent zoom-in plots near each avoided level

crossing settled in the region fdc � 0. Since the spectrum is symmetric in terms of

the dc-bias, the zoom-in plots are the same for fdc  0. Consequently, near each

avoided level crossing, the system can be thought as an e↵ective TLS. Notice that the

eigenenergies spectrum is written in units of EJ , since it corresponds to the dominant

term of energy in the FQ Hamiltonian, i.e. EJ � Em, Ep.

We now proceed to identify and characterize the possible noise sources in these

devices1. Recent experiments on the FQ have implemented noise spectroscopy for

di↵erent sources of noise (flux noise, charge noise, critical current noise) through dy-

namical decoupling [70] and driven evolution measurements [71, 72]. Therefore, we

consider that the main sources of relaxation and decoherence in the FQ are flux noise

�f(t), charge noise �N(t), and critical current noise �Ic(t) [70–74] due to the external

circuitry and electromagnetic environment.

In the case of weak fluctuations, the di↵erent noise sources can be incorporated in

1 Defining which are the noise sources in an experiment is a very complicated task. We only study
the most relevant ones.
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Eq.(3.1) by the replacements f ! f + �f , nk ! nk � �Nk (k = p,m), and EJ !
EJ(1 + �Ic/Ic), respectively [70–73]. This leads to HFQ ! H 0

FQ
⇡ HFQ +Hint, where

Hint = Hch

int
+Hf

int
+Hcc

int
, (3.3)

and
Hch

int
= �2Epnp�Np � 2Emnm�Nm,

Hf

int
= �2⇡EJI�f,

Hcc

int
=

EJ

Ic
V ('p,'m; f)�Ic,

(3.4)

with I = ↵ sin(2⇡f +2'm), the loop current operator normalized by Ic =
2⇡EJ
�0

. Notice

that Eq.(3.4) results from neglecting quadratic terms in �N2
p
= (np �Np)2 and �N2

m
=

(nm �Nm)2, since we are assuming the weak fluctuations regime.

If we consider the lowest eigenstates, the term with np can be neglected2 and we

can redefine the system-bath interaction Hamiltonian as

Hint = Ach ⌦ Bch +Af ⌦ Bf +Acc ⌦ Bcc, (3.5)

where the system operators are

Ach = �2Emnm,

Af = �2⇡EJI,

Acc = EJV ('p,'m; f);

(3.6)

and the normalized bath (noise) operators are

Bch = �Np,

Bf = �f,

Bcc = �Ic/Ic.

(3.7)

3.2. LZS interferometry in open quantum system

In experiments with Flux Qubits (FQs) [24, 27–29, 75], the LZS interferometry is

performed applying an harmonic (ac) field of frequency ! on top of the static flux, see

Chap.2-Sec.2.3, i.e.

f̃ ! f̃(t) = fdc + fac cos (!t) , (3.8)

2 For the qubit parameters under consideration, one can show that the ratio of matrix elements of
the charge operators for the lowest energy states is |hi|n̂p|ji|

|hi|n̂m|ji| ⇠ 10�10.
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where f̃ := f � 1/2, see Eq.(3.2). In this way, the FQ Hamiltonian (3.1) turns then

time-dependent HFQ ! HFQ(t). Notably, this dependence on time is periodic, thus

HFQ(t) = HFQ(t+ ⌧) with ⌧ = 2⇡/!.

In this way, and following the analytical and numerical methods introduced in

Chap.2, we analyze the LZS interferometry employing the Floquet formalism and the

Floquet-Markov master equation, which a↵ords an exact treatment of harmonic driv-

ings of arbitrary strength and frequency.

It should be noted that other approaches can be adopted for the description of

the LZS interference patterns, but they rely on approximations valid either for large

driving frequencies or low driving amplitudes [27, 44, 48]. By contrast, the methods

presented in Chap.2 o↵er a full description of the dynamics for this case.

3.2.1. Two levels regime

We start by considering the case of the FQ restricted to the subspace of the two-

lowest levels. Using this constraint the system dynamics can be well-described by the

TLS model presented in Chap.1-Sec.1.2.1 and Chap.2- Sec.2.3.1.

The multilevel Hamiltonian HFQ (3.1) reduces to the e↵ective TLS

HTLS = �✏0
2
�z �

�

2
�x. (3.9)

This new Hamiltonian is written in the basis defined by the PC-States {|I+,0i, |I�,,0i}.
The parameters of HTLS are the detuning ✏0 = 4⇡|Ip|fdc written in terms of the dc-

bias fdc and the SC-loop currrent Ip, and the energy gap � = Ee1(✏0) � Eg(✏0) at

✏0 = 0, where |gi and |e1i are the ground and the first excited FQ states, see Fig.3.1 to

identify the involved FQ energies. The SC-loop current magnitude can be calculated

as |Ip| = |hI+,0|I|I+,0i| = |hI�,0|I|I�,0i|.

It is worth stressing that the TLS Hamiltonian is written in units of the Josepshon

energy EJ , as well as ✏0 and �: the polarization energy follows the relation ✏0 =

4⇡|Ip|fdc, and taking into account that fdc is measured in units of the quantum flux

�0, it follows that Ip is computed in the units of EJ/�0.

In order to obtain the numerical values of |Ip| and �, we set the parameter values

↵ = 0.8,

⌘ = 0.25,
(3.10)

in the Hamiltonian HFQ from Eq.(3.1). After a numerical diagonalization, we obtain
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(a) (b)

Figure 3.2: TLS eigenenergies spectrum for the FQ. (a) Plot of the two lowest energies
of the FQ as a function of the normalized polarization energy ✏0/!, 3 with ! ⇠ 900GHz. The
eigenenergies are Eg (black line) and Ee1 (red line), corresponding to the ground state |gi and
the first excited state |e1i of the FQ, see Fig.3.1. Furthermore, we also identify the states with
the energies EI+,i / +|fdc| and EI�,i / �|fdc| as the PC-states {|I+,ii, |I�,ii}. Analogously
to the TLS energies spectrum in Fig.2.1, in Chap.2, the PC-states can be also identify as the
computational basis {|0i, |1i}. (b) A zoom-in plot of (a) to better show the avoided crossing
at ✏0. All plots are computed considering that the polarization energy satisfying the constraint
✏0 = 4⇡|Ip|fdc, with |Ip| = 0.721 (in units of EJ�0) and fdc in units of �0, with �0 the quantum
flux. We are considering the experimental parameters: EJ/2⇡~ ⇠ 300GHz and !/2⇡~ = 900Gz.
Thus, �/2⇡~ ⇠ 100MHz. The numerical parameters are taken from Eq.(3.12)

the PC-states {|I+,0i, |I�,0i} and the eigenenergies {Eg(✏0), Ee1(✏0)}. Consequently,

|Ip| = |hI+,0|I|I+,0i| = 0.721
EJ

�0

� = Ee1(0)� Eg(0) = 3.33⇥ 10�4EJ .
(3.11)

For the typical experimental value EJ/2⇡~ ⇠ 300GHz [24], we obtain

|Ip|
2⇡~ ⇠ 216.3

GHz

�0

�

2⇡~ ⇠ 100MHz.

(3.12)

The numerical eigenenergies spectrum3 for the Hamiltonian HTLS as a function of

✏0/! is presented in Fig.3.2(a), with ! the driving frequency fs(t) from Eq.(3.8), taking

the value !/2⇡~ = 900MHz, which corresponds to a typical experimental value.

From Fig.3.2(a) it follows that the PC-states basis {|I+,0i, |I�,0i} is equivalent to

the computational basis {|0i, |1i}, and they can be written as |I+,0i = (|gi+ |e1i)/
p
2

and |I�,0i = (|gi � |e1i)/
p
2. In Fig.3.2(b) we further plot a zoom-in of Fig.3.2(a),

showing the avoided level crossing between the corresponding PC-states (�/! ⇠ 0.1).

3 We present the TLS eigenenergies spectrum in terms of ✏0/! despite the fact that there is no
driving. The reason of this choice is mainly based on the facility to explain later the results of the
driven-TLS. As it was presented in Chap.(2)-Sec.(2.3), the typical LZS spectrum presents resonance
conditions at ✏0 = n!, n 2 N. In this way, it is easy to identify such conditions in the eigenenergies
spectrum when compared with the LZS interferometer pattern. The TLS eigenenergies are also plotted
in units of ~! in order to easily identify later the quasienergies spectrum once the driving is applied.
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Within this approximation, the noise coupling operators from Eq.(3.4) become

Af = ��f�z,

Ach = ��ch�y,

Acc = ��cc�x, , (3.13)

with �f = 2⇡|hI+,0|I|I+,0i|, �ch = ⌘
2

4+8↵ |hI�,0|nm|I+,0i| and �cc = �|hI�,0|V |I+,0i|. Using
the paramaters numerically calculated before in Eqs. (3.10) and (3.11), the noise

coupling parameters result
�f ⇡ 4.5,

�ch ⇡ 3⇥ 10�4

�cc ⇡ 4⇥ 10�3.

(3.14)

The term corresponding to np has coupling parameter �p
ch

= ⌘
2

4 |hI�,0|np|I+,0i| ⇡ 10�13

and it is therefore neglected.

Using this TLS-approximation, we now proceed to analyze the results of the LZS

interferometry.

3.2.1.1. Unitary evolution and LZS interferometry

In order to obtain the driven Hamiltonian, we replace in HTLS

✏! ✏(t) = ✏0 + A cos(!t), (3.15)

with ✏0 = 4⇡|Ip|fdc, A = 4⇡|Ip|fac, and the numerical parameters presented in Eq.(3.11).

The frequency ! is written in units of EJ/~ and the qubit eigenenergies in units of EJ ,

see Eq.(3.12). Thus, the driven-TLS Hamiltonian remains

HTLS(t) = �✏(t)
2
�z �

�

2
�x. (3.16)

Considering that the system dynamics for this case is govern by a unitary evolution

defined byHTLS(t), we proceed to numerically solve the Schödinger equation employing

the Floquet formalism presented in Chap.2-Sec.2.1. We compute the full time-evolution

of | (t)i as
| (t)i =

X

↵

e�i"↵(t�t0)/~hu↵(t0)| (t0)i|u↵(t)i, (3.17)

with | (t0)i the initial condition at time t0, |u↵(t)i the Floquet state and "↵ its corre-

sponding quasi-energy. In what follows, we set ~ = 1 in the equations4.

In particular, in order to analyze the LZS interferometry in this system, we compute

4 Note that we explicitly preserve ~ in the experimental values to avoid confusion in their units.
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P�
5, which corresponds to the time-averaged probability of having a negative PC-state

in the FQ. Plots of P� as a function of flux detuning ✏0 and ac amplitude A give the

typical LZS interference patterns, which have been measured experimentally in FQs

[24, 27–29, 75] and have also been observed in other driven systems [50, 76–96].

We define the time-dependent probability P�(t) as

P�(t) = |h (t)|I�,0i|2, (3.18)

from where the averaged probability is computed as

P� = P�(t), (3.19)

with a double time-average computed over t and t0.6 Hence, P� is computed as

P� = |h (t, t0)|I�,0i|2 = 1/⌧ 2
Z

⌧

0

Z
⌧

0

|h (t, t0)|I�,0i|2dt dt0,

with ⌧ = 2⇡/!. Using the Fourier expansion of the Floquet states, see Chap.2-Sec.2.1,

P� transforms as

P� =
X

↵,k

|h (t0)|u↵(k)i|2|hu↵(k)|I�,0i|2,

with |u↵(k)i the Floquet state of k-Fourier component, with k 2 Z.
The numerical LZS interference pattern is plotted in Fig.3.3(a), corresponding to

a color map of P� as a function of {A/!, ✏0/!}. Here, we are considering that the

FQ is initially prepared at the ground state | (t0)i = |gi, and we choose !/2⇡~ =

0, 003EJ/2⇡~ = 900MHz as the driving microwave frequency.

Similarly to the description presented in Chap.2-Sec.2.3, when A > |✏0| the central

avoided crossing at ✏0 = 0 is reached, see Fig.3.2. In this case, the periodically repeated

transitions at ✏0 = 0 give rise to the LZS interference patterns as a function of ✏0/! and

A/!, characterized by multiphoton resonances at Ee1(✏0) � Eg(✏0) = n!. For ✏0 � �

the resonances take place at ✏0 ' n!. Notice that for small amplitudes A < |✏0|, the
probability P� presents an small contribution despite that the avoided crossing is not

reached due to small transitions occurring between the FQ-states.

At this point, it is useful to introduce the Floquet picture in order to understand

the concept of multiphoton resonances. For this purpose, we numerically computed

the quasi-energies of the Floquet states for a fixed value of amplitude A/!, and the

results are plotted in Fig.3.3(b). Since we are working in the fast limit passage regime

A! � �2, see Chap.2-Sec.2.3.2.2, the quasi-energies "↵ can be understood as replicas

5 It corresponds to a quantity experimentally accesible.
6 There is a dependence on t0 throughout | (t)i ⌘ | (t, t0)i, see Eq.(3.17)



3.2 LZS interferometry in open quantum system 47

 0  2  4  6  8  10
A/!

-4

-2

 0

 2

 4
✏ 0

/!

 0

 0.2

 0.4

 0.6

 0.8

 1

(a) (b)

Figure 3.3: Landau-Zener-Stückelberg interferometry pattern. (a) Color map of
transition probability P� as a function of {A/!, ✏0/!} for !/2⇡ = 900MHz. The plot features
the typical resonance pattern obtained by LZS interferometry. The P� presents a resonance
structure in terms of ✏0/! when a multiphoton transition is tuned, which means ✏0/! = n,
n 2 Z, where P� takes the maximum value P� = 1/2. Once the resonance is tuned, P� presents
a Bessel dependence / Jn(A/!) in terms of the amplitude. The zeros of the Bessel function can
be understood as a coherent destruction of tunneling. (b) Energies and quasi-energies spectrum
as function of ✏0/!. The black and red bold lines corresponds to the ground state |gi and the
excited state |e1i, respectively. The black dashed lines correspond to the quasi-energies computed
for A/! = 3, which are understood as quasi-replicas of the static spectrum. We schematically
plot the corresponding n�multphoton transitions for n = 1 and n = 2. When a resonance is
tuned the states |gi and |e1i become resonant due to the absorption of n photon between the
virtual Floquet states. The numerical parameters are the same in Fig.3.2.

(in ±m!) of the eigenenergies Ej of the static spectrum

"↵ ⇠ Ej +m!, (3.20)

j = g, e1, and consequentely the location of the quasi-crossings7 in the spectrum of

quasienergies are also replicas (in ±m!) of the avoided level crossing of the static

spectrum. Thus, when a resonance is tuned ✏0 = n!, this is equivalent to tune a

n-multiphoton trasition between the states {|gi, |e1i}, where n virtual Floquet states

are used as as intermediary states, absorving (or emiting) one photon of energy ~! for

each n-virtual transition.

Furthermore, as it was presented in Chap.2-Sec.2.3.2.2, when the system parameters

satisfy A! � �2, we can work under the Rotating Wave Approximation (RWA) [27,

44, 48]. In this way, the time averaged probability of measuring a negative loop current

P�, near a n�photon resonance results

P� = 1� 1

2

�2
n

(n! � ✏0)2 +�2
n

. (3.21)

7 Notice that the quasi-crossing in the quasienergies spectrum can be understood as the opening
of dynamical avoided level crossings.
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When the resonance condition ✏0 = n! is satisfied, Eq.(3.21) gives P� = 1/2, otherwise

is P� . 1. Furthermore, the width of the resonance is �✏ = |�n| = �|Jn(A/!)| =
�|Jn(fac/f!)|, with Jn(x) the Bessel function of first kind. This gives a quasi periodic

dependence as a function of A/! for ✏0/! fixed near the resonance. In particular, at

the zeros of Jn(x) the resonance is destroyed, with P� = 1 instead of P� = 1/2, a

phenomenon known as coherent destruction of tunneling [64, 65]. From Fig.3.3(b) it is

straigthfoward to see that when a resonance is tuned, there is a Bessel modulation in

terms of the amplitude.

Several phenomenological approaches [23, 28, 44, 97] have taken into account re-

laxation and decoherence e↵ects in LZS interferometry, obtaining a broadening of the

Lorentzian-shape n� photon resonances of Eq.(3.21). In what follows, we extend these

results using the Floquet-Markov approach, which allows us to obtain a more complete

dynamics of driven open systems, taking into account di↵erent noise sources.

3.2.1.2. Longitudinal vs. transverse noise

In this section, we analyze the environmental noise e↵ects employing the Floquet

Markov master equation described in Chap.2-Sec.2.2.

Figure 3.4: System-bath sce-

nario. Schematic illustration of the
FQ coupled with strength �⌫ to one
thermal reservoir at equilibrium tem-
perature T ⌫ and spectral densitiy
J⌫(⌦). Where ⌫ = f if the flux noise
is considered or ⌫ = ch for the charge
noise. See Fig.2.1 in Chap.2-Sec.2.2.

Taking into account the noise sources presented in Sec.3.1, we first start by consid-

ering the two extreme cases: either pure flux or “longitudinal” noise (which commutes

with the driving, being proportional to the operator �z), or pure charge noise, which we

call “transverse” noise (being proportional to �y). Fig.3.4 schematically illustrates the

system-bath scenario taken into account the mentioned couplings. Thus, the system-

bath Hamiltonian can be expressed as

H⌫

sb
= A⌫ ⌦ B⌫ , (3.22)

with A⌫ an observable of the system and B⌫ an observable of the reservoir. Where

⌫ = f denotes the thermal bath representing the flux noise source and ⌫ = ch the

charge noise source, respectively.
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In the case of pure longitudinal noise or pure transverse noise we take

Af = ��f�z,

Ach = ��ch�y.
(3.23)

In order to establish a quantitative comparison among the two types of noise we first

analize the results for equal coupling strengths �f = �ch = � = 1.

We further consider that each reservoir is in thermal equilibrium at temperature

T ⌫ = T , both presenting an ohmic spectral density J⌫(⌦) = ⌦e�⌦/⌦c .

Using the reported experimental values for FQ presented in Eqs. (3.10), (3.11) and

(3.12), we obtain

! = 0.003EJ ,

⌦c =
EJ

~ ,

T = 0.0014
EJ

kB
,

 = 0.001,

(3.24)

with ! the driving microwave frequency. Choosing EJ/2⇡~ = 300GHz, Eq.(3.24)

remains !

2⇡~ = 900MHz,

⌦c

2⇡
= 300GHz,

T = 20mK.

(3.25)

In all the cases we assume that the FQ is initially prepared in the ground state |gi
of the static Hamiltonian HTLS.

In Fig.3.5 we plot P� for longitudinal and transverse couplings, top and bottom plot

respectively, as a function of the flux detuning ✏0/! for a fixed value of A/! = 9. As a

comparison, for both couplings we plot P� for the isolated case (without dissipation),

where the n-photon resonances are clearly displayed as minima at ✏0/! = n. Notice

that this plot corresponds to a isoline at constant amplitude of the Fig.3.3(a).

For longitudinal coupling, Fig.3.5(a) -top plot- shows that for time scales of FQ

experiments [24] (texp = 1000⌧), the behavior of P� is similar to the isolated case,

with a broadening of the minima at the multiphoton resonances due to decoherence8.

On the other hand, in the asymptotic t ! 1 steady state, P� exhibits antisymmetric

multiphoton resonances in terms of ✏0 [52, 69], clearly displayed in Fig.3.5(b), where

8Ref.[44] found a phenomenological expression for P� by using a Bloch equation approach by
introducing the decoherence time td = T2 = 1/�2 and the relaxation time tr = T1 = 1/�1,

P� = 1� 1

2

�2
�1
�2

n

(n! � ✏0)2 +
�2
�1
�2

n + �22
. (3.26)
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(a) (b)
Figure 3.5: LZS interferometry for an open-TLS. Population P� as a function of the
✏0/! for the FQ restricted to TLS, driven with amplitude A/! = 9. The numerical parameters
are presented in Eq.(3.25). Dotted line: P� for the isolated system; solid line: P�(t = 1000⌧),
dashed line: asymptotic (t ! 1) P�. Horizontal solid line indicates P� = 0.5 value. (a)
Longitudinal and transverse coupling results are presented in first and second row, respectively
(b) Enlarged view of (a) around n=4 photon resonance.

an enlarged view around the n = 4 resonance is shown. Moreover, as the temperature

is lowered, the antisymmetry around the resonance condition is more evident, as it

is shown for T = 0.0001EJ/kB. In particular, the asymptotic interference pattern

shows population inversion
9 on one side of a multiphoton resonance, where P� < 1/2

due to an overpopulation of the first excited state. The underlying mechanism of

this population inversion was explained in Ref.[52] by analyzing the contribution to

relaxation of virtual photon exchange processes with the bath. Roughly speaking, the

total relaxation rate �r can be decomposed as

�r = �
(0) +

X

n 6=0

�(n), (3.27)

with �(n) the relaxation rates due to virtual n-photon transition to bath oscillator states

9 The bath-mediated population inversion mechanism is revisited in Chap.5 and Ap.C, where a
detailed numerical and analytical analysis is performed for a system of two-coupled qubits.
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and �(0) describes the relaxation without exchange of virtual photons, corresponding

to the “conventional” dc relaxation mechanism. Thus, whenever there is population

inversion, the dc relaxation terms vanish �(n=0) ⇡ 0, while the �(�n) term is the largest

one.10

Figure 3.6: Bath-mediated population

inversion mechanism for longitudinal cou-

pling. Zoom in Fig.3.3(b). Schematic illus-
tration of the population inversion mechanism

close to the first resonance ✏0 = !: �(0)r rep-
resents the conventional relaxation mechanism
and �(�1)

r represents the relaxation ration rate
due to a virtual transition of one (n = 1) pho-
ton.

Fig.3.6 illustrates the population inversion mechanism, taking place close to the

first resonance n = 1. We only plot the most relevant terms of Eq.(3.27) for this case:

�(0)
r , representing the conventional relaxation mechanism between the ground and first

excited state, and �(�1)
r , representing the relaxation rate due to a virtual transition of

one (n = 1) photon between a virtual Floquet state and the first excited state. Thus,

the relevant mechanism11 is a transition to a virtual level at energy Eg + ~! > Ee1

(one-photon absorption, n = �1), followed by a relaxation to the level Ee1 .

For transverse coupling, see Fig.3.5(a) -bottom plot, the behavior of P� vs. ✏0/!

is remarkably di↵erent from the previous case: (i) there are no noticeable di↵erences

between the finite time and the steady sate P�; (ii) the multiphoton resonances are

symmetric in the steady state; (iii) there is no broadening of the resonances compared

to the isolated case; and (iv) there is a background in P� as a function of ✏0/! for the

o↵-resonant situations. The hallmarks (ii) and (iv) had been also found in Ref.[69]. The

background in P� can be understood by a simple argument. The transverse coupling

through �y provides a direct relaxation mechanism to the ground state (same holds

for �x coupling). Assuming that for the o↵-resonant situations in the steady state the

qubit is fully relaxed in the ground state, we can estimate that on average is

P� ⇠ t0

⌧
, (3.28)

with t0 the time scale within one period ⌧ in which the ground state has nearly complete

10 In particular, in Ref.[52], it was demonstrated that the rates are proportional to �(�n) /
J2
�n(A/!) and �(0) / J2

0 (A/!),9 when are calculated near a resonance condition ✏0 ⇠ n!. Thus,
there is population inversion while the inequality �(�n) > �(0) is satisfied.

11 Notice that this mechanism occurs to one side of the resonance, explaining the asymmetric shape
of P� in terms of ✏0.
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overlap with the |I�,0i state. Following the illustration in Fig.3.7, t0 is equivalent to

the times satisfying that ✏(t) > 0, see the colored light-blue areas12. In this way, t0

can be easily calculated from the constraint ✏(t) = 0. Thus, ✏(t) is null for the times

t1 = 1/! arccos (�✏0/A) and t2 = ⌧ � t1. Since the driving is symmetric, t1 = t0/2,

which represents the half of the time where the qubit state nearly overlaps with |I�,0i.
Thus,

P� ⇠ 1

⇡
arccos

⇣
�✏0
A

⌘
. (3.29)

For small ✏0/A this gives

P� ⇠ 1

2
+

1

⇡

✏0
A
. (3.30)

This straightforward calculation illustrates the linear background in the dependence of

P� with ✏0/! observed in Fig3.5(a) -second plot.

(a)

(b)

t
Figure 3.7: Schematic illustration for the FQ as a TLS (a) Schematic picture of the
two lowest eigenenergies of the FQ as function of the bias ✏, further details can be found it in
Fig.3.2. (b) Illustration of the time-evolution of the bias ✏ for one period ⌧ of the single driving
A cos(!t), with A the amplitude and ! the frequency. For the transversal coupling case, the
probability P� can be calculated as P� ⇠ t0/⌧ , where t0 is the time for which the qubit state has
nearly complete an overlap with |I�,0i.

The features described above have its correlation in the behaviour of the relaxation

(tr) and the decoherence (td) times, which are shown in Fig.3.8 for both types of cou-

plings. They are calculated numerically from the eigenvalues of ⇤ defined in Eq.(2.38),

the maximum non-zero real eigenvalue of ⇤ gives �t�1
r
, and the real part of the complex

conjugates eigenvalues of ⇤ give �t�1
d

[30, 52]. In general is 1
td

= 1
2tr

+ 1
t�

with t� the

dephasing time
13 and thus the decoherence time satisfies td  2tr [47].

12 For simplicity, we are considering that the driving is applied initially at time t0 = 0.
13 Dephasing is a model of a decohering qubit [3, 4], corresponding to a process that tends to reduce

the o↵-diagonal entries of the density matrix, basically defining the “pointer basis”. If we prepare an
initial pure state a|0i+ b|1i, with a, b 2 C, then after time t� (the dephasing time), the state decays
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(a) (b)
Figure 3.8: Relaxation and decoherence times. (a) Relaxation time tr for the longitudinal
(dashed-double dotted line) and transverse (dashed line) couplings. (Half) decoherence time td/2
for the longitudinal (dashed-dotted line) and transverse (solid line) couplings. (b) Enlarged view
of (a) around the n = 4 resonance. The experimental time texp/⌧ = 1000 is plotted by the dotted
line. The numerical parameters are presented in Eq.(3.25) and driving amplitude A/! = 9.

For the longitudinal coupling case we find in Fig.3.8 that the equality td = 2tr is

satisfied at the multiphoton resonances. Thus at the resonances the dephasing mecha-

nism vanishes, similarly to what is usually found for the static case at the “sweet spot”

✏0 = 0 [25, 70]. Away from resonances is td ⌧ tr, showing a large time scale separation

between decoherence and relaxation, due to strong dephasing. We have also obtained

an analytic expression for the rates �r = 1/tr and the decoherence rate �d = 1/td

employing a RWA approximation for detunings near the n-photon resonance, ✏0 ⇠ n!,

which are in good agreement with these numerical results (see the Ap.B for a detailed

calculation).

In the case of longitudinal noise, the relaxation rates can be estimated as:

�r = |�f sin(2')|2[g(�⌦n) + g(⌦n)],

�d =
�r

2
+ |�f cos(2')|2g(0),

(3.31)

with cos(2') = ✏n/⌦n, sin(2') = ��n/⌦n, ✏n = ✏0 � n!, and g(⌦n) = J(⌦n)nth(⌦n),

where J(⌦n) is the spectral density of the bath and nth(⌦n) is the Bose-Einstein func-

tion14. The generalized Rabi frequency is ⌦n =
p
✏2
n
+�2

�n and ��n = �J�n(x) with

x ⌘ A/!. At resonance cos(2') = 0 and sin(2') = 1, thus �d = �r/2 and �r is max-

to the incoherent superposition |a|2|0ih0| + |b|2|1ih1|. Where the decoherence occurs in a preferred
basis {|0i, |1i}.

14 Note that nth(⌦n) = nth(~⌦n), with ~ = 1.

marisa.velazco
Texto escrito a máquina
Biblioteca Leo Falicov
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(a)

(b)

Figure 3.9: LZS interferometry for an open-TLS at finite time. Intensity plots of
the population P� as a function of ✏0/! and normalized driving time t/⌧ . (a) longitudinal
coupling. (b) transverse coupling. The numerical parameters are presented in Eq.(3.25) and
driving amplitude A/! = 9.

imum. Away from resonance the dephasing rate is maximum and �� = �d � �r/2 ⇠
�2

f
g(0) ⇡ �2

f
kBT (assuming cos(2') ⇠ 1). This in agreement with the exact nu-

merical results of Figures 3.8(a) and (b) where td ⌧ texp ⌧ tr away from resonance

for the longitudinal case. This time scale separation allows the dynamic transition

described in Ref.[52] and shown in Fig.3.9(a). The dynamic transition is from a LZS

pattern with nearly symmetric multiphoton resonances to antisymmetric multiphoton

resonances at long times (above the relaxation time). We see that while P� remains

symmetric around a resonance for td < t < tr, there is a dynamic transition to the

antisymmetric behavior for t > tr.

On the other hand, for the transverse coupling case we find in Figs. 3.8(a) and (b)

that the equality td = 2tr is reached out of resonance, i.e. opposite to the longitudi-

nal case, while near the resonances the (small) dephasing gives td . 2tr. The RWA
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calculation detailed in the Ap.B is also consistent with this numerical result. For the

transverse coupling we got:

�r = |�chJ�n(x) cos(2')|2[g(�⌦n) + g(⌦n)],

�d =
�r

2
+ |�chJ�n(x) sin(2')|2g(0),

(3.32)

with x = A/!. In this case, away from resonance (|✏n| � ��n) one has sin(2') ⇠ 0,

cos(2') ⇠ 1 and thus �d ⇡ �r/2. At a resonance the opposite condition is satisfied:

the dephasing rate is maximum and thus �� / |�ch|2g(0) ⇡ |�ch|2kBT .
In addition, for transverse coupling the system tends to relax fast to the steady state

in comparison to the longitudinal coupling case (assuming the same coupling strengths

�0s). Note that, in the RWA calculation, out of resonance is cos2(2') � sin2(2') and

then �transverse
r

� �longitudinal
r

for the same �. This relatively fast relaxation is evident in

Fig.3.9(b) where the steady state is quickly reached and no symmetry change around

the resonance is observed.

3.2.1.3. Mixed noise

Figure 3.10: System-bath scenario for mixed

case Schematic illustration of the FQ in presences of
two noise sources at the same time. The FQ is cou-
pled with strengths �f ,�ch to each thermal bath at
equilibrium temperatures T f , T ch and with spectral
densities Jf (⌦), Jch(⌦), representing the flux and
the charge noise sources, respectively. We assume
that the two thermal baths are uncorrelated. See
Fig.2.2 in Chap.2-Sec.2.2.

We deal now with the more general case when two sources of independent noise are

taken into account, as formulated in Sec.3.1. The system-bath coupling is now written

as

Hsb = Af ⌦ Bf +Ach ⌦ Bch, (3.33)

where the two system-bath couplings are the same presented in Eq.(3.23). In order to

compare the relative coupling strengths we further define �f = cos ✓ and �ch = sin ✓.

We now proceed to compute the system dynamics. The following numerical results

are obtained using the theory presented in Chap.2-Sec.2.2.2 for multiple uncorrelated

noise sources. The numerical parameters are the same used in the previous sections,

in addition with  = 0.001.

We plot, in Fig.3.11, P� as a function of the mixing parameter cos2 ✓ and ✏0/!, for

the stationary case (Fig.3.11(a)) and for finite time t = 1000⌧ (Fig.3.11(b)). We fix

the driving amplitude A/! = 9. In both cases the plots exhibit a behavior similar to
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(a)

(b)

3

(c)

Figure 3.11: LZS interferometry and ratio tr/td for an open-TLS with mixed noise

sources. Intensity plots of the population P� as a function of ✏0/! and the mixing parameter
cos2 ✓ computed at di↵erent times t/⌧ . �(f) =  cos2 ✓ and �(ch) =  sin2 ✓, with  = 0.001. The
others numerical parameters are presented in Eq.(3.24) and driving amplitude A/! = 9. (a)
t = 1, (b) t = 1000⌧ , (c) Intensity plot of the ratio of log(2tr/td).

the one obtained for the transverse coupling (see Fig.3.9b), for almost all the range of

cos2 ✓. Only when (�(ch)/�(f))2 < 0.005 the typical features of the pure longitudinal

case (already described) are observed.

In agreement with the observed response in P�, Fig.3.11(c) shows that 2tr/td ⇠ 1

for almost all the range of the mixing parameter, and only when approaching the
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longitudinal case, (�(ch)/�(f))2 < 0.005, the time scale separation 2tr/td � 1 is observed

in the o↵-resonant regions.

3.2.2. Multilevel regime: LZS diamonds

The previous analysis can be extended to the multilevel regime which corresponds

to realistic parameters of the FQ.

In this section, we focus on the dynamics of the four lowest energy levels of the

device, where the spectrum shows a rich structure of avoided crossings as a function of

the dc detuning [24, 30], see the numerical eigenenergies spectrum in Fig.3.1.

Similarly to the results presented in previous sections, we will compare the LZS

patterns for pure flux noise and pure charge noise. In both cases we consider, for each

thermal bath, an Ohmic bath with spectral density J(⌦) = ⌦e�⌦/⌦c at temperature T ,

but di↵erent coupling operators. The described scenario corresponds to the schematic

illustration in Fig.3.4, with the exception of the FQ is now extended to four levels.

For pure flux (longitudinal) noise we take

A(flux) = 2⇡↵ sin(2⇡f + 2'm), (3.34)

with �f = 2⇡↵|hI+,0| sin(2⇡f + 2'm)|I+,0i| ⇡ 4.5, for FQ parameters ↵ = 0.8 and

⌘ = 0.25.

In the case of charge (transverse) noise the system operator is

A(charge) = nm = i
⌘2

2(1 + 2↵)

@

@'m

, (3.35)

which for the two lowest levels subspace gives A ⇡ ��ch�y, with �ch = ⌘
2

4+8↵ |hI�,0|nm

|I+,0i| ⇡ 3⇥ 10�4 for the same FQ parameters.

We will consider only the cases of pure longitudinal and pure transverse noise to

analyze the e↵ect of each type of noise on the LZS patterns separately15.

Fig.3.12 shows the numerical results for P� as a function of the driving amplitude

fac and the detuning fdc, for a finite time texp = 1000⌧ , while Fig.3.13 displays the

same results for the steady state. Both LZS interference patterns show the typical

“diamonds” structure for increasing fac, concomitant with the additional transitions at

the avoided crossings between di↵erent energy levels [28, 51, 52]. In these simulations,

we plot a range of fac that shows the first LZS diamond, D1, and the lower half of

the second LZS diamond, D2. These diamonds can be easily described in terms of the

number of energy levels involved by the driving:

15 After introducing realistic parameters, we obtain �ch ⌧ �f . For this parameter values, since
(�(ch)/�(f))2 ⇠ 10�8 ⌧ 0.005, it is irrelevant to study the mixed dynamics with both types of
couplings.
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Figure 3.12: LZS interference patterns at finite time. Plots of P� as a function of the
driving amplitude fac and dc detuning fdc for t = 1000⌧ . (a) Flux noise. (b) Charge noise. The
calculations were performed for ! = 2⇡/⌧ = 0.003EJ/~, Ohmic bath at T = 0.0014EJ/kB ⇠
20mK and � = 0.001 (see text for details).

The region D1 can be described in terms of the dynamics of the two lowest energy

levels.

There is an intermediated region D12 between D1 and D2, which involves the

dynamics of the three lowest energy levels.

Finally, the last area D2 includes the four lowest energy levels (see Ref.[28] for a

complete description of the multilevel LZS diamonds).

For finite time t ⇠ texp, see Fig.3.12, symmetric resonance lobes are observed within

D1 for both types of coulpling. However, for the transverse coupling case (Fig.3.12(b))

the resonance lobes are narrower than for the longitudinal coupling (Fig.3.12(a)). The

width of the resonance peaks is roughly proportional to the decoherence rate 1/td [24,

44]. As analyzed in the previous section, in the transverse case dephasing mechanisms

vanish out of resonance and 1/td is minimum. On the other hand, the dephasing rate

grows out of resonance in the longitudinal case, and 1/td is large.
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Figure 3.13: LZS interference patterns at the stationary regime. Plots of P� as a
function of the driving amplitude fac and dc detuning fdc for the asymptotic regime, t ! 1. (a)
Flux noise. (b) Charge noise. Same parameters as in Fig.3.12).

In the steady state, see Fig.3.13, the di↵erences among the two types of coupling

are stronger. While for the longitudinal coupling, Fig.3.13(a) shows the triangular

checkerboard pattern characteristic of antisymmetric resonances together with popu-

lation inversion (both features described in detail in Refs. [51, 52]). For the transverse

coupling, see Fig.3.13(b), D1 exhibits a predominant background with a symmetric lobe

in P� around fdc = 0. Within D2 and for the longitudinal coupling case, the patterns

look qualitatively similar at finite time t ⇠ texp and in the steady state, respectively.

On the other hand, for the transverse coupling case, the steady state profile shows a

strong population inversion in D2, absent at finite time t ⇠ texp.

To understand the di↵erent time scales, we plot P� at a finite time and in the

steady state, as a function of the driving amplitude fac for a fixed o↵-resonant value of

detuning fdc = 0.0009 (✏0 ⌘ 2.7!), for the the longitudinal coupling (Fig.3.14(a) ) and

for the transverse coupling (Fig.3.14(b) ), respectively. The time scales of decoherence

and relaxation, td and tr, are plotted in Fig.3.14(c).

In the previous section we concluded that for the same coupling strengths, �ch = �f ,
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(a)

(b)

(c)

Figure 3.14: Amplitude tuning. P� vs fac for fdc = 0.0009 (✏0 ⌘ 2.7!), for t = 1000⌧
(red dashed line), asymptotic state, t ! 1, (blue solid line) and for the isolated case (dots). (a)
Flux noise (longitudinal). (b) Charge noise (transverse). (c) tr/⌧ for flux noise (dashed-double
dotted line) and charge noise (dashed line). td/2⌧ for flux noise (dot-solid line) and charge noise
(solid line). texp = 1000⌧ (dotted line). Vertical dashed lines are guides for the eyes to show
the boundaries of diamonds D1, D2 and the region in between, named D12, for the value of
fdc ⌘ 2.7f!.

the transverse coupling leads to a faster relaxation rate. Here, the smallness of �ch gives

a much larger tr than in the �ch ⇠ 1 case analyzed previously. It is interesting to note

in Fig.3.14(c) that the resulting tr for the transverse coupling turns out to be of the

same order or larger than in the longitudinal case.

Moreover, from Fig.3.14(c) it follows that for the longitudinal case and within D1,

there is a large time scale separation td ⌧ texp ⌧ tr, in agreement with the di↵erent

behaviors of P�(texp = 1000⌧) and P�(1) seen in Fig.3.14(a). The relaxation time

strongly depends on fac and within D2, tr is reduced two orders of magnitude, leading

to tr < texp and therefore P�(texp) ⇡ P�(1).

For the transverse coupling case, see Fig.3.14(b), within both diamonds D1 and D2
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the time scales tr and td are both larger than texp = 1000⌧ and nearly independent

of fac (except in the transition between D1 and D2). Thus, for this type of coupling

the steady state behavior could not be seen at the experimental time scale neither for

D1 nor for D2. Furthermore, it is also evident that the decoherence rate is minimum

since tr ⇠ td/2 in all the range of fac, even beyond the two level regime discussed in

the previous section.

From our analysis it is clear that the experimental results of Refs.[24, 29] do not

correspond to any of the steady state LSZ patterns of Fig.3.13, since these experiments

do not show neither the anstisymmetric resonance patterns of the longitudinal coupling

nor the background lobe for o↵-resonant population of the transverse coupling. In ad-

dition, the extremely narrow resonance lobes of Fig.3.12(b) for the transverse coupling

do not seem to represent well the experimental data. The symmetric resonance lobes

of the experimental LZS patterns are more in agreement with the case of Fig.3.12(a)

for longitudinal coupling. This conclusion is consistent with the noise spectroscopy

measurements of Refs.[70–72] that found that the transverse noise is very small for FQ

devices.

3.3. Concluding Remarks

We have performed a systematic analysis of environmental noise e↵ects for a strongly

driven FQ device, considering a realistic multilevel dynamics and emphasizing the be-

havior at di↵erent time scales.

A main outcome of this chapter is to expose the LZS interferometry as a tool to

unveil the type of system-bath coupling, where the presence of symmetric (asymmetric)

n-photon resonances in the stationary patterns reveals the nature of the noise, i.e.

transverse (longitudinal) system-bath coupling.

In addition the analysis of the relaxation and decoherence time scales shows that

the ratio tr/2td is also extremely sensitive to the type of system-bath coupling and

might change significantly when a n-photon resonance is tuned.

For time scales prior to relaxation, the LZS interferometric patterns also exhibit

two well di↵erentiated behaviours depending on the noise sources. Our results for the

FQ device in the regime of strong driving (beyond the TLS regime) shed light on the

interpretation of the experimental LZS diamonds obtained in Ref.[28, 29] for a driven

FQ with long relaxation times. The symmetric resonances lobes observed in Ref.[28, 29]

are in agreement with the longitudinal noise scenario shown in Fig.3.12(a). However,

to conclusively discard other possible scenarios, experiments should be performed for

larger driving times, in order to reach the steady state after full relaxation with the

bath degrees of freedom.

Experimental studies of noise spectroscopy for the FQ, when driven at the first
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resonance, have shown that flux noise is the dominant source of decoherence[71, 72].

This result is also consistent with the scenario of longitudinal noise found in Fig.3.12(a)

for the case of multiphoton resonances and large amplitudes. However, flux noise power

spectrum at low frequencies has shown 1/f behavior [70–72]. Thus, to better account

noise e↵ects in the steady state or long time limit, future studies based on a non-

markovian description [98] would be interesting.

Even when we have considered specific parameters of the FQ, our results can be also

useful for other qubits and artificial atoms devices, in which the amplitude spectroscopy

technique based on LZS interferometry has been implemented during the last years

[50, 78, 84, 85, 93, 96].
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Resumen del caṕıtulo 3: Interferometŕıa Landau-

Zener-Stückelberg en qubits-SC en presencia de un

ruido cuántico

En este caṕıtulo, se estudió la dinámica de un qubit-SC en presencia de campos ex-

ternos fuertes, y los efectos sobre su dinámica al considerar diversas fuentes de ruido. El

qubit-SC es modelado como un sistema multinivel (ML por sus siglas en inglés) con-

ducido externamente por campos de microondas (correspondiente a una conducción

armónica), considerándose además el escenario en el cual el qubit-SC se encuentra em-

bebido en un ambiente ruidoso, modelado como un baño cuántico. La dinámica de este

sistema cuántico abierto es abordada usando la ecuación maestra en la aproximación

de Floquet-Markov, ver Cap.2.

De esta manera, se busca emular el escenario experimental, en el cual los qubits-

SC ya no pueden ser consideramos como sistemas cuánticos aislados, sino que forman

parte de un sistema más grande, que incluye, por ejemplo, los circuitos involucrados

para su control y medición. Mientras que el modelo propuesto puede ser usado para

describir la dinámica de cualquier qubit, decidimos centrarnos en el estudio de los FQs,

introducidos por primera ver en Ref.[17]. En particular, en este caṕıtulo, demostramos

que la espectroscoṕıa LZS a tiempo finito en qubits-SC puede usarse como una her-

ramienta para revelar caracteŕısticas adicionales del sistema. En particular, al analizar

la dinámica del sistema a diferentes escalas temporales, obtuvimos que la simetŕıa

del patrón de resonancias puede verse afectada al considerar diferentes acoplamientos

sistema-baño.

El análisis presentado en este caṕıtulo se vuelve particularmente relevante para

entender resultados de experimentos de interferometŕıa LZS para FQ con tiempos de

relajación largos [24, 29]. Si bien existe un buen número de trabajos teóricos que han

estudiado el sistema estacionario de un TLS en presencia de campos externos periódicos

en el tiempo [40, 42, 66–68], los resultados experimentales de interferometŕıa LZS en FQ

no concuerdan con estos trabajos teóricos previos. El desarrollo teórico presentado en

las Refs. [40, 42, 66–68] muestran la presencia del mecanismo de inversión de población

en el sistema y la aparición de patrones de resonancias asimétricos como función de

la enerǵıa de ajuste del qubit, contrariamente a los patrones simétricos observados en

los experimentos de FQ [24, 29]. Los trabajos en las Refs. [51, 52] proponen una

posible explicación: existe una transición dinámica desde un patrón de resonancias

simétrico por debajo del tiempo de relajación tr a un patrón de resonancias asimétrico

para escalas de tiempo por encima de tr. De esta manera, se puede suponer que los

tiempos de medición de los experimentos de FQ corresponden a una escala finita de

tiempo por debajo de tr, consecuentemente el patrón de resonancias correspondiente al
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estado estacionario no llega a ser expĺıcitamente observado, si es que se considera este

escenario. Por el otro lado, Ref.[69] mostró que el ruido transversal puede dar lugar a

resonancias simétricas en la interferometŕıa LZS del estado estacionario, sugiriendo de

esta manera una explicación alternativa y diferente de los resultados experimentales

(trabajos anteriores [40, 42, 51, 52, 66–68] solo consideran un ruido longitudinal).

Teniendo en cuenta estas ĺıneas de trabajo, en este caṕıtulo se intenta definir que

escenario teórico posible puede dar lugar a los resultados obtenidos en los experimentos

de [24, 29], para ello se analiza la dependencia temporal de los patrones de interfer-

ometŕıa LZS para diversos acoplamientos del sistema-baño. En particular, comenzamos

considerando al FQ como un TLS, para luego extender este análisis a un ML (hasta

cuatro niveles).



Chapter 4

Entanglement generation in

two-coupled SC-qubits: the role of

harmonic driving

The control and manipulation of entanglement are among the central prerequisites

of quantum computing architectures to exploit the non-local quantum correlations as

it was presented in Chap.1-Sec.1.1.1.

Today, entanglement has been demonstrated in a large variety of physical systems

like ultracold atomic ensembles [99, 100], ion traps [101, 102], and cavity quantum elec-

trodynamics devices based on superconducting (SC) qubits [103–106]. Among these,

solid-state SC-circuits based on Josephson junctions are promising due to their micro-

fabrication techniques and downscalability [17–21]. In these devices, the generation

and control of entanglement have been tested under various schemes [13, 107–109]. For

instance, pulse sequences have been implemented for several SC-qubits with fixed inter-

action energies [110, 111], and tunable coupling schemes have been proposed [21, 112–

114]. Alternatively, engineering selection rules of transitions among di↵erent energy

levels is a possible strategy for coupling and decoupling SC-qubits [115, 116].

The sensitivity of the energy levels of SC-qubits to an external magnetic flux (ac +

dc) has been extensively studied in recent years [27, 44, 75, 76, 117–119]. Microwave

fields have become a tool to analize quantum coherence and to access the multilevel

structure of these artificial atoms under strong driving [24, 29, 34, 51, 52, 120].

Profiting from these ideas, in this chapter, we study the manipulation of entangle-

ment between two SC-qubits by external driving fields of variable amplitude and fixed

frequency. In particular, we investigate how the strength and the type of coupling

between the two qubits a↵ect the dynamics and the entanglement. For such a purpose,

we consider di↵erent static couplings for a given microwave driving field configuration.

For Flux Qubits (FQs) [17, 24], the natural interaction is between the magnetic fluxes,

65
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providing a coupling through their mutual inductance [17, 24, 109]. On the other hand,

for phase or charge qubits the dominant coupling is essentially capacitive [21, 111, 121].

Entanglement generation in ac-driven systems has been extensively investigated

in the literature, but mostly in the case of one and two-photon resonances and for

low ac amplitudes. Here we will investigate entanglement control and generation near

multiphoton resonances and for large ac amplitudes, in the context of Landau-Zener-

Stuckelberg (LZS) interferometry [24, 29, 44, 52, 120, 120].

4.1. Two-coupled qubits model

We start by considering the simple case of two-coupled SC-qubits with no dissipa-

tion, where each qubit is modeled as a TLS and its dynamic is governed by a unitary

evolution given by the Shrödinger equation. See Chap.2-Sec.2.3 and Chap.3-Sec.3.2.1

for further details about the TLS model.

Figure 4.1: Schematic illustration of

two-coupled qubits. Each qubit Qj is mod-
eled as a TLS, with energies {Egj , Eej} cor-
reponding to |gji the ground state and |eji
the first excited state, with j = 1, 2. The
qubit-qubit interaction is schematically plot-
ted with two-sided arrows connecting both
qubits. Such an interaction obeys the Hamil-
tonian H12 from Eq.(4.2).

The dynamics for this case can be described by the global Hamiltonian [21]

H = �1

2

2X

j=1

�
✏j�

(j)
z

+�j�
(j)
x

�
+H12. (4.1)

The first term corresponds to the Hamiltonian of each j-qubit described as a TLS,

where ✏j is the detuning energy (which can be controlled with a magnetic flux in the

case of FQs, or with gate voltages in the case of charge qubits), �j is the tunnel

splitting energy and �(j)
z , �(j)

x the Pauli matrices, with j = 1, 2 the index of each qubit.

H12 is the coupling Hamiltonian, which in general can be written as:

H12 = �Jz

2
�(1)
z
�(2)
z

� J c

2

�
(1� p)�(1)

x
�(2)
x

+ p�(1)
y
�(2)
y

�
, (4.2)

with Jz and J c the correspondent coupling constants. Di↵erent physical coupling

schemes between SC-qubits are represented by this Hamiltonian. For example, the

case J c = 0 and Jz 6= 0 corresponds to FQs with longitudinal coupling [109] and

charge qubits with capacitive coupling; the case Jz = 0, J c 6= 0, p = 0.5 corresponds to

charge qubits connected via a Josephson junction and to phase qubits with a capacitive
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coupling, Jz = 0, J c 6= 0, p = 1 corresponds to charge qubits connected through a

common LC oscillator; Jz = 0, J c 6= 0, p = 0 corresponds to charge-phase qubits

coupled by connecting loops with a Josephson junction in the common link, etc. (see

for example [21] for a review). Here, we will consider a static qubit-qubit coupling

given by the manufacturing variables, thus J c and Jz are time-independent1.

Fig.4.1 shows a schematic illustration for this scenario. Each qubit Qj is modeled

as a TLS, where the eigenenergies for the qubit Qj correspond to the set of energies

{Egj , Eej}, with |gji the ground state and |eji the first excited state, j = 1, 2. The

qubit-qubit coupling is schematically represented by lines connecting both qubits Qj,

corresponding to the interaction Hamiltonian H12.

Our main goal is the control of entanglement between two-coupled qubits through

external microwaves fields. Thus, we consider the two-coupled qubits model in the

presence of harmonic drivings, and introduce the general term [123]

V (t) = �1

2

2X

j=1

fj(t)�
(j)
z
,

fj(t) = Aj cos(!jt),

(4.3)

where fj(t) is the driving microwave field of amplitude Aj and frequency !j applied to

each qubit, j = 1, 2. The driving frequencies !1 = !2 = ! are chosen equal to simplify

the following analysis.

The resulting Hamiltonian is thus periodic in time, H(t) = H(t + ⌧) with period

⌧ = 2⇡/!, and it is expressed as

H(t) = �1

2

2X

j=1

�
✏j(t)�

(j)
z

+�j�
(j)
x

�
+H12, (4.4)

with ✏j(t) = ✏j + Aj cos(!t).

In order to obtain numerical and analytical results of the system dynamics (4.4),

we implement the Floquet formalism [34], see Chap.2-Sec.2.1.

4.2. Concurrence in the Floquet basis

An entanglement measure2 quantifies the degree of quantum correlations present

in a given quantum state, see Ap.A for further details. Along with all the well-known

entanglement measures, we choose to work with the concurrence C [124].

1 New experimental setups [122] show new ways to control the qubit-qubit coupling.
2 See Ap.A
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In the case of pure states | (t)i, the concurrence can be computed as

C(t, t0) = |h (t)⇤|�(1)
y

⌦ �(2)
y
| (t)i|, (4.5)

which goes from 0 for non-entangled states to 1 for maximally entangled states. | (t)⇤i
is the complex conjugate of | (t)i. Notice that Eq.(4.5) depends implicitly on the initial

time t0 through | (t)i, since the system wavefunction is initially defined up to a global

complex phase.

We calculate the concurrence C(t, t0) using the expansion of | (t)i in the Floquet

basis [34], see Chap.2-Sec.2.1. Thereby, Eq.(4.5) remains

C(t, t0) = |
X

↵�

a↵(t0)a�(t0)e
�i("↵+"�)(t�t0)C̃↵�(t)|, (4.6)

where
a↵(t0) = hu↵(t0)| (t0)i,

C̃↵�(t) = hu↵(t)|⇤�y ⌦ �y|u�(t)i,
(4.7)

with |u↵(t)i the Floquet state, "↵ the corresponding quasi-energy, and | (t0)i the initial
condition.

Employing the extended Fourier basis |u↵(t)i =
P

k
e�ik!t|u↵(k)i and hu↵(t0)| =P

q
eiq!t0hu↵(q)|, the Eq.(4.6) becomes

C(t, t0) = |
X

↵�kk0qq0

C̃↵�(k, k
0)f↵�(q, q

0)e�i'
kk0qq0
↵� (t,t0)|, (4.8)

where
'kk

0
qq

0

↵�
(t, t0) = ("� + "↵ � (k0 + k)!)t� ("� + "↵ � (q0 + q)!)t0,

C̃↵�(k, k
0) = hu↵(k)|⇤�y ⌦ �y|u�(k

0)i,

f↵�(q, q
0) = a↵(q)a�(q

0),

a↵(q) = hu↵(q)| (t0)i,

(4.9)

k, k0, q, q0 2 Z.

Under general conditions, the initial time can be averaged out3. Thus, we compute

the time-averaged concurrence over t0,

C(t) =
1

T

Z
T

0

dt0 C(t, t0), (4.10)

with ⌧ = 2⇡/! the driving period. Moreover, it is useful to characterize the typical

3 This is similar to the time-average performed to obtain the probability P� in footnote 7 in
Chap.3-Sec.3.2.1.1.
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concurrence of a time dependent system with an aditional average3

C = lim
⌧!1

1

⌧

Z
⌧

0

dtC(t). (4.11)

Figure 4.2: Concurrence as a function of two-times {t, t0}. Plots of the concurrence
C(t, t0) for ✏0/! = 4 and A/! = 3.8, as a function of the normalized time t/⌧ for 300 di↵erent
initial times t0/⌧ , represented on the vertical colour bar. The initial state is | (t0)i. C(t) is

plotted in black line and its average C is plotted in dashed magenta line. The inset show the plot
in the range t/⌧ 2 [0, 500], while the main figure shows a detail in the interval t/⌧ 2 [480, 500].
Results correspond to longitudinal coupling with Jz/! = �3. Parameters are �1/! = 0.1 and
�2/! = 0.15.

As an example of the averaging procedure4, we calculate the numerical value of the

concurrence as a function of t and t0.

Fig.4.2 displays the concurrence C(t, t0) as a function of the normalized time t/⌧

calculated for the initial condition | (t0)i = |gi, which was adopted as the ground

state of the time independent Hamiltonian for the full qubit-qubit system (4.1) (with

eigenvalue Eg) for detuning energy ✏j/! = ✏0/! = 4, j = 1, 2, and static coupling

strength Jz/! = �3, corresponding to the longitudinal coupling case in Eq.(4.2).5 The

driving amplitude is Aj/! = 3.8, j = 1, 2. C(t, t0) was computed for around ⇠ 300

di↵erent initial times with t0/⌧ 2 [0, 1].6 The di↵erent initial times induce a di↵erent

initial phase in the microwave field, thus the curves are shifted as function of time.

After averaging over t0, C(t), turns out to be a smoother function whose time average

C, results independent on time as expected.

4 We numerically compute the time (t, t0)-dependence of concurrence to show the oscillatory be-
havior of C(t, t0) as a function of t and t0, which is washed up after performing the double average.

Such a result shows that the quantity C is used here as a theoretical tool to characterize the typically
expected degree of entanglement in a time-dependent state.

5 This choice is arbitrary. Similar plots of C(t, t0) as a function of {t, t0} are obtained when varying
the qubit-qubit coupling and the qubits parameters.

6 The driving is turned on at time t0.
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4.3. E↵ects of qubit-qubit coupling

We now proceed to numerically and analytically calculate the concurrence for dif-

ferent qubit-qubit couplings and as a function of the qubits parameters.

For simplicity, along this chapter, we fix the following values and parameters:

✏j = ✏0,

!j = !,

�1/! = 0.1,

�2/! = 0.15,

(4.12)

8j = 1, 2. We further take ~ = 1, and the energy scales are normalized by ~!.
The main ingredient in the discussion of our results corresponds to the commutator

between the driving V (t) and the qubit-qubit coupling term:

[V (t), H12] = i
J c

⇣
f1(t) + f2(t)

⌘
(1� 2p)

4

�
�(1)
y
�(2)
x

+ �(1)
x
�(2)
y

�

+ i
J c

⇣
f1(t)� f2(t)

⌘

4

�
�(1)
y
�(2)
x

� �(1)
x
�(2)
y

�
.

(4.13)

Consequently, we call longitudinal coupling the case when the coupling commutes with

the driving term (J c = 0), and transverse coupling the case when the coupling does

not commute with the driving term (J c 6= 0).7

To simplify the analysis, we only keep the first term in Eq.(4.13).8 We will consider

here the same driving in both qubits

Aj/! = A/!, 8j = 1, 2 ) f1(t) = f2(t), (4.14)

thus the driving term (4.3) becomes

V (t) = �1

2

2X

j=1

f(t)�(j)
z
,

f(t) = A cos(!t),

(4.15)

in which case the commutator remains

[V (t), H12] = i
J cf(t)(1� 2p)

2

�
�(1)
y
�(2)
x

+ �(1)
x
�(2)
y

�
. (4.16)

7 This assumption must be carried out with care since the transverse coupling can commute with
the driving when p = 0.5, Jc 6= 0, and f1(t) = f2(t). More details about this coupling are developed
in Sec.4.3.2.

8 The second term unveils an intricate dependence on the commutator beyond the value of p.
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4.3.1. Longitudinal coupling

We start with the results for the longitudinal coupling case for Jz 6= 0 and J c = 0.

The situation is typically achieved in FQs, where the qubit-qubit coupling is longitu-

dinal, and the driving is through a time-dependent magnetic flux [109, 123].

The Hamiltonian of the qubit-qubit interaction (4.2) for this scenario is

H12 = �Jz

2
�(1)
z
�(2)
z
, (4.17)

for which the driving and coupling always commute (4.16):

[V (t), H12] = 0. (4.18)

(a)

(c)

(b)

,

Figure 4.3: Energy spectrum for longitudinal coupling. (a) Eigenenergies Ej in the
absence of driving, A/! = 0 (bold lines) and quasi-energies for A/! = 3.8 (dashed black lines)
as a function of ✏0/!, for the coupling strength Jz/! = �3. Parameters are �1/! = 0.1 and
�2/! = 0.15. The two panels (b) and (c) at the right show enhanced plots of avoided crossings
of the eigenenergies. The numerical parameters are taken from Eqs. (4.12) and (4.14).

Fig.4.3(a) shows the eigenenergies Ej, {Eg, Ee1 , Ee2 , Ee3} (bold lines) for the time

independent Hamiltonian (A/! = 0) and the quasi-energies (dashed black lines) for

the driven Hamiltonian (A/! = 3.8) as a function of the detuning ✏0/!, see Eq.(4.4).

Both cases correspond to Jz/! = �3. The eigenenergies correspond to the eigenstates

basis {|gi, |e1i, |e2i, |e3i}, respectively, where |gi (black line) corresponds to the ground

state and |eji to the three excited states (red, blue and green lines). Moreover, Figs.

4.3(b) and (c) display a zoom-in plot of Fig.4.3(a), showing that there is no energy

degeneracy among these states.

Due to the form of the coupling term, and since �1/!,�2/! ⌧ |Jz/!|, the eigenen-
ergy spectrum presented in Fig.4.3 can be easily understood in terms of the compu-

tational basis {|00i, |01i, |10i, |11i} defined in the product space of the two qubits9.

9 Here, we are using a simplified notation for the product space of the two qubits. Formally, the
computational basis should be understood as {|01i|02i, |01i|12i, |11i|02i, |11i|12i}. Where {|0ji, |1ji}
corresponds to the computational basis of each j-qubit, j = 1, 2.



72
Entanglement generation in two-coupled SC-qubits: the role of

harmonic driving

Roughly speaking, for Jz < 0, we obtain the following description:

1. energies showing a nearly linear dependence on the detuning energy Ej ⇠ +|✏0|+
|Jz|/2 describe the energy E11 corresponding to the state |11i,

2. energies of the form Ej ⇠ �|✏0|+ |Jz|/2 describe the energy E00 of the state |00i,

3. flat (quasi-degenerated) energies Ej ⇠ �|Jz|/2 describe the energies {E�, E+},
corresponding to the Bell states ⇠ {|��i, |�+i}, with |�±i = (|01i± |10i)/

p
2.

Notice that we have chosen an antiferromagnetic coupling Jz < 0, which reduces the

energy of the states {|01i, |10i}, while it increases the energy of the states {|00i, |11i}.
On the contrary, if the coupling is ferromagnetic Jz > 0, the energies of {|01i, |10i} are

increased, while the ones of {|00i, |11i} are reduced. Hence, the eigenenergy spectrum

for the Jz > 0 is expected to be similar to the spectrum in Fig.4.3 with Ej ! �Ej.

For another part, the quasi-energies of the two-qubits system can be computed

analytically in the limit �j/! ! 0 using the Van Vleck nearly degenerate perturbation

theory [45]. We obtain

"↵ ⇠ ±✏0 + Jz/2 + n!,

"� ⇠ �Jz/2 + n!,
(4.19)

with n 2 Z. The quasi-energies are almost replicas of the eigenenergies Ej, which

means "↵ ⇠ Ej + n!.

As the driving V (t) and the static coupling Hamiltonian in Eq.(4.4) are both pro-

portional to �z in this limit, the location of the quasi-crossings in the spectrum of

quasi-energies are replicas of the quasi-crossings of the static spectrum (see Fig.4.3).

The resonance conditions, "↵ � "� = m! (m 2 Z), are thus satisfied respectively for

2✏0 ⇠ m!,

✏0 ± Jz ⇠ m!.
(4.20)

They correspond to multiphoton processes where the population probability is modu-

lated by the zeros of the Bessel functions of order m, Jm(A/!)[45, 123]. Notice that,

while the first resonance condition gives half-integer and integer values of ✏0/!, the

second one depends on Jz/!. For integer values of Jz/! the quasi-degeneracies are

located at integer values of ✏0/!, as is clearly seen in Fig.4.3. However, for arbitrary

Jz/! the quasi-degeneracies also appear for values of ✏0/!, which are neither integer

nor half integers.

We will investigate the cases where the system is prepared initially in the ground

state, and the ac drive is turned on at a later time t0. Therefore | (t0)i = |gi for the
corresponding ✏0/!. In Fig.4.3, |gi corresponds to the eigenenergy in black bold line.
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Figure 4.4: LZS-like pattern for double-averaged concurrence C in parameter space

{A/!, ✏0/!}. (a) Plots of C versus ✏0/! for A/! = 0 (black line) and A/! = 3.8 (red line). (b)

Colour map of C versus ✏0/! and A/!. In both plots the initial condition corresponds to the
ground state for the correspondent ✏0/!. Jz/! = �3 is the coupling strength. The other qubits
parameters are the same as in Fig.4.3.

In Fig.4.4(a), we show the concurrence C as a function of ✏0/! for di↵erent values

of A/!. We employ Jz/! = �3 and the other parameters are the same presented in

Eqs. (4.12) and (4.14).

In the absence of driving, A/! = 0 (black dashed line), C gives immediately the

concurrence of the ground state. Those results can be easily understood following the

descriptions presented in the items 1-3. We see that the ground state is entangled

for detuning energies satisfying |✏0/!| . |Jz/!| = 3, where the concurrence takes

values close to 1. In particular, for ✏0 = 0, the ground state is the Bell’s state |��i =
(|01i � |10i)/

p
2, which is known to be a maximally entangled state [124]. On the

other hand, for values |✏0/!| > |Jz/!| = 3, the ground state is almost disentangled,

i.e. for large values of ✏0 the ground state is asymptotically a separable state of the

computational basis, corresponding to |00i for ✏0 � 0 and |11i for ✏0 ⌧ 0.

When the driving is turned on (A/! = 3.8), C displays a pattern of resonance where

entanglement is either created or destroyed. In particular, for |✏0/!| > |Jz/!| = 3,
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where the initial condition corresponds to a separable state, we see that it is possible

to generate entanglement in a controlled way around a given resonance. Otherwise, en-

tanglement is reduced. Notice that the positions of the resonances in C are determined

from the already mentioned conditions: 2✏0/! ⇠ n and ✏0/! + Jz/! ⇠ n, with n 2 Z,
see Eq.(4.20). For this case, the resonances in Fig.4.4(a) are located at integer and

half-integer values of ✏0/!, since Jz/! = �3. Therefore, it is around a (quasi) degen-

eracy where the Floquet states are strongly mixed, giving rise to significant deviations

in the behavior of the concurrence compared to the undriven case.

Notice that, in the lowest order in �j/!, the resonances conditions Eq.(4.20) co-

incide with the condition Ej � Ej0 ⇠ m!. Thus, for the region ✏0/! > |Jz/!| = 3,10

they can be classify as follows

2✏0 ⇠ m!, SS-resonances,

✏0 ± Jz ⇠ m!, SE-resonances,
(4.21)

where the nomenclature can be understood as:

SS-resonance: the resonance takes place between two separable (S) states,

SE-resonance: the resonance takes place between a separable (S) and an entan-

gled (E) state.

For the SS-resonance case, it is clear that the resonant states belong to the pair

{|gi, |e3i} ⇠ {|00i, |11i} (black and green lines in Fig.4.3), being both separable states,

with energies ±✏0. However, when the SE-resonance condition is tuned, defining which

pair of resonant states are involved becomes ambiguous: this resonance can take place

either between the pairs {|gi, |e1i} ⇠ {|00i, |��i} (black and red lines) or between

{|gi, |e2i} ⇠ {|00i, |�+i} (black and blue lines). The first |e1i and second |e2i excited
states are nearly but not degenerated in energy, although the SE-resonant condition

in Eq.(4.21) does not distinguish between the previous pairs of resonant states. The

reason for this problem lies in the fact that the quasi-energies (4.19), and consequently

the resonance conditions (4.20), are obtained at zero order of �j/! ! 0, j = 1, 2.

Additional calculations should be performed to clarify such an ambiguity [125].

We now proceed to extend the previous results for a broad range of driving param-

eters. In Fig.4.4(b) we plot C as a function of ✏0/! and A/!, for Jz/! = �3. For

each particular multiphoton resonance, the concurrence is modulated by the driving

amplitude, where full (or partial) recovery of the initial entanglement is possible. A

related phenomenon has been already observed in single SC-qubits, where Landau-

Zener-Stuckelberg (LZS) interference patterns studied as a function of detuning ✏0 and

amplitude A, display multiphoton resonances modulated by the coherent destruction of

10 The analysis can be easily extented for the negative branch.
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(a)

(b)

Figure 4.5: LZS-like pattern for double-averaged concurrence C in parameter space

{Jz/!, ✏0/!} . Colour map of C versus Jz/! and ✏0/! for A/! = 0 (a) and A/! = 3.8 (b)
respectively. The other qubits parameters are the same as in Fig.4.3.

tunneling at certain amplitudes [24, 29]. In Fig.4.4(b), we see how the LZS interference

patterns show up also in the entanglement.

So far, we have studied the entanglement for a fixed value of the coupling strength.

However, in several practical implementations, the intensity of the coupling can be

controlled. Thus it is interesting to analyze whether a di↵erent static coupling would

induce qualitative changes in the above description, taking into account that the spec-

trum of quasi-energies is sensitive to this change (see Figs. 4.3).

In Fig.4.5 we plot a map of C versus Jz/! and ✏0/! for A/! = 0 and 3.8, taking

as the initial state the ground state for the corresponding ✏0/! and Jz/!.

In the absence of the microwave field (see Fig.4.5(a)), two well-separated behaviors

are observed, corresponding to positive and negative values of Jz respectively. For

Jz < 0 (antiferromagnetic coupling) the ground state is entangled for |✏0| < |Jz| as we
already described, given rise to the triangular-shaped region in C. On the other hand,

for the ferromagnetic coupling Jz > 0, the ground state is entangled only for values

✏0 ⇠ 0, being approximately the Bell’s state |��i = (|00i � |11i)/
p
2 in this case.
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When the microwave field is on, C exhibits the structure of resonances where the

entanglement is created or destroyed in a well-controlled way (see Fig.4.5(b)), with

resonances located at half-integer or integer values of ✏0/! and others located at posi-

tions determined by the values of Jz/!, as we already mentioned (4.20). For integer

values of Jz/!, the resonances are at integers ✏0/!, while for arbitrary real values of

Jz/! they are respectively shifted to non-integer values of ✏0/! (notice the straight

lines forming the triangular shape pattern).

4.3.2. Transverse coupling

In this section we focus on the transverse coupling case for Jz = 0 and J c 6= 0. In

this case, the qubit-qubit interaction Hamiltonian corresponds to

H12 = �J c

2

�
(1� p)�(1)

x
�(2)
x

+ p�(1)
y
�(2)
y

�
, (4.22)

with p 2 [0 : 1], for which the commutator relation gives

[V (t), H12] / J c(1� 2p), (4.23)

see Eq.(4.15) for details about the driving term form.

It follows from Eq.(4.23) that the commutator cancels for p = 0.5, while for any

other p 2 [0 : 1] the commutator does not vanish. For this reason, this section is

divided into three subsections, corresponding to the couplings: p = 0, p = 0.5, and the

mixed p-case.

4.3.2.1. p = 0 case

For p = 0 the coupling Hamiltonian (4.22) reads

Hc

12 = �J c

2
�(1)
x
�(2)
x
, (4.24)

which does not conmute with the driving term, which takes the value

[V (t), H12] / J c. (4.25)

Fig.4.6 shows the eigenenergies Ei, {Eg, Ee1 , Ee2 , Ee3} (bold lines), as a function of

✏0/! for the static Hamiltonian for J c/! = �3 and p = 0, see Eq.(4.4). Additionally

we plot the quasi-energies for the driven Hamiltonian (4.4) in black dashed lines, for

the amplitude A/! = 3.8. The other parameters are the same presented in Eqs. (4.12)

and (4.14).
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Figure 4.6: Energy spectrum for trans-

verse coupling. Energy levels Ei for A/! = 0
(bold lines) and quasi-energies for A/! = 3.8
(dashed lines) as a function of ✏0/! for Jc/! =
�3 and p = 0. The qubits parameters are
�1/! = 0.1 and �2/! = 0.15. The numerical
parameters are taken from Eqs. (4.12) and (4.14).

From the Hamiltonian in Eq.(4.4) and the coupling term in Eq.(4.24), it is straight-

forward to see that the coupling strongly breaks the degeneracy in energy between

{|01i, |10i} and mixes the states {|00i, |11i}.
For this scenario, it turns more di�cult to distinguish each eigenstate using the

computational basis. Yet, a brief analysis can be made for two extreme regions:

|✏0/!| � |J c/2!| and |✏0/!| ⌧ |J c/2!|.
For |✏0/!| � |J c/2!|, with J c < 0, and choosing the positive branch of ✏0/!,11 we

obtain the following description:

4. energies showing a nearly linear dependence on the detuning energy Ej ⇠ �✏0
describe the energy E00 corresponding to the state |00i,

5. energies of the form Ej ⇠ �|J c|/2 describe the energy E� of the Bell state

|��i = (|01i � |10i)/
p
2,

6. energies of the form Ej ⇠ +|J c|/2 describe the energy E+ of the Bell state

|�+i = (|01i+ |10i)/
p
2,

7. energies showing a nearly linear dependence on the detuning energy Ej ⇠ +✏0

describe the energy E11 corresponding to the state ⇠ |11i.

In this limit, the gaps �1,�2 ⌧ ✏0 become negligible. The Hamiltonian of each

qubit can be expressed as H(j) = �1/2✏j�
(j)
z � 1/2�j�x ⇠ �1/2✏j�

(j)
z , j = 1, 2. As

a consequence, the eigenstates of
P

j
H(j) are eigenvectors of �(1)

z �(2)
z . Moreover, for

J c > 0, the items 5 and 6 are switched: the energies of the form Ej ⇠ �|J c|/2
correspond to ⇠ |�+i, while the energies Ej ⇠ +|J c|/2 correspond to ⇠ |��i.

For the region |✏0/!| ⌧ |J c/2!|, the items 4 and 7 can be approximated as

⌥
p
✏20 + (J c/2)2. In particular, for ✏0 = 0, the eigenenergies are ⌥|J c|/2.

11 The analysis can be easily extended to the negative branch.
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The quasi-energies can be computed as

"↵ ⇠ ±

s

✏20 +

✓
Jc
2

◆2

+ n!,

"� ⇠ ±J c

2
+ n!,

(4.26)

with n 2 Z, assuming �j/! ! 0 and A/! ! 0 in the Hamiltonian Eq.(4.4). Thus, the

resonance conditions are fulfilled for

J c

!
⇠ m, (independent of the detuning)

✓
2✏0
!

◆2

+

✓
J c

!

◆2

⇠ m2,

J c

2!
±

s
⇣✏0
!

⌘2
+

✓
J c

2!

◆2

⇠ m,

(4.27)

with m 2 Z. The two latter conditions give rise to an intricate pattern of quasi-

degeneracies in the spectrum of Fig.4.6, which will induce a non-trivial behavior in the

concurrence, as we show below.

We now proceed to compute the concurrence C as a function of {J c/!, ✏0/!},
considering the ground state |gi for the static Hamiltonian as the initial condition.

The corresponding numerical results are presented in Fig.4.7 for A/! = 0 (a) and

A/! = 3.8 (b).

In the absence of driving, the pattern corresponds directly to the concurrence C

of the ground state |gi. As shown, the color map of concurrence features a similar

behavior when the sign of J c is changed12. From the Hamiltonian in Eq.(4.4) and the

coupling term in Eq.(4.24), it follows that a change of the sign of J c only flips the

first Ee1 and second Ee2 eigenenergy (corresponding to the Bell states). Thus, the

concurrence is almost symmetric in term of J c, see Fig.4.6.

The results of C for the region |✏0/!| � |J c/2!| can be interpreted in terms of the

previous description presented in 4-7. In particular, for ✏0 ⇠ 0, the Hamiltonian (4.4)

can be written as

Hc,p=0 ⇠ �1

2

X

j

�j�
(j)
x

� J c

2
�(1)
x
�(2)
x
. (4.28)

The ground state can be easily computed as the product state |gi = |s1i|s2i, with
|s1i = (|01i � |11i)/

p
2 and |s2i = (|02i � |12i)/

p
2, corresponding to the singlet states

in the basis {|0ji, |1ji} of each j-qubit space. Thus, the ground state is separable

near ✏0 ⇠ 0 independently of the value of J c, featuring a small conic zone with no

12 This result is quite di↵erent from the longitudical case, where the spectrum for C as a function
of {Jc/!, ✏0/!} is asymmetric respect to Jc/!.
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c

c

Figure 4.7: LZS-like pattern for double-averaged concurrence C in parameter space

{Jz/!, ✏0/!} . Colour map of C versus Jc/! and ✏0/! for transverse coupling with p = 0, and
for A/! = 0 (a) and A/! = 3.8 (b). The other parameters are the same as in Fig.4.6.

concurrence. Finally, there are two conic zones, between ✏0 ⇠ 0 and |✏0/!| ⌧ |J c/2!|,
where the ground state is entangled. No simple analytical calculations can be obtained

for this last case.

When the driving is turned on, the resonance pattern displayed in Fig.4.7(b) is

consistent with the resonant conditions obtained previously for (�j/!, A/!) ! 0, see

Eq.(4.27). In particular, the concurrence follows a quasi-linear behavior with J c/!

when ✏0/! s 0, which becomes parabolic in plane {✏0/!, J c/!} for larger values of

detuning ✏0. For weak coupling J c ⇠ 0, we see well-defined resonances in C. However,

when |J c/!| & 1 the driving induces a drastic change in this behavior.

Unlike to the longitudinal coupling, or the weak transverse coupling, we observe

non-trivial features in the strong transverse coupling case. In particular, there is the

generation of an important amount of homogeneous entanglement for a wide range of

detuning and static coupling strength.
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4.3.2.2. p = 0.5 case

For the p = 0.5 case, the qubit-qubit interaction (4.2) can be written as

Hc

12 = �J c

2

�
�(1)
x
�(2)
x

+ �(1)
y
�(2)
y

�
,

= �J c

2

⇣
�(1)
+ �(2)

� + �(1)
� �(2)

+

⌘ (4.29)

generating that the coupling Hamiltonian commutes with the driving term, which

remains

[V (t), H12] = 0. (4.30)

8J c. In particular, due to the symmetric form of the qubit-qubit coupling (4.29), we

shall call it symmetric transverse coupling to di↵erentiate it from the other transverse

coupling p = 0.

We first present the numerical results for the eigenenergies and quasi-energies of

this system. Fig.4.8 shows the eigenenergies Ei, {Eg, Ee1 , Ee2 , Ee3}p (bold lines), as a

function of ✏0/! for the static Hamiltonian for J c/! = �3 and p = 0.5. We also plot

the quasi-energies for the driven Hamiltonian in black dashed lines, for the amplitude

A/! = 3.8. See Eq.(4.4). The other parameters are the same presented in Eqs. (4.12)

and (4.14).

Figure 4.8: Energy spectrum for sym-

metric transverse coupling. Energy levels Ei

for A/! = 0 (bold lines) and quasi-energies for
A/! = 3.8 (dashed lines) as a function of ✏0/!
for Jc/! = �3 and p = 0.5. The qubits param-
eters are �1/! = 0.1 and �2/! = 0.15. The
numerical parameters are taken from Eqs. (4.12)
and (4.14).

In this case, the coupling term in Eq.(4.29) strongly breaks the degeneracy between

the states {|01i, |10i}. Since the coupling term commutes with the qubits Hamiltonian,

[
P

j
H(j), H12] = 0 when �j ! 0, the states {|00i, |11i} do not mix, opposite to the

p = 0 case and similar to the longitudinal case. Therefore, the eigenenergy spectrum

for J c < 0 can be easily described in terms of the computational basis in the product

space of the two qubits:

8. the energies showing a nearly linear dependence on the detuning energy Ej ⇠ �✏0
describe the energy E00 corresponding to the state k00i,

9. the flat energies Ej ⇠ �|J c|/2 describe the energy E� of the Bell state |��i, with
|��i = (|01i � |10i)/

p
2,
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10. the flat energies Ej ⇠ +|J c|/2 describe the energy E+ of the Bell state |�+i, with
|�+i = (|01i+ |10i)/

p
2,

11. the energies showing a nearly linear dependence on the detuning energy Ej ⇠ +✏0

describe the energy E11 of the state |11i.

Similarly to the previous case, for J c > 0, the items 9 and 10 are switched: the energies

of the form Ej ⇠ �|J c|/2 correspond to ⇠ |�+i, while the energies Ej ⇠ +|J c|/2
correspond to ⇠ |��i.

As it was noticed before, this symmetric coupling is quite similar to the longitudinal

case since the commutation relation (4.30) is satisfied. The quasi-energies can be

computed as in the Sec.4.3.1, with �j/! ! 0, thus we obtain

"↵ ⇠ ±✏0 + n!,

"� ⇠ ±J c

2
+ n!,

(4.31)

with n 2 N. The di↵erent resonance conditions can be calculated as

2✏0 ⇠ m!,

✏0 ±
J c

2
⇠ m!,

J c ⇠ m!,

(4.32)

with m 2 Z.

In this case, it is also easy to classify the resonances according to the involved

states. For example, for J c/! = �3 and ✏0/! > |J c/2!|,13 where the ground state is

separable (|gi ⇠ |00i), we obtain

2✏0 ⇠ m!, SS-resonances,

✏0 ±
J c

2
⇠ m! SE-resonances,

(4.34)

with m 2 Z. Unlike to the longitudinal case, the SE-resonance condition is well-

13 The analysis can be easily extended for the negative branch. For the region |✏0/!| < |Jc/2!|,
Jc < 0, the ground state is entangled and it corresponds to a Bell’s state |gi ⇠ |��i = (|01i�|10i)/

p
2,

thus the resonance conditions are classify as

✏0 ±
Jc

2
⇠ m! ES-resonances,

Jc ⇠ m!, EE-resonances.
(4.33)
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distinguished. We obtain

✏0 �
J c

2
⇠ m! SE-resonance between the states {|gi, |e1i} ⇠ {|00i, |��i} ,

✏0 +
J c

2
⇠ m! SE-resonance between the states {|gi, |e2i} ⇠ {|00i, |�+i} .

(4.35)

c

(a)

c

(b)

Figure 4.9: LZS-like pattern for double-averaged concurrence C in parameter space

{Jz/!, ✏0/!} . Colour map of C in the case of symmetric transverse coupling, as a function of
✏0/! and p for Jc/! = �3, and for A/! = 0 (a) and A/! = 3.8 (b). The other parameters are
the same as in Fig.4.8.

Now, we compute C versus {J c/!, ✏0/!}, considering the ground state |gi for the
static Hamiltonian (4.4) as the initial condition. The corresponding numerical results

are presented in Fig.4.9 for A/! = 0 (a) and A/! = 3.8 (b).

For A/! = 0 (see Fig.4.9(a)) the response is quite similar to the longitudinal cou-

pling case and it can be easily understood using the descriptions from 8-11. However,

there is a subtle di↵erence: the concurrence pattern is almost symmetric when the sign

of J c is changed. For the p = 0.5 case, a change of the sign on the coupling strength in

Eq.(4.29) manifests in a switching between the energies Ee1 and Ee2 , corresponding to
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the first |e1i and second |e2i excited state. Hence, from Fig.4.8 and the descriptions in

8-11, it is straightforward to see that the concurrence pattern in terms of {J c/!, ✏0/!}
remains almost the same when the sign of J c/! is changed.

In Fig.4.9(b) we plot C versus {J c/!, ✏0/!} when the driving amplitude is A/! =

3.8. The concurrence pattern resembles the longitudinal case. However, the concur-

rence map exhibits a quite symmetric resonances pattern both in J c/! and ✏0/!. As

it was explained before, a change of the sign on the coupling strength manifests in a

switch between the energies Ee1 and Ee2 , consequentely, the SE-resonances are also

switched, see Eq.(4.35).

4.3.2.3. p-mixing case

In this section, we investigate the dependence of C on {✏0/!, p}, for a fixed value

of J c/!. Notice that by changing p, one gets di↵erent values of the commutator

[V (t), H12] / J c(1� 2p) from Eq.(4.23).

(a) (c)

(b)

Figure 4.10: LZS-like pattern for double-averaged concurrence C in parameter

space {p, ✏0/!} Colour map of C in the case of transverse coupling, as a function of ✏0/! and

p for Jc/! = �3, and for A/! = 0 (a) and A/! = 3.8 (b). (c) Plot of C as a function of p
for ✏0/! = 0 and ✏0/! = 2, for the undriven case. The qubits parameters are �1/! = 0.1 and
�2/! = 0.15. The numerical parameters are taken from Eqs. (4.12) and (4.14).

Fig.4.10(a) shows the results without driving for J c/! = �3, and with the ground

state |gi as initial condition. Two well-defined regions that exhibit a qualitative change

in the behavior of the concurrence of the ground state are observed. For 0 < p < 0.5,
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the coupling J c/2 �(1)
x ⌦ �(2)

x is the dominant term in the Hamiltonian H12. In this

case, for ✏0 ⇠ 0, the ground state is separable corresponding to the singlet states

|s1i|s2i, corresponding to the case in Sec.4.3.2.1, but as p increases it also does the term

J c/2 �(1)
y �(2)

y , and the ground state becomes entangled. For the region 0.5 < p < 1, the

dominant term is J c/2�(1)
y ⌦ �(2)

y . In this case, the ground state remains maximally

entangled near ✏0 ⇠ 0 as p decreases. The previous description can be well-observed in

Fig.4.10(c), which shows the concurrence C as a function of p for ✏0/! = 0 and 2.

In Fig.4.10(b) we present the results for the driving amplitude A/! = 3.8. For

p = 0.5, the commutator vanishes and, thus, the entanglement resonances become

well defined, following the description presented in Sec.4.3.2.2. When departing from

p = 0.5, the resonances start to spread as a function of |1 � 2p|. An important

creation of entanglement, with a rich (and non-trivial) pattern of broad resonances,

is clearly observed in a wide range of p 6= 0.5. In the extreme case of p = 0 (and

similarly for p = 1) the entanglement is created in a broad range of ✏0/!, specially near

✏0 = 0, where the initial state is a separable state (corresponding to a singlet state), see

Sec.4.3.2.1. For larger values of ✏0/!, we observe in both cases a quite similar pattern,

with the creation of entanglement due to the driving, but with wider and overlapping

resonances compared to the p = 0.5 case. This behavior is concomitant with the

landscape of avoided crossings in the quasi-energy spectrum, as a consequence of the

non-commutation of the static Hamiltonian with the driving field, see for example

Fig.4.6 and the resonance conditions (4.27), both for the p = 0 case. The widest

resonances generate a region where entanglement is quite robust to changes in the

detuning, being a possible mechanism to stabilize the entanglement created by the

driving field.

4.3.3. Lower-bound for the minimal entanglement creation

In this section, we present some analytical results performed to characterize the

averaged concurrence C. In particular, we have obtained a lower bound expression CI ,

which allows us to study the minimal entanglement creation generated by the external

driving. See Ap.C for further details.

The obtained lower bound CI reads

CI = |
X

↵

C̃↵↵(t)
X

q

|a↵(q)|2| < C, (4.36)

where a↵(q) = hu↵(q)| (t0)i and C̃↵↵(t) is the time average of a Floquet preconcurrence

defined as C̃↵↵(t) ⌘ hu↵(t)|⇤�(1)
y ⌦ �(2)

y |u↵(t)i. q 2 Z is the Fourier index.

Roughly speaking, we have performed an RWA [27, 44, 48] disregarding fast oscillat-

ing terms in the concurrence from (4.6) and (4.8), so we only consider the quasi-energies
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that fulfill the stationary phase condition

"↵ + "� = m!, (4.37)

with m 2 Z. In this way, CI is mainly governed by the Floquet preconcurrences, each

one weighted by the projection of the Floquet states on the initial condition. It should

be noted that this expression is useful when the initial state is non-entangled since CI

determines the minimal creation of entanglement.

(a)

(b)

Figure 4.11: Lower bound for minimal creation of entanglement. Plot of C (black
bold line) and CI (red dashed line) as a function of ✏0/!. With A/! = 3.8 and the coupling
strength Jz/! = �3 (a) , and Jc/! = �3 and p = 0.5 (b). The other qubits parameters are the
same than in Figs. 4.3 and 4.8, respectively.

Furthermore, CI is well-defined when the resonance conditions too. The Eq.(4.36)

is a good approximation for the longitudinal and the symmetric transverse coupling,

since the resonances conditions (4.20) and (4.32) are well-defined giving Lorentzian

peaks at the resonances in the concurrence pattern as a function of ✏0/!. Opposite to

the p = 0 transverse coupling case, where there is a broadening of the resonance peak.

In Fig.4.11(a), we plot C and CI for the longitudinal coupling case, both as a

function of ✏0/!. We choose the initial state |00i, corresponding to a separable state

(of the computational basis), and work with the driven amplitude A/! = 3.8 and the
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coupling strength Jz/! = �3. The position of the resonances at integer values of ✏0/!

are well captured by the lower bound CI , and the agreement with C is quite good.

Notice however that for half-integer values of ✏0/!, C also exhibits resonances that are

quite attenuated in CI . This behavior can be understood taking into account that the

stationary phase condition employed to compute CI involves the sum "↵ + "� of pairs

of quasi-energies, which gives
"↵ + "� ⇠ ✏0

"↵ + "� ⇠ Jz.
(4.38)

Therefore for integer values of Jz/! and ✏0/!, the resonance (4.20) and the stationary

phase conditions (4.38) are both satisfied. On the other hand, for half integer values of

✏0/! the stationary phase approximation is not fulfilled, and the resonances displayed

in C are dimmed in CI .

Moreover, in 4.11(b) we plot C and CI for the symmetric transverse coupling case,

both as a function of ✏0/!. We choose also the initial state |00i, and work with the

driven amplitude A/! = 3.8 and the coupling strength J c/! = �3. Similarly to the

previous case, the CI results shows a good agreement.

4.4. Concluding Remarks

In this chapter, we have shown that entanglement can be manipulated by external

periodic driving fields. In particular, we presented extensive numerical and analytical

results for the concurrence of a system composed of two coupled qubits driven by an

external ac magnetic flux, neglecting the e↵ect of dissipation. In the next chapter, we

consider the open system scenario.

Our results apply to the case of highly coherent qubits [25], when the driving is

on for time scales smaller than the decoherence time td and such that !td � 1. For

time scales t < td, the entanglement generated will be stable. Currently, SC-qubits

are fabricated with decoherence times as large as td ⇠ 100µs [25], and therefore the

entanglement generated by the ac drive can be maintained coherently for several driving

periods for typical rf-frequencies.

The average concurrence C defined in Eq.(4.11) has been used here as a theoretical

tool to characterize the typically expected degree of entanglement in a time-dependent

state. Of course, this quantity, as given in the mathematical expression of Eq.(4.11),

is not directly accessible in the experiment. The concurrence C(t) can be measured in

SC-qubits by quantum state tomography for a finite time interval [126]. The generation

of entanglement described here will be shown in this type of protocol as a di↵erence in

the measured C(t) with and without the applied ac drive.

Under the above-mentioned condition, !td � 1, there are di↵erent behaviors in the
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concurrence, depending on the commutability of the driving term with the qubit-qubit

interaction term. In the special cases when the driving term and the interaction term

in the Hamiltonian commute (longitudinal coupling), the control of entanglement is

almost complete within a narrow range of the multiphoton resonances. The advantages

of this scenario are: (a) when the initial state is disentangled, it can be driven towards

a highly entangled state, and (b) when the initial state is an entangled one can strongly

reduce entanglement with the driving.

In view of entanglement manipulation, our more important result is for the trans-

verse coupling between the qubits, when the driving Hamiltonian and the interaction

Hamiltonian do not commute. In this case, we find that the multiphoton resonances

in the concurrence, as seen in terms of an entanglement measure, are spread and over-

lAp.In the {✏0, J c} plane in Fig.4.7(b) this shows as broad regions where entanglement

can be enhanced starting from a disentangled initial condition, even away from a res-

onance. Therefore the control of entanglement is robust in parameter space, being a

more convenient situation for practical implementations of driving induced entangle-

ment.
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Resumen del caṕıtulo 4: Generación de entrelaza-

miento en un sistema de dos qubits-SC acoplados: el

rol del campo armónico externo

El control y manipulación del entrelazamiento son, entre otros, unos de los princi-

pales requisitos para una buena performance de una computadora cuántica, ya que se

explota el uso de correlaciones cuánticas no locales, ver Cap.1-Sec.1.1.1.

Actualmente, el entrelazamiento ha sido demostrado experimentalmente en una

gran variedad de sistemas f́ısicos, como ensambles de átomos ultra-fŕıos [99, 100],

trampas de iones [101, 102], y en dispositivos de cavidades electrodinámicas cuánticas

basadas en el uso de qubits superconductores (SC) [103–106]. Entre todos estos can-

didatos, los circuitos-SC de estado sólido basados en el uso de junturas Josephson son

altamente prometedores debido a sus técnicas de microfabricación y su capacidad de

ser fácilmente escaleable [17–21]. En estos dispositivos, la generación y control de en-

trelazamiento han sidos probados considerándose varios esquemas [13, 107–109]. Entre

los diversos esquemas experimentales, existen implementaciones usando secuencias de

pulsos en una gran cantidad de qubits-SC con una enerǵıa de interación fija [110, 111],

y se han propuestos diversos esquemas de acoplamiento ajustable [21, 112–114]. Alter-

nativamente, la ingenieŕıa de las reglas de selección de las transiciones entre diferentes

niveles de enerǵıa resulta en una posible estrategia para acoplar y desacoplar qubits-SC

[115, 116].

En los últimos años, hubo un gran incremento de trabajos basados en el análisis de

la sensibilidad de los niveles de enerǵıa de los qubits-SC frente a un flujo magnético

externo (ac + dc) [27, 44, 75, 76, 117–119]. Los campos de microondas se han convertido

aśı en una herramienta para analizar coherencia cuántica, permitiendo además el acceso

a la estructura multinivel de estos átomos artificiales en un régimen de conducción

fuerte [24, 29, 34, 51, 52, 120].

Aprovechando estas ideas, en este caṕıtulo, estudiamos la manipulación de entre-

lazamiento entre dos qubits-SC mediante la aplicación de campos externos de ampli-

tud y frecuencia variable. En particular, investigamos como la magnitud y el tipo de

acoplamiento entre dos qubits pueden afectar su dinámica y entrelazamiento. Para tal

propósito, consideramos diferentes tipos de acoplamiento estático teniendo cuenta una

determinada configuración del campo de microondas. Para los qubits de flujo (FQs

por sus siglas en inglés)[17, 24], el tipo de interacción natural tiene lugar a través de

flujos magnéticos, produciendo de esta manera un acoplamiento asociado a una induc-

tancia mutua [17, 24, 109]. Por otro lado, para los qubits de fase o de de carga, el

acoplamiento dominante es esencialmente capacitivo [21, 111, 121].

Como ya se mencionó anteriormente, la generación de entrelazamiento en sistemas
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forzados ac ha sido estudiado extensamente en la literatura. En general, los esquemas

analizados se basan principalmente en los casos de una o dos resonancia fotónicas,

considerándose amplitudes ac pequeas. De esta manera, en este caṕıtulo el objetivo

se basa en investigar el control y generación de entrelazamiento en el contexto de

interferometŕıa Landau-Zener-Stuckelberg (LZS) [24, 29, 44, 52, 120, 120], permitiendo

un análisis de amplitudes arbitrariamente grandes.





Chapter 5

Amplitude tuning of steady-state

entanglement

The generation and stabilization of entanglement are one of the main challenges in

quantum information applications. In recent years, strategies based on the creation of

steady-state entanglement through engineered dissipation have been discussed theoret-

ically [127–130] and demonstrated in experiments [100, 102, 131–135]. In this scheme,

the system of interest is driven by external fields and coupled to a reservoir, developing a

nontrivial non-equilibrium dynamics that lead to a highly entangled steady-state. The

e↵ective relaxation rates can be tuned by adequately designing the quantum reservoir,

the system-reservoir couplings, or the driving protocols. Experimental demonstrations

include realizations with trapped ions [102, 131, 132], atomic ensembles [100], and

SC-qubits [133–137].

The di↵erent proposed mechanisms for driven dissipative entanglement generation

utilize weak resonant drivings to tailor the relaxation processes [100, 102, 127–129, 131–

137]. In contrast to the weak resonant driving protocols, suitable to quantum optics

studies aimed to manipulate atoms with light, for large amplitude periodic driving inter-

esting non perturbative e↵ects are known to exist. Among these, coherent destruction

of tunneling [64, 138, 139], LZS interferometry [24, 27, 44, 50, 75, 76, 78, 88, 91, 119],

and bath-mediated population inversion [51, 52, 68, 98] have been studied in two-level

systems built from SC-devices and quantum dots.

Based on these ideas, in this chapter, we present a mechanism to induce steady-state

entanglement by means of large-amplitude periodic drivings. Using as a test system of

two-coupled qubits, we will demonstrate that the entanglement in the steady state can

be induced and tuned by changing the amplitude of a driving periodic field. We extend

the results presented in Chap.4 by considering the e↵ects of a thermal bath in the two-

qubits system, emulating the noisy environment where these qubits are embedded. In

particular, we turn our e↵orts to the analysis of the symmetric transverse qubit-qubit

91
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coupling, see Chap.4-Sec.2.2.1, for which we find that the system entanglement exhibits

a non-trivial behavior as a function of time and the amplitude of the driving.

To numerically and analytically solve the system dynamics for this scenario, we

employ the Floquet-Markov master equation presented in Chap.2-Sec.2.2, whose tech-

niques have been already employed in Chap.3.

5.1. Open quantum system: two-coupled qubits

model

In this chapter, we consider the same two-qubit system presented in Chap.4, whose

Halmitonian reads

H(t) =
2X

i=1

✓
�✏0

2
�(j)
z

� �i

2
�(j)
x

◆
+H12 + V (t) (5.1)

with �(j)
z,x the Pauli matrices in the Hilbert space of j-qubit.

The first term corresponds to the Hamiltonian of each j-qubit described as a TLS,

where ✏j is the detuning energy (which can be controlled with a magnetic flux in the

case of Flux Qubits (FQs), or with gate voltages in the case of charge qubits) and �j

is the tunnel splitting energy.

H12 is the coupling Hamiltonian, which in general can be written as:

H12 = �Jz

2
�(1)
z
�(2)
z

� J c

2

�
(1� p)�(1)

x
�(2)
x

+ p�(1)
y
�(2)
y

�
, (5.2)

with Jz and J c the correspondent coupling constants. Overall, this type of Hamiltonian

can be realized, for instance, in SC-qubits [107, 109, 140–143], where �1,�2, J c, Jz are

fixed device parameters and ✏0 can be controlled experimentally. In the case of FQs, ✏0

can be controlled by an external magnetic flux through each qubit device, the �1,�2

are determined by the relation among the charging energy and the Josephson energy of

the junctions in the circuit, and the qubit-qubit coupling can be achieved in di↵erent

ways in the laboratory (inductive couplings, capacitive couplings, or mediated through

a cavity) [107, 109, 140–143].

The external ac driving field will be chosen as follows

V (t) = �1

2
A cos(!t)

�
�(1)
z

+ �(2)
z

�
, (5.3)

of amplitude A and frequency ! [123, 144–148]. In the case of FQs, V (t) corresponds to

applying a time-periodic magnetic flux in each qubit, with frequencies that are typically

in the microwave range. Notice that the Eq.(5.3) has the same waveform as Eq.(4.15),
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and it was chosen to simplify the following analysis.

Figure 5.1: Schematic illustration of an open system of two-coupled qubits. Each
qubit Qj is modeled as a TLS, with energies {Egj , Eej} correponding to |gji the ground state
and |eji the first excited state, with j = 1, 2. The qubit-qubit interaction is schematically plotted
with two-sided arrows connecting both qubits. Such an interaction obeys the Hamiltonian H12

from Eq.(5.2). For simplicity, we consider that the two-coupled qubit system is in contact with a
global thermal reservoir at equilibrium temperature T , spectral density function bath J(⌦) and
with coupling strength �.

We now proceed to extend the analysis presented in Chap.4 by considering the ef-

fects of dissipation and decoherence. We start by describing the open system dynamics

with the global Hamiltonian

H(t) = H(t) +Hb +Hsb, (5.4)

with H(t) the system Hamiltonian from Eq.(5.1), Hb the Hamiltonian of the bath and

Hsb the system-bath coupling Hamiltonian.

The e↵ects of the dissipation of each qubit can be modeled as in Chap.3-Sec.3.2.1.

Here, we simplify the analysis by only considering the noise source representing the

most relevant case for the system under study: flux noise in the case of FQs and to

charge noise in the case of charge qubits. In this way, we avoid the mixed noise case,

see Chap.3-Sec.3.2.1.3. A brief analysis of the other types of system-bath coupling is

presented in Ap.E1.

We consider a thermal bath at temperature Tb described by the usual harmonic

oscillators Hamiltonian Hb. The bath degrees of freedom are characterized by the

Ohmic spectral density J(⌦) = ⌦e�|⌦|/⌦c , with ⌦c the cuto↵ and  a real constant.

We choose the following coupling Hamiltonian Hsb

Hsb = A⌦ B, (5.5)

with A the observable of the composite system defined by the two-coupled qubits space

and B an observable of the global bath where the composite system is embedded. The

observable A reads

A = �
�
�(1)
z

+ �(2)
z

�
, (5.6)

1 These results can be easily understood by taking into account the mechanism presented in this
chapter and the results presented in Chap.3-Sec.3.2.1.3.
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written in the product space of the two qubits, with the same coupling strength �.

This choice of operators emulates the flux noise in the case of FQs, and the charge

noise in the case of charge qubits, which in both cases is the dominant mechanism of

coupling to the environment.

Fig.5.1 schematically features the scenario previously described for the open system

model. As the illustration shows, we are considering the composite system of Q1-Q2

of two-coupled qubits as a only system coupled to a global bath, representing a single

noise source for the system.

Since the Hamiltonian from Eq.(5.1) is periodic in time, H(t) = H(t+ ⌧), with ⌧ =

2⇡/! the driving period, it is convenient to use the Floquet-Markov master equation

to solve the open-system dynamics in Eq.(5.4), which allows treating periodic forces of

arbitrary strength and frequency, see Chap.2.

In the following sections, we present analytical and numerical results of the system

dynamics. We first numerically obtain the Floquet components and therewith the

time-dependent solution of the density matrix ⇢↵�(t) in the Floquet basis2. We also

calculate the steady-state ⇢↵�(t ! 1), which is computed as described in Chap.2. In

what follows, we set ~ = 1.

5.2. Concurrence as an entanglement measure for

open systems

We choose as an entanglement measure the concurrence, see Ap.A, which can be

calculated for mixed states as [124]

C = max{0,�4 � �3 � �2 � �1}, (5.7)

where �i’s3 are real numbers in decreasing order and correspond to the eingenvalues of

the matrix

R =
qp

⇢⇢̃
p
⇢, (5.8)

with ⇢̃ = �(1)
y ⌦ �(2)

y ⇢⇤�(1)
y ⌦ �(2)

y . In particular, the concurrence can be accessed exper-

imentally in solid state qubits through quantum tomography measurements [126].

An useful quantity to introduce is C1 defined as the concurrence calculated in the

stationary regime ⇢(t ! 1).

2 Making a simple change of basis, we can numerically extend these results to other basis, since
the Floquet states are not experimentally accesible.

3 Do not confuse with � the coupling strength, which is defined throughout this thesis.
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5.3. Amplitude tuning of steady entanglement

In this section, we present the results of the time dynamics of the concurrence

considering the description presented in Sec.5.1.

We use the following qubit parameters

�2

�1
= 1.5, (5.9)

with the open-system bath parameters

T

�1
= 0.0467,

⌦c

�1
= 333,

�2 = � = 0.001,

(5.10)

and we fix the frequency of the driving

!

�1
= 10. (5.11)

The parameters of control are the detuning energy ✏0 and the driving amplitude A.

In general, we are considering the numerical simulations device parameters ✏0,�1,�2,

J c, Jz, with the dissipation strength �, bath temperature T , driving frequency !, and

amplitudes A within the ranges available in solid-state qubits [107, 109, 140–143].

Finally, we proceed to calculate numerically the steady-state ⇢(t ! 1) and the

time-dependent ⇢(t) taking as initial condition the ground state of the static Hamilto-

nian in Eq.(5.1) for di↵erent types of qubit-qubit coupling defined in Eq.(5.2): sym-

metric and non-symmetric transverse coupling, and longitudinal coupling.

5.3.1. Symmetric transverse qubit-qubit coupling

We start by considering the symmetric transverse coupling, corresponding to the

p = 0.5 case for Eq.(5.2).

The system Hamiltonian is thus

H(t) =
2X

i=1

✓
�✏0

2
�(j)
z

� �i

2
�(j)
x

◆
� J c

2

⇣
�(1)
+ �(2)

� + �(1)
� �(2)

+

⌘
+ V (t), (5.12)

with the driving Hamiltonian V (t) from Eq.(5.3). Further considering the open system

Hamiltonian from Eq.(5.4).

In Chap.4-Sec.4.3.2.2, we analyzed in detail the eigenenergy spectrum for the static

Hamiltonian (A/! = 0) and the quasi-energy spectrum for the driven Hamiltonian



96 Amplitude tuning of steady-state entanglement

(A/! = 3.8) for J c/! = �3. Here, we revisit those previous studies for a di↵erent

coupling strength J c/! = �2.54.

Fig.5.2(a) shows the eigenenergies and quasi-energies spectrum as a function of

✏0/! for A/! = 0 and A/! = 3.8, respectively, using the parameters from Eqs. (5.9)

and (5.11). The eigenenergies are plotted in bold lines, and they correspond to Ei,

{Eg, Ee1, Ee2, Ee3} in increasing order. The quasi-energies are plotted in dashed black

lines.

(a)

-6

6

(b)

Figure 5.2: LZS interferometry pattern-like: isolated system. (a) Eigenenergies Ej

in the absence of driving, A/! = 0 (bold lines) and quasi-energies for A/! = 3.8 (dashed black

lines) as a function of ✏0/!. (b) Colour map of C versus ✏0/! and A/!. The initial condition
corresponds to the ground state for the correspondent ✏0/! (black line in (a)). Both plots are
computed for the coupling strength Jc/! = �2.5 and p = 0.5. The other numerical parameters
are taken from Eqs. (5.9) and (5.11).

The static system Hamiltonian in Eq.(5.12) for �1,�2 ⌧ ✏0, has two entangled

eigenstates with their corresponding eigenenergies:

|e+i ⇠
1p
2
(|01i+ |10i), Ee+ ⇠ +

|J c|
2

,

|e�i ⇠
1p
2
(|01i � |10i), Ee� ⇠ � |J c|

2
,

(5.13)

4 The election of the parameters is entirely arbitrary.
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calculated in the computational basis spanned by the eigenstates of �(1)
z ⌦ �(2)

z ,5 and

two separable (disentangled) eigenstates

|s0i ⇠ |00i, Es0 ⇠ �✏0
|s1i ⇠ |11i, Es1 ⇠ +✏0

(5.14)

Thus, the ground state is entangled (|gi ⇠ |e�i) with concurrence C ⇠ 1 for |✏0| < |J |/2
and separable (|gi ⇠ |s0i, |s1i) for |✏0| > |J |/2, with C ⇠ 0.

In the Floquet approach, the resonance conditions correspond to "↵�"� = m!. The

quasienergies, computed for �i/! ! 0 using perturbation theory [120] in the lowest

order, are
"↵ ⇠ ±✏0 + n!,

"� ⇠ ±J c

2
+ n!,

(5.15)

with n 2 Z. As for �i/! ! 0, the driving V (t) and the coupling Hamiltonian com-

mute, the location of the avoided (quasi) crossings in the spectrum of quasi-energies

are replicas (in ±n!) of the quasi-crossings of the static spectrum. The resonance con-

ditions "↵ � "� = m!, m 2 Z, in the lowest order in �i/!, coincide with the condition

Ej � Ej0 ⇠ m!.

We classify the resonances according to the involved states: the SS-resonance

(separable-separable states), SE-resonance (separable-entangled states and vice versa),

and EE-resonance (entangled-entangled states). The corresponding resonance condi-

tions are:
2✏0 ⇠ m!, SS-resonances

✏0 ±
J c

2
⇠ m!, SE-resonances

J c ⇠ m!, EE-resonances

(5.16)

with m 2 Z. As an example, in Fig.5.3(c), we show the positive-half of the energy

spectrum6 of Eq.(5.12) as a function of ✏0. The location of some resonances are plotted

with dashed black lines, allowing to identify each resonance condition. One of the

resonances corresponds to the SS-resonance ✏0/! = 3, the others correspond to the

SE-resonances for the values ✏0/! = 2.75 and ✏0/! = 3.25, see the reference color to

distinguish the resonant states.

We start by analyzing the case of negligible dissipation. Fig.5.2(b) presents the

numerical results for the concurrence C as a function of {A/!, ✏0/!} when the system

is initially prepared at the ground state |gi of the static Hamiltonian in Eq.(5.12). We

5 Remember that we are using a simplified notation, which means {|00i, |01i, |10i, |11i} ⌘
0102i, |0112i, |1102i, |1112i}.

6 From Fig.5.2(a), it is straightforward to see that the spectrum of energy is symmetric in ✏0/!.
From now on, we only plot the positive-half of the eigenenergy spectrum.
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use the numerical parameters presented in (5.9) and (5.11), and the coupling strength

J c/! = �2.5. As it was expected, the plot features an LZS-like pattern, being quite

similar to the resonance pattern obtained in Fig.4.4(b) for the longitudinal case in

Chap.4. For |✏0| < |J c|/2, the ground state remains |gi ⇠ |e�i and the concurrence

remains close to the value of C ⇠ 1, with subtle changes due to the driving. For |✏0| >
|J c/2|, the situation is more interesting. In this range of parameters, the ground state

is initially disentangled |gi ⇠ |s0i, |s1i, however, there is a creation of entanglement

due to the driving when a resonance condition from Eq.(5.16) is tuned.

Let us analyze what happens for the open system situation. Fig.5.3(c) shows the

concurrence C1 in the stationary regime as a function of A/! and ✏0/!, for J/! = �2.5

and for the parameters in Eqs. (5.9) and (5.11). As it is well observed, the concurrence

pattern is quite di↵erent from Fig.5.2(b).

-6

6

(a) (b)

(c)

SE

SE

SS

Figure 5.3: LZS interferometry pattern-like: open system. (a) Plots of the steady-
state concurrence, C1, as function of the driving amplitude A/! for ✏0/! = 3 (green line) and
✏0/! = 4.1 (black line). (b) Eigenenergies Ej of the system Hamiltonian H0 as a function of ✏0/!.
We marked the resonance conditions for the region |✏0/!| > |Jc/!|: SS-resonances (between
sparables states) and SE-resonances (between a separable and an entangled states). The color
reference is the same used to indentified the eigenenergies. Thus, ✏0/! = 3 corresponds to a
SS-resonance, while ✏0/! = 4.1 is an o↵-resonance case located to the left of a SE-resonance
(i. e ✏0/! = 4.25). (c) Colour map of C1 versus A/! and ✏0/!. All plots are computed for
Jc/! = �2.5 and the initial condition corresponds to the ground state for the correspondent
✏0/!. The other numerical parameters are taken from Eqs. (5.9)-(5.11).

First, we focus on the region |✏0| > |J c|/2, where the initial ground state is almost
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disentangled |gi ⇠ |s0i, |s1i. When the driving is on, A 6= 0, we find that entanglement

generation takes place for certain values of ✏0, which are close to the SE resonances at

✏0 ⇠ J c/2+ n!. In particular, the resonances present a wide and asymmetric shape as

a function of ✏0/!, giving place to the creation of entanglement even out of resonance.

As it is shown in detail in Fig.5.3(a), in these cases the concurrence is modulated by

the driving amplitude and, by adequately tuning A, C1 can reach values close to 1,

corresponding to a maximally entangled Bell state. In particular, Fig.5.3(a) features

two isolines for ✏0/! = 3 and ✏0/! = 4.1, corresponding to a resonance and an o↵-

resonance case, respectively. According to the resonances conditions from Eq.(5.16),

✏0/! = 3 corresponds to a SS-resonance with m = 6 for 2✏0 ⇠ m!, and ✏0/! = 4.1

corresponds to an o↵-resonance located near a SE-resonance, like ✏0/! = 4.25 with

m = 3 for ✏0 � |J c|/2 ⇠ m!.7

We now focus on the region |✏0| < |J c/2|, where the initial ground state is almost a

maximally entangled state |gi ⇠ |��i. For A 6= 0, the entanglement is destroyed or is

reduced for almost all the regions, showing an amplitude modulation quite similar to

the previous case.

From the patterns in the Figs. 5.2(b) and 5.3(c) it is clear to see that the entan-

glement of the steady-state has a non-trivial behavior. Despite the noisy environment,

the entanglement can be created and conserved even for times above the relaxation

time tr, showing a strong dependence on the driving amplitude.

5.3.1.1. Time-evolution of entanglement: creation, death and revival

Fig.5.4 shows the concurrence C(t) as a function of ✏0/! and the normalized time

t/⌧ for a fixed value of amplitude A/! = 3.8 and coupling strength J c/! = �2.5, with

⌧ = 2⇡/!. The other parameters are presented in Eqs. (5.9)-(5.11).

From Fig.5.4 it follows that the concurrence displays a rich dynamics near the

multiphoton resonances for the region |✏0| > |J c/2|. See the resonances marked at the

bottom of the figure, the reference color is the same in Fig.5.3(b).

At short times (below the decoherence time t < td, with td ⇠ 103⌧), the system

dynamics follows a coherent regime, see Fig.5.2(b). When a resonance is tuned, there

is a short-time dynamic entanglement creation due to the multiphoton processes, cor-

responding to the usual Rabi-like oscillations at multiphoton resonances [44, 117]. In

7 Notice that all the resonance conditions are defined to less than a multiple of n!, n 2 N. In this
way, if we want to analyze the dynamics near a SE-resonance (where the concurrence shows a non-
trivial behavior at the stationary regime), we can choose any set of values of ✏0/! near ✏0 ⇠ Jc/2+n!.
If we set the SE-resonance ✏0/! = 4.25, the closest values are ✏0/! = 4 and ✏0/! = 4.1. On the
contrary, if we set ✏0/! = 3.25, the values are ✏0/! = 3 and ✏0/! = 3.1. One expects, and it will
be shown in the next sections, that the concurrence behavior does not change much as we sweep ✏0
near of any SE-resonance, as long as the driving amplitude is large enough to reach the corresponding
avoided crossings to allow the multiphoton processes.
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Figure 5.4: Time-evolution of the LZS interferometry pattern-like for an open

system. Intensity plot of C versus ✏0/! and t/⌧ . The location of some of the SE(SS)-resonances
are indicated. The initial condition corresponds to the ground state for the correspondent ✏0/!.
The results are computed for A/! = 3.8 and J/! = �2.5. Other parameters are the same as in
Fig.5.3.

particular, the resonance peaks remain symmetric around ✏0, following a Lorentzian

shape.

For times above the decoherence time, t > td, the time-dependent oscillations of

the concurrence vanish due to the lost of the coherence between the resonant states,

consequence of the e↵ects of dissipation. Thus, the system experiences an entanglement

death.

At some resonance conditions, the concurrence remains o↵ for long times. However,

near the SE-resonances there is an entanglement revival, which is preserved for long

times t > tr, tr ⇠ 106⌧ . In particular, the concurrence pattern presents asymmetric

resonance peaks in terms of ✏0.

For the region |✏0| < |J c/2|, at short times t < td, the results reproduce the isolated

results, see Fig.5.2(b). However, for t > td, the entanglement is destroyed for almost

all the region.

To better understand this non-trivial time-dependence, we will perform a detailed

analysis of the system dynamics at di↵erent resonances conditions. We shall only focus

on the region |✏0| > |J c/2|. See Ap.E for details about the region |✏0| < |J c/2|.

Quantum tomography: resonance analysis

From the results presented above, it follows that the relevant entanglement dynam-

ics takes place near the resonance conditions.

Fig.5.5 shows the quantum tomography8 and the concurrence as a function of time

8 It consists of an analysis of the individual components of the density matrix.
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t/⌧ at di↵erent resonance conditions, for J c/! = �2.5, A/! = 3.8 and the parameters

from Eqs. (5.10)-(5.11).

(a)

(c)

(b)

(d)

(f)

(e)

(g)

(i)

(h)

Figure 5.5: Time-evolution analysis of the resonance conditions: quantum tomog-

raphy and concurrence. (a), (b) and (c) Plots of the eigenenergies as function of ✏0/!. Each
plot has a resonance condition schematically marked using dashed lines: ✏0/! = 2.75 (SE- res-
onance), ✏0/! = 3 (SS- resonance) and ✏0/! = 3.25 (SE- resonance), respectively. (d), (e) and
(f) Quantum tomography9 ⇢kl as a function of time t/⌧ for each resonance case. We only plot
the diagonal matrix elements and we use the eigenstates basis. The color reference is the same
used for the eigenenergy spectrums. (g), (h) and (i) Concurrence C as function of time t/⌧ for
the same previous cases. All plots are computed for Jc/! = �2.5 and A/! = 3.8. The initial
condition for all the cases corresponds to the ground state for the correspondent ✏0/!. The other
numerical parameters are the same presented in Fig.5.3.

1. The first row of Fig.5.5 corresponds to a SE-resonance ✏0/! = 2.75, satisfying the

constraint ✏0 + |J c|/2 ⇠ m! with m = 4. It is schematically marked in dashed

lines in Fig.5.5(a). The resonance involves the ground state |gi ⇠ |s0i and the

second excited state |e2i ⇠ |e+i. A second ES-resonance is also tuned for the

same value of detuning ✏0/! = 2.75, corresponding to a resonance between the

first excited state |e1i ⇠ |e�i and the third excited state |e3i ⇠ |s1i.

Fig.5.5(d) shows the quantum tomography9 as a function of time, written in

9 We only plot the diagonal elements of the density matrix of the system in order to simplify the
analysis and to present a cleaner plot of the quantum tomography. The reason of this choice is mainly
based on the fact that as the o↵-diagonal ⇢kl (not shown in the plot) become negligibly small above
the decoherence time (this only happens if ⇢ is written in the eigenstates basis). In Ap.E, we present
some results of the full-density matrix, further analyzing the quantum tomography on the Floquet
and the computational basis.
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the eigenstates basis of the undriven Hamiltonian, {|gi, |e1i, |e2i, |e3i}. The color
reference of the matrix elements ⇢kl is the same used for the eigenenergy spectrum.

The populations of the states {|gi, |e2i} and {|e1i, |e3i} present an oscillatory

behavior in time and correspond to the usual Rabi-like oscillations at multiphoton

resonances [44, 117]. The coherent superposition between the resonant states is

preserved only for times below the decoherence time t < td (td ⇠ 104⌧). At time

t > td, the coherence is destroyed due to the e↵ects of the environment. Finally

the steady-state is reached at t > tr (tr ⇠ 105⌧).

Fig.5.5(g) features the time-dependence of the concurrence. There is a short-

time dynamic entanglement creation due to the coherent superposition of states

induced by the driving. However, for times above the decoherence time, t > td,

we find that the driven induced entanglement fades away in the case of this SE-

resonance. In this situation, the entanglement is fragile against the noise of the

external environment, and it is easily destroyed beyond the decoherence time.

2. The second row of Fig.5.5 corresponds to a SS-resonance ✏0/! = 3, withm = 6 for

the constraint 2✏0 ⇠ m!. Similarly to the previous case, Fig.5.5(b) presents the

eigenenergy spectrum as a function of ✏0/!, where the SS-resonance is marked

using dashed lines between the energies of the resonant states |gi ⇠ |s0i and

|e3i = |s1i.

Fig.5.5(e) shows the quantum tomography as a function of time. Here, the ground

state |gi is at resonance with the third excited state |e3i, and both are separable

states. For times t < td, their populations display Rabi-type oscillations while

the populations of the other two states are negligible. Close to the decoherence

time the oscillations are damped, and both populations tend to be equal to 0.5.

Above td the coherence between these two states is lost. At larger timescales,

above tr, a rapid transfer of population to the first excited state |e1i sets in, with
almost all of the population being transferred to the entangled state. The system

dynamics presents a non-trivial behavior, which can not be explained using the

usual Rabi-like oscillations at multiphoton resonances since the state |e1i is not
at resonance with other states at ✏0/! = 3. Furthermore, the matrix element ⇢11,

corresponding to such a state, reaches a value above ⇢11 > 0.5, which means that

the system experiences a population inversion.

The time-evolution of the concurrence is plotted in Fig.5.5(h) and it unveils a rich

dynamic behavior with creation, death and revival of entanglement. At t = 0 the

ground state is disentangled, with C ⇠ 0. After the driving is turned on, there

is a dynamic generation of entanglement due to a Rabi-like resonance among the

two separable states, giving place to an oscillating C(t) that can reach values

close to 1 due to resonant states. At the decoherence time, this entanglement
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dies o↵ and the concurrence drops to zero for t > td ⇠ 103⌧ , and stays at this

value until t ⇠ 105⌧ . Above this latter time, the steady-state entanglement has

a revival, reaching a value close to one C ⇠ 1, where the system sets in the

Bell state |e1i as the steady-state, which is induced due to the nearness to the

SE-resonance at ✏0/! = 3.25. See next case.

3. The last row of Fig.5.5 correspond to a SE-resonance ✏0/! = 3.25 for m = 2 for

the constraint ✏0 � |J c|/2 = m!, which is marked in dashed lines in Fig.5.5(c)

between the energies of the ground state |gi ⇠ |s0i and the first excited state

|e1i ⇠ |e�i.

Following the same procedure from the previous cases, we plot the quantum to-

mography as a function of time t/⌧ , see Fig.5.5(f). The resonant states present

an oscillatory behavior in time due to Rabi-like oscillations at multiphoton reso-

nances for t < td (td ⇠ 104⌧). These oscillations fade away for times above the

decoherence time t > td. The surviving matrix elements remains {⇢11, ⇢22} !
{0.5, 0.5}, and no population inversion is observed.

The time-evolution of the concurrence presents a quite similar behavior from

the case 1, see Fig.5.5 (i). For times t < td, there is a short-time dynamic

entanglement creation, whose time-oscillations vanish for t > td. Contrary to the

case 1, there is a small remnant entanglement, which survives for long times.

From the previous descriptions, it is straightforward to see that a striking behavior

takes place near the SE-resonances. At large time scales, beyond the relaxation time

tr > td, we find that there is a generation of steady entanglement at one side of the

SE-resonances, corresponding to values of ✏0/! located between the cases 2 and 3.

As an example, we show in Fig.5.6(a) the time evolution of the quantum tomog-

raphy for ✏0/! = 4.1, corresponding to an o↵-resonance case located to the left of

a SE-resonance ✏0/! = 4.2510. The system is initially prepared in the ground state,

which is separable. From Fig.5.6(a), it follows that the population of the other eigen-

states is negligible during all the time evolution, and the dynamics can be reduced

to the subspace of the two states that are near resonance. Since the system is o↵-

resonance, the population remains mostly in the ground state, which corresponds to

the initial condition. However, for t > tr, the population of the first excited state

rapidly increases, while the ground state is depopulated. This explains the sudden

creation of entanglement shown in Figs. 5.3 and 5.4, since the first excited state is

entangled11. We also plot the time-dependence of the concurrence for the ✏0/! = 4.1

case, see Fig.5.6(b). At initial times, the entanglement is negligible (the concurrence is

10 Similar to the SE-resonance ✏0/! = 3.25 in case 3.
11 The choice of ✏0/! = 4.1 is arbitrary.



104 Amplitude tuning of steady-state entanglement

Figure 5.6: Time-evolution of the quan-

tum tomography and concurrence. (a)
Plot corresponding to the quantum tomogra-
phy of two-qubits density matrix ⇢ as function
of normalized time t/⌧ for the o↵-resonance
case for ✏0/! = 4.1, with A/! = 3.8 and
Jc/! = �2.5. The matrix elements ⇢kl are in
the eigenstates basis and the color reference is
the same employed in Fig.5.5. (b) Concurrence
as function of time t/⌧ for the same case. The
initial condition for both plots corresponds to
the ground state for the correspondent ✏0/!.
The other numerical parameters are the same
presented in Fig.5.3.

(a)

(b)

very small) and only after driving the system for large times, beyond tr ⇠ 104⌧ , steady

entanglement is created. The entanglement induced in this latter case is robust and

stable at long times.

5.3.1.2. Amplitude tuning of steady entanglement: mechanism

The behavior seen in Figs. 5.3, 5.4, and 5.6, is reminiscent of the dynamic transition

found in driven dissipative two-level systems near a multiphoton resonance [51, 52],

where population inversion can be induced in the steady-state.

In this way, the relaxation rate �r is strongly dependent on the amplitude A and,

in the case of two-level systems, it can be written as a sum of di↵erent terms

�r(A) =
X

n

�(n)
r

(A), (5.17)

[52, 78, 125]. The terms in the sum correspond to driving induced photon exchange

processes with the bath, where

�(0)
r describes the conventional dc relaxation process (without exchange of virtual

photon),

�(±n)
r corresponds to the ac contribution due to the exchange of n virtual photon

with energy ±n~!.

In this section, we estimate the rates �(n)
r near a multiphoton resonance showing

that their dependence with the driving amplitude A is the underlying mechanism for

the generation of entanglement in the steady-state presented in the previous sections.
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We start by considering that, near resonance, the population is concentrated in only

the two states intervening in the resonance. Therefore, we can reduce the dynamics

to the subspace of the two Floquet states {|ua(t)i, |ub(t)i} that satisfy the resonance

condition "ab = "a � "b ⇠ n!. We then write, for t � td, a Pauli like equation for the

populations of the two states near a SE resonance:

dPa

dt
= �abPb � �baPa

dPb

dt
= �baPa � �abPb.

(5.18)

For the two Floquet states {|ai, |bi}, the relaxation rate that follows from the above

equation is

�r = �ab + �ba (5.19)

where �ab and �ba are the rates between the state b ! a and a ! b, respectively12.

Furthermore, using Eqs. (5.17) and (5.19), we can decompose the relaxation rate as a

sum of terms that describe virtual n-photon transitions (see Ap.D for further details):

�r = �
(0)
r

+
X

n 6=0

�(n)
r

,

�(n)
r

= 2(gn
ab
|An

ab
|2 + gn

ba
|An

ba
|2),

(5.20)

where An

ab
=
P

k
hua(k)|A|ub(k + n)i is the transition element matrix in the Floquet

basis, with A = �(�(1)
z +�(2)

z ) the system operator (5.6), and gn
ab
= J("ab+n!)n�("ab+

n!), with J(⌦) is the spectral density of the bath and n�(E) the Bose-Einstein function

at energy E.

Using the previous descriptions, we can interpret the Eq.(5.20) as follows:

�(0)
r corresponds to the direct relaxation from the excited state to the ground

state, and it is the dominant relaxation mechanism for low A.

The dynamic transition leading to population inversion at the side of a m-photon

resonance happens for the ranges of amplitude satisfying

�(�n)
r

(A) � �(0)
r
(A) (5.21)

[52]. In this case, the �(�n)
r term corresponding to the absorption of n photons

from the ground state followed by a relaxation to the first excited state, prevails

instead of the standard relaxation from the excited state to the ground state.

12 �ab and �ba are the down and up rates, respectively.
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Figure 5.7: Amplitude tuning of steady entanglement: mechanism. (a) Intensity plot

of C as a function of A/! and t/⌧ . (b) Terms �(n)r that contribute to the relaxation rate are
plotted as a function of the driving amplitude A/!. Both cases correspond to ✏0/! = 4.1. (c)
Schematic representation of the involved transition processes between the states |gi (black line)
and |e1i (red line). The dashed lines represent the eigenenergies plus the addition of integer
multiples of ~!. The initial condition for all plots corresponds to the ground state for the
correspondent ✏0/!. The other numerical parameters are the same presented in Fig.5.3.

Thus, the relevant mechanism is a transition to a virtual level at energy Eg+n~! >

Ee1 (n-photon absorptions), followed by a relaxation to the level Ee1 .
13

In Fig.5.7(a) we plot the time dependence of the concurrence as a function of A/! for

✏0/! = 4.1 located below a n = 3-photon SE resonance. Here, we see that, for certain

values of A/!, there is a generation of entanglement in the steady-state. Fig.5.7(b)

shows the rates �(0)
r (A) and �(�3)

r (A) numerically computed as a function of A/!, while

Fig.5.7(c) shows schematically the relaxation processes that correspond to each case.

Comparing Figs. 5.7(a) and (b) we see that steady-state entanglement corresponds to

the range of A/! where �(�3)
r (A) � �(0)

r (A). This shows that by tuning the value of

A/! near a SE resonance one can attain the conditions for populating the first excited

state at long times, leading to the generation of stable steady-state entanglement.

Furthermore, in Ap.D, we analytically compute the relaxation rate (5.20) for the

e↵ective subsystem (5.18). Hence, we obtain the relaxation rates �(0)
r and �(�n)

r , with

13 A similar mechanism has been introduced in Chap.3.
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m corresponding to a SE-resonance,

�(0)
r

=
�2g0

ab
(��)2

("ab +
1
2

P
l 6=0

|�̃�
l |2

"ab+l!
)2 + (�̃�)2J0

�
A

!

�2J0
✓
A

!

◆2

,

�(�n)
r

=
�2g�n

ab
(��)2

("ab � n! + 1
2

P
l 6=n

|�̃�
l |2

"ab+l!
)2 + (�̃�)2J�n

�
A

!

�2J�n

✓
A

!

◆2

,

(5.22)

with �̃� =
p
2(�2 ��1), �̃

�
l
= �̃�Jl(A/!), and Jl(x) the Bessel function of order l.

From Eq.(5.22) it follows that, for large amplitudes, A & !, the rates �(m)
r (A)

oscillate as a function of A/!. Within a perturbative approach for �i ⌧ !, it can be

shown that their main dependence with the amplitude A is

�(n)
r

/ J2
n
(A/!). (5.23)

This Bessel function dependence with A allows that for certain ranges of A the direct

term �(0)
r vanishes while �(n)

r becomes large for some n.

Figure 5.8: Amplitude tuning of steady entanglement: mechanism. Plot of �(n)r

terms that contribute to the relaxation rate (a), population of the Floquet states ⇢1↵↵ (b), and
concurrence C1 (c) as a function of A/!. All the cases correspond to the fixed value ✏0/! = 4.1.
The other parameters are the same presented in Fig.5.3. The black lines in (a) correspond to the

approximation �(n)r / J2
n(A/!).
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This Bessel function dependence can be better observed if we extend the numerical

calculation of the �(n)
r for values of A/! larger than the case shown in Fig.5.7. We

plot in Fig.5.8 as a function of A the relaxation rates �(n)
r , the population of the

states in the steady-state, ⇢1
↵↵
, and the concurrence, C1. As it is shown in Fig.5.8(a)

the approximation �(n)
r / J2

n
(A/!) agrees very well with the values of �(n)

r obtained

numerically from the direct evaluation of Eq.(5.22). Furthermore, in Fig.5.8(b) we see

that while the amplitude satisfies A . |✏0|, the population transfer only takes place

between the states |gi (black line) and |e1i (red line), see Fig.5.3(b). But, when the

amplitude increases, more avoided crossings are reached in the range [✏0 � A, ✏0 + A]

spanned by the driving, allowing to populate the states |e2i and |e3i. In this later

situation the two-level approximation losses validity for A � |✏0|. For amplitudes A

within the two-level regime, we see that there is population inversion whenever the

�(�3)
r term is the largest one and C1 6= 0.

It is interesting to point out that for large A, where the calculation of the plotted

�(n)
r is no longer valid, there is a finite value of concurrence whenever the population of

the first excited state is the largest. Thus, even when the dynamics is more complex,

involving all the four states, the qualitative picture of entanglement generation due to

population inversion is still correct.

5.3.1.3. Finite-time LZS interferometry for concurrence

In this section, we present a brief description of finite-time LZS-like interferometry

for the concurrence C in the parameters space {J c/!, ✏0/!}. Notice that, so far, we

have only focussed on the case of negative coupling J c < 0. We now extend the previous

results to the positive branch J c > 0.

Fig.5.9 displays the numerical results of the concurrence C as a function of {J c/!, ✏0/!}
computed at di↵erent times and for a fixed value of amplitude A/! = 3.8. The other

numerical parameters are presented in Eqs. (5.9)-(5.11).

Fig.5.9(a) shows the LZS pattern-like of the concurrence C obtained at time t =

102⌧ . Since t < td ( td ⇠ 103⌧), C follows almost a unitary evolution, corresponding

to the coherent regime. Hence, Fig.5.9(a) reproduces quite well the LZS pattern-like

computed for the isolated case, see Fig.4.5(b) in Chap.4.

Fig.5.9(b) displays the results of the LZS pattern-like of the concurrence C com-

puted at time t = 104⌧ . As it is shown, the results exhibit a non-trivial behavior in

terms of J c, which can be explained as follows:

First, for the region J c < 0, most of the resonances are turned o↵ since the e↵ects

of the decoherence become important. In particular, the time t = 104⌧ belongs

to the timescale where there is an entanglement death, previously described.
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c

(a)

(b)

(c)

Figure 5.9: Finite-time LZS interferometry for the concurrence C in parameter

space {Jc/!, ✏0/!}. The color map of C are computed for A/! = 3.8 at di↵erent times: (a)
t = 102⌧ (< td), (b) t = 104⌧ (> td), and (c) t ! 1, corresponding to the stationary regime.
With td ⇠ 103⌧ and ⌧ = 2⇡/!. The other numerical parameters are the same presented in
Fig.5.3.

Second, for the region J c > 0, it follows that the system has already reached to

the steady-state. In Ap.D, we show that the mechanism of population inversion

is the same for both values of J c > 0 and J c < 0.14 In particular, the relaxation

14 A change in the Jc sign only flips the states |e�i and |e+i, then the SE-resonances are flipped
as well.
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(a) (b)

Figure 5.10: Bath-mediated population inversion mechanism for coupling strengths

Jc ? 0. Schematic plot of the ground Eg and first excited Ee1 eigenenergy for Jc < 0 (a) and
Jc > 0 (b). A virtual Floquet state with energy Eg + n~! > Ee1 is plotted in dashed lines.
When the sign of Jc is changed, Ee1 changes as: Ee1 ⇠ Ee� for Jc < 0 and Ee1 ⇠ Ee+ for
Jc > 0, where Ee± are the energies of the Bell states |e±i, respectively. The population inversion
mechanism are the same for both configurations, except the final steady-state, and consequently,

the relaxation rates are also di↵erent. �(�n)
r,?0 represents the rates for Jc ? 0.

rates near a SE-resonance follow the form �(�n)
r,<0 < �(�n)

r,>0 , thus, the relaxation time

for each region satisfies the relation t<0
r

> t>0
r
. Where < 0 (> 0) indicates that

the calculation has been performed in the J c < 0 (J c > 0) region. In Fig.5.10,

we present a schematic illustration of the mechanism.

Fig.5.9(c) presents the results for C1 in the parameter space {J c/!, ✏0/!}. The

LZS pattern-like shows a structure of asymmetric diamonds, where C1 reaches ⇠ 1.

Such a structure can be well-explained using the mechanism of the population inversion

described in the previous sections. From Fig.5.9(c) further follows that the structure of

diamonds is most robust when J c/! increases given a fixed value of driving amplitude

A/!.

5.3.2. Other types of qubit-qubit coupling: longitudinal and

non-symmetric transverse cases

In this section, we briefly describe the results for other types of qubit-qubit cou-

plings: longitudinal and non-symmetric transverse (p = 0) cases, see Eq.(5.2). We only

present the main features for these new qubit-qubit couplings. An extensive analysis

remains to be done for these new cases15.

Fig.5.11 presents the numerical calculations for the steady-state concurrence C1

as a function of {J j/!, ✏0/!}, j = z, c, for: the longitudinal case (a), and the non-

symmetric transverse case (p = 0) (b), respectively. All calculations are performed for

A/! = 3.8 and for the parameters presented in Eqs. (5.9)-(5.11).

15 Work in preparation.
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(a)

c

(b)

Figure 5.11: LZS interferometry pattern-like for steady-state concurrence C1 in

parameter space {J i/!, ✏0/!}. The plots are computed for di↵erent types of coupling: (a) lon-
gitudinal coupling, and (b) non-symmetric transverse coupling p = 0. The numerical parameters
are the same presented in Fig.5.3.

Longitudinal coupling

Fig.5.11(a) shows C1 in the parameter space {Jz/!, ✏0/!} for the longitudinal cou-

pling. The concurrence C1 pattern also features a diamond structure as the symmetric

transverse coupling, see Fig.5.9(c), but the maximum value of C1 reaches ⇠ 0.25.

Figure 5.12: Time-evolution of the

quantum tomography for the longitu-

dinal coupling. Plot corresponding to the
quantum tomography of two-qubits density
matrix ⇢kl as function of normalized time
t/⌧ for the SS-resonance case ✏0/! = 3,
with A/! = 3.8, and Jz/! = �4. The
matrix elements ⇢kl are in the eigenstates
basis and the color reference is the same
employed in Fig.4.3. See Chap.4-Sec.4.3.1
for further details. The other numerical pa-
rameters are the same presented in Fig.5.3.

Fig.5.12 shows the time-evolution of the quantum tomography for ✏0/! = 3, with
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A/! = 3.8 and Jz/! = �4. The chosen value of ✏0/! = 3 corresponds to a SS-

resonance between the states {|gi, |e3i} ⌘ {|s0i, |s1i} (black and green color), satisfying

the constraint ✏0 + |Jz| ⇠ n!, with n = 9. We have chosen the SS-resonance since we

can easily distinguish which are the resonant states for this case16.

As it is observed in Fig.5.12, the o↵-resonant states {|e�i, |e+i} (red and blue

color) are both populated in the steady-state of the system, showing a non-trivial

behavior. Formally, the system dynamics consists now of a four-levels problem and its

solution carries on several di�culties. However, we can use some physics arguments17

to understand the concurrence pattern C1 in Fig.5.11(a) and the quantum tomography

in Fig.5.12.

For the symmetric transverse coupling, we have shown that the population in-

version in an SS-resonance is induced due to the nearness to the SE-resonance,

with the overpopulation of the state |e�i (or |e+i, depending on the sign of J c).

See Fig.5.5. Here, we are using the same system operator A = �(�(1)
z + �(2)

z ),

therefore we can assume that the relaxation mechanisms are the same. Thus, the

observed population of the states {|e�i, |e+i} for times above the relaxation time

tr ⇠ 106⌧ is also due to the e↵ects of the nearest SE-resonance.

Figure 5.13: Bath-mediated population

inversion mechanism for longitudinal cou-

pling. Schematic plot of the ground Eg, first
Ee1 , and second Ee2 excited eigenenergy for
Jz < 0. A virtual Floquet state with energy
Eg + n~! > Ee1 is plotted in dashed lines. The
population inversion mechanism can be assume
as the same for both excited states, since their
energies are nearly degenerate, �E ⇠ 0.

Taking into account the previous argument, we now focus on the SE-resonance. In

Ap.D, for the symmetric transverse coupling, we have shown that the population

inversion mechanism is the same for both values of J c > 0 and J c < 0, where a

change on the sign of J c only flips the states |e�i and |e+i. See Fig.5.10. For

this new qubit-qubit coupling, the states {|e�i, |e+i} (and the SE-resonances) are

now nearly degenerate in energy16. However, if we assume the same relaxation

mechanism between a virtual Floquet state and the set of states {|e�i, |e+i},
we can argue that both populations become equally important for times above

tr, and no-inversion of the population is observed. Fig.5.13 shows a schematic

illustration for this new case.

16 For the longitudinal case, the first and second excited states are quasi-degenerated, see Fig.4.3
in Chap.4. Thus, the resonance condition between the ground state and the first (and the second)
excited state is quasi-degenerated as well.

17 Taking also into account the already known results from the symmetric transverse coupling.
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Transverse coupling

Finally, Fig.5.11(b) shows the results for C1 versus {J c/!, ✏0/!} for the non-symme-

tric transverse case (p = 0). The others numerical parameters are the same used n the

previous case.

As it is shown, the concurrence C1 pattern presents a well-defined resonance struc-

ture following the resonance conditions presented in Eq.(4.27)-Chap.4, where C1 ⇠ 1.

These results can be understood using the same population inversion mechanism than

for the p = 0.5 case.

Figure 5.14: Time-evolution of the

quantum tomography for the trans-

verse coupling. Plot corresponding to the
quantum tomography of two-qubits density
matrix ⇢kl as function of normalized time
t/⌧ for the SS-resonance case ✏0/! = 2,
with A/! = 3.8 and Jc/! = �3. The ma-
trix elements ⇢kl are in the eigenstates ba-
sis and the color reference is the same em-
ployed in Fig.4.6. See Chap.4-Sec.4.3.2.1
for further details. The other numerical pa-
rameters are the same presented in Fig.5.3.

Fig.5.14 shows the time-evolution of the quantum tomography for ✏0/! = 2, A/! =

3.8, and J c/! = �3. The value of ✏0/! corresponds to a SS-resonance between

the states {|gi, |e3i} ⌘ {|s0i, |s1i} (black and green color), satisfying the constraint

(2✏0/!)2 + (J c/!)2 = n2, n = 5.

The time-evolution of the quantum tomography is quite similar to the symmetric

transverse coupling: the first excited state |e1i ⇠ |e�i (red color) is overpopulated in

the steady-state of the system, ⇢11 & 0.5. Thus, the concurrence reaches C1 . 1,

corresponding to the bright zones in the concurrence pattern in Fig.5.11(b).

It should be remarked, that the resonance conditions for the non-symmetric cou-

pling follow a more complicated form, see Eq.(4.27), than for the symmetric coupling,

generating that the control of entanglement is not well-defined. In particular, analyti-

cal calculations for this case carry on several problems due to the non-commutativity

of the coupling and the driving, see Chap.4.

5.4. Concluding Remarks

In this chapter, we extended the analysis performed in Chap.4 to a realistic exper-

imental scenario, where the e↵ects of decoherence cannot be neglected. In particular,

our analysis has been focussed on the symmetric transverse qubit-qubit coupling, since

the population inversion phenomenon is well-observed.
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The generation of driven-dissipative steady entanglement is based on specifically

engineering the reservoir, the system-reservoir coupling and the driving protocol such

that the quantum jump operators and the dissipation rates of the corresponding Linblad

equation lead to the desired entangled steady-state [127].

At this point, it is useful to briefly introduce the Lindbladian form of the Floquet-

Markov equation obtained in Chap.2-Sec.2.2.1:

d⇢

dt
= �i[Hs(t), ⇢] +

X

↵,�

R↵�

⇢
Ĉ↵� ⇢ Ĉ

†
↵�

� 1

2
Ĉ†

↵�
Ĉ↵� ⇢�

1

2
⇢ Ĉ†

↵�
Ĉ↵�

�
(5.24)

with the jump operators Ĉ↵� = |u↵(t)ihu�(t)| and the ratesR↵� = 2R↵↵�� = 2
P

k
g(!↵�,k)

|A↵�,k|2. The Eq.(5.24) works well o↵-resonance and even arbitrarily close to resonance

for su�ciently small coupling to the environment [52, 61].

In this way, in the mechanism discussed in this chapter, the quantum jump operators

Ĉ↵� in Eq.(5.24) and the rates �↵� strongly depend on the driving amplitude A. We

show that by adequately sweeping A one can tune the terms of the quantum master

equation such that the steady-state is entangled. The regime of large amplitudes

needed for this type of tuning is accessible in the solid sate qubits where Landau-Zener-

Stuckelberg interferometry has been observed [24, 27, 44, 50, 75, 76, 78, 88, 91, 119].

The particular two qubit system studied here is an example of how this amplitude

tuned steady entanglement can be generated. From the analysis of our results, we

conclude that the relevant general conditions needed for generation of steady entan-

glement near a SE resonance are: (i) a range of the control parameter (✏0 in our case)

where there is a separable ground state and an entangled excited state; (ii) an avoided

crossing among these two states with gap � within the available range of the con-

trol parameter; (iii) to be able to access experimentally to the driving frequency and

amplitude regime of � < ! < A: and (iv) a dissipative coupling to a thermal bath.

To summarize we have found three di↵erent dynamical regimes for entanglement

evolution in driven coupled qubits: (i) Below the decoherence time, t < td, there

is a dynamic generation of entanglement at multiphoton resonances, as described in

[147, 148]. (ii) For times td < t < tr, there is a long time interval of entanglement

blackout, where entanglement is destroyed due to decoherence with the environment.

(iii) Above the relaxation time, t > tr, entanglement is created and preserved for long

times near the SE resonances. This later e↵ect enables the generation of steady-state

entanglement, which can be tuned as a function of the driving amplitude A. Quantum

state tomography measurements [126, 136] in solid state devices where Landau-Zener-

Stückelberg interferometry has been studied in single qubits [24, 27, 44, 50, 75, 76,

78, 88, 91, 119] are good candidates to test this new mechanism for entanglement

generation.



Resumen del caṕıtulo 5: Manipulación del entrelazamiento mediante la sintonización de la
amplitud del campo externo 115
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campo externo

La generación y estabilización del entrelazamiento es uno de los mayores desaf́ıos

en información cuántica. En los últimos años, diversas estrategias basadas en la

creación de entrelazamiento en el estado estacionario por medio de la ingenieŕıa de disi-

pación han sido estudiadas teóricamente [127–130] y demostradas experimentalmente

[100, 102, 131–135]. En este esquema, el sistema de interés se encuentra conducido

por campos externos y acoplado a un reservorio, lo cual da lugar a una dinámica

fuera del equilibrio no trivial, desencadenando el surgimiento un estado estacionario

altamente entrelazado. A su vez, las tazas de relajación pueden ser ajustadas por

medio de un adecuado diseño e ingenieŕıa del reservorio cuántico, de los acoplamientos

del sistema-reservorio, o de los protocolos de conducción. Las demostraciones exper-

imentales incluyen implementaciones con trampa de iones [102, 131, 132], ensambles

atómicos [100], y qubits-SC [133–137].

Los diversos mecanismos propuestos para la generación de entrelazamiento medi-

ante la conducción externa de un sistema disipativo han sido estudiados utilizando

conducciones resonantes débiles para adaptar los procesos de relajación [100, 102, 127–

129, 131–137]. Contrariamente a los protocolos de conducción resonante débil, los

cuales son adecuados para los estudios en óptica cuántica para la manipulación de

átomos con luz, los protocolos de conducción fuerte muestran la existencia de efectos

no perturbativos de interés. Algunos ejemplos son la destrucción coherente de la tunel-

ización de part́ıculas [64, 138, 139], la interferometŕıa LZS [24, 27, 44, 50, 75, 76, 78,

88, 91, 119], y la inversión de población mediada por el baño térmico [51, 52, 68, 98],

los cuales han sido estudiados en sistemas de dos niveles presentes en dispositivos-SC

y puntos cuánticos.

Basándonos en estas ideas, en este caṕıtulo, presentamos un mecanismo para generar

entrelazamiento en el estado estacionario por medio de conducciones periódicas fuertes.

Usando un sistema de dos qubits acoplados como sistema de prueba, demostramos que

el entrelazamiento en el estado estacionario puede ser inducido mediante el ajuste y

sintonización de la amplitud del campo périodico externo. Nuestro análisis actual con-

siste en una extensión de los resultados presentados en el Cap.4, ya que consideramos

los efectos del baño térmico sobre la dinámica del sistema de dos qubits, emulando

de esta manera el ambiente ruidoso en el cual se encuentran embebidos los qubits.

En particular, nuestro análisis se centra en el acoplamiento transversal simétrico entre

qubits, ver Cap.4-Sec.2.2.1, para el cual el entrelazamiento del sistema manifiesta un

comportamiento no trivial como función del tiempo y de la amplitud de la conducción
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externa.

La resolución numérica y anaĺıtica de la dinámica del sistema para este escenario es

llevada a cabo mediante el uso de la ecuación maestra en la aproximación de Floquet-

Markov, presentada Chap.2-Sec.2.2, cuyas técnicas ya han sido empleadas en el Cap.3.



Chapter 6

SC-qubits as quantum simulators:

simulating disordered systems

In this chapter, we present numerical, analytical, and experimental results of a

quantum simulator based on a SC-circuit composed of two-coupled transmons, see

Chap.1. This work aims to simulate disordered systems, in particular, we emulate the

weak localization (WL) and universal conductance fluctuations (UCF) e↵ects, which

are phenomena present in mesoscopic disordered and low dimensional systems [149,

150]. The experiment has been performed in collaboration with the EQuS (Engineering

Quantum Systems) at MIT.

Roughly speaking, the quantum simulator is implemented using coherent scatter-

ing at an avoided crossing in an operational qubit encoded in a system of two coupled

SC-qubits. The scattering events are controllably implemented as Landau-Zener tran-

sitions by driving the operational qubit multiple times through an avoided crossing,

which allows us to break time-reversal symmetry systematically by changing the time-

symmetry of the drive waveform. Using a highly-coherent operational qubit, we are

able to repeat the driving protocol multiple times to include a large number of scat-

tering events, which allows us to sample a sizable distribution of trajectories and, for

the first time, observe both WL and UCF in a driven quantum system.

It should be remarked that the approach adopted in this chapter is motivated by

earlier work in Ref.[151] in 2013. The authors employed a physical FQ as an operational

qubit, and a biharmonic driving to control and emulate the multiple scattering centers.

Ref.[151] observed fluctuations in the transition rate to the qubit excited state arising

from multiple Landau-Zener-Stückelberg (LZS) scattering events when measured as a

function of the driving waveform asymmetry, as an analog of the UCF. However, the

analog of WL (a dip in the average transition rate) was not observed. Subsequent

theoretical work from Ferrón et al. [152] indicated that both UCF and WL should be

observable if the qubit is operated in a higher phase-coherence regime. Indeed, while

117
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the niobium qubit used in Ref. [151] had a large energy relaxation time (T1 ⇡ 20 µs)

and a coherence time (T2 ⇡ 20 ns) su�cient to observe LZS interference phenomena

including Mach-Zehnder-type interferometry [153, 154], qubit cooling [155], and am-

plitude spectroscopy [156, 157], the phase coherence time was apparently insu�cient

to observe WL.

In the following sections, we briefly introduce the WL and UCF e↵ects in disor-

dered systems [149, 150], followed by a description of the quantum simulator [151].

A brief experimental characterization of the highly-coherent operational qubit is also

introduced. We further present the LZS interferometry results for a single and double

driving in the slow limit passage. Finally, we show the WL-like and UCF-like e↵ects

results.

6.1. A brief introduction of disordered systems

The electrical conductivity of an ordinary metal is usually thought to be well-

understood [158]. The electrons constitute a Fermi sea of plane waves modulated by

the periodic crystal lattice. At room temperature T , the electrons with energy kBT ,

with kB the Boltzmann constant, are scattered by the lattice vibrations, resulting in

the loss of the momentum and a non zero resistivity. This description works reasonably

well if the phase-relaxation length is much shorter than the distance between successive

scattering events [149].

However, at low temperatures and in low dimensional systems, the electrons move

in a di↵usive regime rather than a quasi-ballistic regime [150]. In the di↵usive regime,

the system is characterized by low mobility, where the free path length satisfies l =

vF ⌧ ⌧ L, with L any characteristic length of the sample. Thus, the transport can be

considered composed of short paths between impurity scattering centers.

Studies of mesoscopic disordered structures at cryogenic temperatures exhibit uni-

versal phenomena in their electrical conductance arising from the coherent scattering of

electrons at random impurities[158–160], which are surprisingly sensitive to magnetic

fields and even to the motion of a few impurity atoms in the sample. In this section, we

focus on weak localization (WL) and universal conductance fluctuations (UCF) e↵ects.

The analysis of WL and UCF e↵ects provides a method for investigating phenom-

ena related to phase coherence, coherent backscattering, and time-reversal symmetry,

and they have been applied to a wide variety of systems ranging from metals[161]

and semiconductors[162] to quantum dots[163–165], graphene[166], and even for the

scattering of light of disordered media[167–170].
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6.1.1. Weak localization

The WL e↵ect can be understood as a quantum correction to the classical con-

ductance G that survives disorder averaging under conditions of time-reversal sym-

metry. Such a phenomena has been studied in low-dimensional mesoscopic systems

[149, 150, 171].

The result of the WL e↵ect is a dip in the disordered-averaged conductance (equiv-

alently, a peak in the resistance) at zero magnetic field and when spin-orbit e↵ects are

negligible, due to the constructive interference between the symmetric forward- and

backward-propagating electron waves arising from impurity scattering [172, 173].

We start by considering a disordered region represented by multiple scattering im-

purities located randomly in the sample (e.g. a two-dimensional sample). The conduc-

tance of this configuration can be computed as proportional to the surviving probability

of N electrons e moving throughout the disordered region from point A to B. Since

we are interested in computing the enhancement of the backscattering probability, it

is useful to calculate the probability of reflection.

(a) (b)

Figure 6.1: Schematic illustration of electron paths in a disordered region. The
disordered region is represented by multiple impurities, acting as scattering centers. (a) Electron
waves taking di↵erent paths, because of their di↵erent lengths, will arrive at B with random
phases. (b) Electron waves taking closed paths. If the system presents time-reversal symmetry,
the paths are time-reversed and will interfere constructively.

To solve this problem, we need to calculate the contributions of all the Feynman

paths from A to B. The probability can be computed as [149]

PR = |A1 + A2 + ...+ AN |2, (6.1)

with Ai 2 C the complex amplitude of all the electron paths. As it is shown in Fig.6.1,

PR can be separate into two contributions: open paths and closed paths [158]. Waves

taking di↵erent paths, because of their di↵erent lengths, will arrive at B with random

phases, so the probability of finding the particle at B is well approximated by the sum

of probabilities of the various paths. Thus, the interference terms average to zero, and

the addition of probabilities leads to the Boltzmann description of classical di↵usion.
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The aforementioned is no longer true, however, when we look at closed loops, that is,

when we consider the probability of returning to the starting point. Then, two paths

of the same length will interfere constructively. In this way, Eq.(6.1) can be written as

PR = |Anr + Ar|2, (6.2)

with Anr = A1,nr + A2,nr + ... containing all the amplitudes corresponding to non-

reversed paths and Ar = A1,r +A2,r + ... containing the reversed paths amplitudes. As

it was mentioned before, the first set contains all the paths with random phases, and

any interference e↵ects cancel out. However, the time-reversed paths1 can experience

a constructive interference, and thus, PR increases, generating that the conductance

decreases. It can be shown that, the contribution of the reversed paths in a quantum

theory is twice the value in classical di↵usion, see Ref.[149].

In general terms, the trajectories whose interference gives rise to the WL e↵ect

extend over distances of ⇠ l�, corresponding to the average length over which the

electron di↵uses during the time ⌧� and over which the phase coherence is maintained.

The di↵usive length is thus given by l� =
p

D⌧�.

In the presence of a magnetic field, the time-reversal symmetry (and thus the degen-

eracy in phase evolution) is lifted for the two paths and the interference leading to the

WL e↵ect is abated [172, 173]. The di↵usive paths returning to the initial start point

will enclose the magnetic flux, breaking thus the correlation of the time-reversed paths

and they are no longer equivalent to one another. Ref.[150] estimated the magnetic

field at which the WL is reduced by a factor of two, obtaining

Bc ⇠
h

el2
�

, (6.3)

with h is Planck’s constant. Thus, the Bc is the critical field necessary to couple one

quantum of flux h/e through a phase-coherent area defined by the di↵usive length l�.

6.1.2. Universal conductance fluctuations

The universal conductance fluctuations (UCF)[149, 150, 158, 172, 174, 175] are

strong fluctuations in the conductance, on the order of the quantum unit of conduc-

tance, that appear as a function of a parameter, e.g. magnetic field, which e↵ectively

alters how the electronic wavefunction samples the random configuration of scatterers.

From the previous section, we found that the existence of time-reversed paths leads

to quantum interference, generating a negative correction to the electrical conductivity,

phenomenon known as WL.

1 Which is possible when there is time-reversal symmetry in the system.
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If the sample is composed by a large number of loops2, the summation of all these

paths can average to zero or not, since it depends on the number of loops contained in

the sample and, consequently, to the size of the sample. The quantum conductance is

also dependent on the relative positions of the scatterers, leading to fluctuations from

one sample to another. In general, the impurity distribution is fixed for a given sample

configuration, but the impurity arrangement is di↵erent from one sample to another.

Therefore, the interference pattern obtained in any sample is a characterization of its

specific impurity distribution. Notably, these conductance fluctuations seem to satisfy

a universal scaling ⇠ e2/h [150], regardless of the size of the sample and the degree of

disorder, this e↵ect is well-observed in the WL regime, which means L ⌧ l�.

If we define the conductance as G, the conductance fluctuations can be computed

as the variance of the conductance, which means

�G2 = hG2i � hGi2. (6.4)

6.2. Quantum simulator using driven SC-qubits

In this section, we provide a general description of the quantum simulator of dis-

ordered systems using SC-qubits. The idea is based on the previous work of Ref.[151]:

the authors employed a physical FQ3 as an operational qubit, and a biharmonic driving

to control and emulate the multiple scattering centers. In what follows, we set ~ = 1

in the equations4.

In order to obtain a full description of disordered systems, the quantum simulator

should fulfill the following minimal requirements:

It should be able to emulate a disordered region, which can be described as

randomly located impurities, where each impurity can be though as a scattering

center.

Time-reversal symmetry must be present in the system, with the possibility of

being controlled.

An e↵ective conductance must be defined for the quantum simulator.

The quantum simulator consists thus in the following steps:

1. The quantum simulator starts by considering a TLS as a coherent scattering

impurity.

2 Not necessary time-reversed paths contributing a phase-dependent correction to the conductivity.
3 The FQ employed in the experiment of [151] presented a large energy relaxation time (T1 ⇡ 20

µs) and a short coherence time (T2 ⇡ 20 ns).
4 Note that we explicitly preserve ~ in the experimental values to avoid confusion in their units.
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As it was mentioned before, the authors in Ref.[151] employed a strongly driven

FQ in the TLS regime. Revisiting the results presented in Chap.1 and Chap.2,

the driven-TLS dynamics can be described by the Hamiltonian

HTLS(t) = �✏(t)
2
�z �

�

2
�x. (6.5)

Where ✏(t) = ✏0 + f(t) is the tunable control parameter, with ✏0 the detuning

energy and f(t) the external driving field. With �z, �x the Pauli matrices and

� the tunnel-splitting energy defined by the manufacturing variables of the FQ-

device.

(a)

(b)

(c)

Figure 6.2: Schematic illustration of an avoided crossing of a single operational

qubit as a coherent scattering impurity. (a) Illustrative plot of the eigenenergies spectrum
of the FQ in the TLS regime as a function of the energy detuning ✏, see Chaps. 2 and 3. The
energies {E|0i, E|1i} corresponding to the diabatic (computational) basis are plotted in dashed
lines. The eigenenergies {E|gi,E|ei} are plotted in bold lines, displaying an avoided crossing at
✏ = 0. (b) Schematic plot of the time-evolution of the bias ✏ for the single driving A cos(!t). If the
qubit is initially prepared in the ground state at ✏0, the driving protocol drives the qubit through
the avoided crossing twice at times {t1, t2} during one period of the driving ⌧ . (c) Representative
scheme of the time-evolution of the qubit transition paths. During ⌧ , the qubit transitions are
split and encountered at times {t1, t2}, respectively. Such paths acquire a relative phase ', see
colored areas in (a) and (c).

A schematic illustration of the eigenenergies spectrum of the FQ is presented in

Fig.6.2(a) as a function of the detuning ✏. For the FQ case, the control parameter

can be expressed as ✏ = 4⇡|Ip|fdc, with Ip the current of the SC loop and fdc the

flux detuning, see further details Chap.1-Sec.1.2.1.

In the absence of the driving, when� = 0, the Hamiltonian reduces to HTLS(� =

0) = � ✏0
2 �z, thus the eigenenergies can be easily computed as E0 = �✏0/2 and

E1 = +✏0/2, corresponding to the computational basis {|0i, |1i}, also defined

as the diabatic basis. The energies {E0, E1} are plotted in dashed lines, see

Fig.6.2(a).
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When� 6= 0, the degeneracy at ✏0 = 0 is broken with the emergence of an avoided

crossing. Close to that point, the states {|0i, |1i} are mixed. In particular, at ✏0 =

0, the qubit states are exactly split into (|0i�|1i)/2 and (|0i+|1i)/2, with energies

��/2 and,�/2 respectively. Thus, the avoided crossing can be interpreted as a

beamsplitter, being equivalent to a scattering center5, representing an impurity.

The eigenenergies for the � 6= 0 case can be described by {Eg, Ee}, representing
the ground |gi and the excited |ei state. They are plotted in bold lines, see

Fig.6.2(a).

In this way, one can set a protocol to drive the qubit several times through the

avoided crossing in order to emulate multiple scattering centers, describing thus

the impurities in a sample.

As an example, we start by describing the case of a harmonic driving protocol

fs(t) = A cos(!t), see Fig.6.2(b). We choose this driving protocol in order to

simplify the following description.

As we already explained in the previous chapters, given an initial condition t06

and during one period of the driving ⌧ = 2⇡/!, the qubit state evolves as follows

(see Fig.6.2(c)):

a) the qubit state evolves “freely” in the region [�✏0, 0), corresponding to an

adiabatic evolution;

b) when the qubit is driven through the avoided crossing, this one acts as a

scattering center, and the qubit state is split: an LZ transition occurs;

c) the qubit states evolve “freely”, acquiring a relative phase ';

d) finally, the qubit is driven once again through the avoided crossing, and the

qubit states are encountered and interfere.

These last steps can be repeated multiple times, and their dynamics can be

described in terms of LZS interferometry7. Thus, the resulting interference is

constructive if ' =
R

t0+⌧

t0
✏(t)dt = ✏0 = n!.

To sum up:

When the qubit is driven away from the avoided crossing, it can be under-

stood as a “free” evolution, representing the di↵usive movement of electrons

when no impurity is reached.

5 This description corresponds to the Mach-Zehnder interferometry in strongly-driven SC-qubits.
See Chap.2.

6 Equivalent to prepare the qubit in the ground state at ✏0.
7 See Chap.2-Sec.2.3.
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When the qubit is driven through the avoided crossing, this one acts as a

scattering center (the impurity).

Successive scattering centers generate that the qubit states interfere. The

outcome can be constructive or destructive interference. The conditions of

constructive interference can be understood in terms of the LZS transitions

conditions.

Finally, multiple sequential passages through a single avoided crossing mimic

the scattering amongst a spatial distribution of scatterers.

2. A biharmonic driving can be used to emulate multiple scattering events and to

control the time-reversal symmetry of the system.

Ref.[151] proposed to use a biharmonic driving of the form

f(t) = fdc + fac,1 cos(!t)� fac,2 cos(2!t+ ↵), (6.6)

with a fixed ratio of amplitudes fac,2/fac,1 = 0.55.8 Where the parameter ↵

controls the waveform’s asymmetry.

(a)

(b)

(c)

(d)

(e)

Figure 6.3: Schematic illustration of the biharmonic driving protocol. Schematic
plot of the biharmonic driving presented in Eq.(6.6) for the symmetric case ↵ = 0 (a) and non-
symmetric case ↵ 6= 0 (b). In colored dots are marked the times {tj , t0j} when the qubit is driven
through the avoided crossing at ✏0 = 0. Due to the waveform, the qubit is driven up to four times
j = 1, ..., 4. Representative plot of the qubit transitions as function of time for ↵ = 0 (c) and
↵ 6= 0 (d). Each time that the qubit reaches an avoided crossing a scattering event takes place.
During one period, the qubit states acquire three relative phases {'j ,'0

j}, j = 1, 2, 3. When
there is time-reversal symmetry, '1 = '3, otherwise '0

1 6= '0
3. (e) Illustrative representation of a

disordered region with four scattering events as an analog of (c).

Fig.6.3(a) displays a schematic plot of the biharmonic driving for ↵ = 0, show-

ing that the driving waveform is symmetric in time. Following the description

8 The driving amplitude was fixed to the value fac,1 = 3m�0, �0 the quantum of flux. The driving
frequency was chosen to be !/2⇡~ = 125Mhz, giving a period of 8ns, which is comparable to the FQ
dephasing time T� ⇠ 10ns. Where T� < T1, T2

3.
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presented previously, it is easy to identify that four scattering events take place

during a period of ⌧ = 2⇡/! (see colored dots). In Fig.6.3(c), we also plot a

schematic illustration of the time-evolution of the qubit transitions. As it is

well-observed, when the qubit state is driven through the avoided crossing for

the first time, there is a split of the qubit state. When the qubit reaches for

a second time to the avoided crossing, the qubit states encounter and interfere.

The resulting qubit states continue evolving, and they reach two more times the

avoided crossing. During all the evolution, the qubit transitions acquire three

relative phases '1, '2, and '3. Since the waveform is symmetric in time, the

phases '1 and '3 are equivalent '1 = '3. This description is equivalent to the

picture presented in Fig.6.3(e) showing the time-reversed closed paths picture.

The Fig.6.3(e) resembles the picture presented in Fig.6.1(b) in the regime of few

scatterers.

The waveform for ↵ 6= 0 is schematically plotted in Fig.6.3(b), which results

asymmetric in time. As a consequence, the time-evolution of the qubit transitions

di↵er from the previous case, since the relative phases '0
1 and '0

3 are no longer

equal '0
1 6= '0

3. Then, the resulting “qubit paths” are no time-reversed, since the

relative phases do not cancel out, see Fig.6.3(d).

To sum up:

The biharmonic driving allows recreating four scattering events during one

period of the driving.

The symmetry and asymmetry of the driving protocol waveform can be

easily controlled by a single parameter control ↵.

The parameter ↵ controls the time-reversal symmetry in the system as well.

3. The sample to sample variations of disorder can be emulated by preparing the

qubit state at di↵erent initial conditions.

The idea of emulating a disordered region in a driven-TLS seems complex. How-

ever, Ref.[151] proposed a simple mechanism.

We start by considering the case of a single driving fs(t) = A sin(!t),9 with a

fixed amplitude A and frequency !. In Fig.6.4 we present an extended case of

Fig.6.2.

Figs. 6.4(b) and (c) schematically display the time-evolution of the qubit transi-

tions, given a certain initial condition for the qubit. If the qubit is prepared in

the ground state at ✏0 = ✏1, an initial phase lag is set, which defines the times

(t1, t2), corresponding to the times for which the qubit is driven through the

9 These results can be easily extended to the case of biharmonic driving.
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(a)

(d) (e)

Figure 6.4: Schematic illustration of the analog of a disordered region. Extended
illustration of Fig.6.2. See caption of Fig.6.2 for the description of (a) , (b) and (c) for the
condition ✏0 = ✏1. (d) Schematic plot of the single driving of the form A cos(!t). In this case, the
qubit is initially prepared in the ground state at ✏0 = ✏2, the driving protocol drives the qubit
through the avoided crossing twice at times {t01, t02} during one period of the driving ⌧ , being
di↵erent respect to {t1, t2}: the new condition ✏2 sets a di↵erent phase lag. (e) Representative
scheme of the time-evolution of the qubit transition. During ⌧ , the qubit transitions are split
and encountered at times {t01, t02}, respectively. Such qubit transitions acquire a new relative
phase '0 6= ', see colored areas in (c) and (e). Each initial condition ✏j , j = 1, 2 sets a di↵erent
scattering configuration.

avoided crossing for a first and second time during one period of the driving ⌧ ,

respectively. For this configuration, the qubit states acquire a relative phase of

'.

Figs. 6.4(d) and (e) show the results for a di↵erent initial condition, says ✏0 = ✏2.

Since the amplitude of the driving protocol is the same, the new condition sets a

di↵erent initial phase lag. Consequently, the times for which the qubit is driven

through the avoided crossing for a first and second time are di↵erent, which means

(t1, t2) 6= (t01, t
0
2), further generating a change in the time-evolution of the qubit

transitions and in the relative phase acquired ' 6= '0.

To sum up:

Unique values of ✏0 mimic di↵erent scattering configurations, emulating the

“disorder”.

4. The transition rate is identified as the e↵ective conductance of the quantum sim-
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ulator.

The only remaining ingredient is to make the connection to charge transport in

mesoscopic systems. Along this line, Ref.[151] proposed the transition rate as an

e↵ective electric conductance.

As it was presented in Sec.6.1, the conductance can be understood as proportional

to the surviving probability of N electrons e moving throughout the disordered

region from point A to B, see Fig.6.1. Taking this definition, the conductance

of a mesoscopic system can be emulated by measuring the qubit transition rate

W between the ground and the excited state [151]. The transition W can be

computed as follows

W =
dP|gi!|ei(t)

dt
, (6.7)

with |gi and |ei the ground and the excited states, respectively, and P|gi!|ei(t)

the transition probability. The eigenstates basis {|gi, |ei} can be written in terms

of the the diabatic basis {|0i, |1i} as

|gi = cos(
�

2
)|0i+ sin(

�

2
)|1i,

|ei = � sin(
�

2
)|0i+ cos(

�

2
)|1i,

(6.8)

with � = arctan(�
"0
). Replacing Eq.(6.8) into (6.7) and without going into tech-

nical details, see Ap.F, we obtain

W = lim
t!1

1

t

��� cos2(
�

2
)P̃|0i!|1i(t)� sin2(

�

2
)P̃|1i!|0i(t)

���
2

, (6.9)

with

P|ai!|bi(t) =

����
Z

t

0

ha|H(⌧)|bid⌧
����
2

,

=
���P̃|ai!|bi(t)

���
2

,

P̃|ai!|bi(t) =

Z
t

0

ha|H(⌧)|bid⌧.

(6.10)

Hence, the term
���cos2(�2 )P̃|0i!|1i � sin2(�2 )P̃|1i!|0i

���
2

is similar to the calculation

of the surviving probability when two di↵erent paths interfere, that means PS =

|Apath,1�Apath,2|2, with Apath,i 2 C the quantum amplitude of each path. For our

case, we can identify Apath,1 $ P̃|0i!|1i(t) and Apath,2 $ P̃|1i!|0i(t). In particular,

the expanded expression reads Ps = |Apath,1|2 + |Apath,2|2 � Re
⇥
A⇤

path,1Apath,2

⇤
.

Since Ps is calculated in terms of quantum amplitudes, the final Ps expression

presents a classical counterpart, linked with the qubit state probabilities Ps =

|Apath,i|2, along with a quantum counterpart, linked with the interference term
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Re
⇥
A⇤

path,1Apath,2

⇤
.

Analogously with disordered systems, the interference term survives disorder av-

eraging when the system presents time-reversal symmetry. In this way, the term

hRe
⇥
A⇤

path,1Apath,2

⇤
i depicts a negative correction to the surviving probability

hPsi, i.e. the transition probability hW i, with h...i representing the disorder av-

eraging. In this perspective, and as stated in 1, each value of ✏0 in Eq.(6.6) mimics

a di↵erent scattering configuration. Therefore, the e↵ective average conductance

hW i can be obtained averaging W over di↵erent ✏0 realizations.

The description of the quantum simulator is almost complete. It remains to define

the analogous variables of the di↵usive length l�, the e↵ective size of the systems L and

the critical magnetic field Bc, among others. Unfortunately, a complete description of

the analogy carries on several di�culties10.

6.3. Highly-coherent encoded qubit: characteriza-

tion and measurement scheme

As it was mentioned before, we revisit the Ref.[151]’s proposal using a completely

di↵erent experimental setup. We employ coupled aluminum transmon qubits [16] to

realize a higher-coherence quantum system acting as an e↵ective TLS with a reasonably

sized avoided crossing (⇡ 65.4 MHz).

We utilize an e↵ective two-level system encoded in the single-excitation manifold of

two capacitively coupled SC transmon qubits [176, 177] of the X-mon style [178] using

asymmetric junctions with a 13:1 area ratio [179].

Fig.6.5(a) shows a micrograph of the SC-chip, where the transmons are colored in

green and they are marked as Q
i
, with i = a, b. Revisiting the description presented

in Chap.1-Sec.1.2.2, each transmon {Qa,Qb} is formed by two SC-islands, where each

Josephson junction can be described by the energies {EJ1,a, EJ2,a} and {EJ1,b, EJ2,b},
respectively. Therefore, the 13:1 area ratio ↵̃ is quite similar for both qubits, which

means EJ1,a = ↵̃EJ2,a and EJ1,b = ↵̃EJ2,b, for the transmons Qa and Qb, respectively.

The individual transmons Qa and Qb are well-matched, with maximum frequen-

cies !max
a /2⇡~ = 3.8250 GHz and !max

b /2⇡~ = 3.8218 GHz and minimum frequencies

!min
a /2⇡~ = 3.5401 GHz and !min

b /2⇡~ = 3.5365 GHz, respectively, and they are each

frequency-tunable between the two values by a magnetic flux �a and �b, see the con-

trol scheme in Fig.6.5(a). Qa,b each have individual control lines used to di↵erentially

implement a static (fdc) magnetic flux bias and the biharmonic driving protocol (fac)

through the flux biases �a,b.

10 The description of these variables might be related to a transformation from units of length to
units of times, i.e. driving period, relaxation and decoherence times.



6.3 Highly-coherent encoded qubit: characterization and measurement scheme 129

Figure 6.5: Experimental device and energy levels. (a) False color micrographe of two
capacitively coupled transmon qubits, Qa and Qb. Bottom plot, circuit schematic. Qa,b each have
individual control lines used to di↵erentially implement (see text) a static (fdc) magnetic flux
bias and the biharmonic driving protocol (fac) through the flux biases �a,b. Standard microwave
gates are used for device initialization, and the qubits are read out by capacitively coupling to
individual readout resonators with frequencies !res

a,b. (b) Energy levels of the two qubits. The
red and blue diabatic energies correspond to one excitation of one of the qubits. These levels
are frequency tunable using baseband flux control. When degenerate, these levels hybridize to
form an avoided crossing of approximately 65.4 MHz. (c) Diabatic energies (dashed line) and
eigenenergies (solid lines) of the one-excitation manifold {|eagbi, |gaebi} as the function of fdc.
(d) Scattering at the avoided crossing is implemented using a driving pulse f(t) = fdc + fac(t),
illustrated here as a sine wave. The driving pulse is applied di↵erentially to each qubit.

The qubits are individually coupled to readout resonators11 at frequencies !res
a /2⇡

= 7.173262 GHz and !res
b /2⇡ = 7.203279 GHz, which are used for qubit state dis-

crimination and provide an additional pathway to implement state preparation us-

ing microwave gates. The linewidths of the resonators are /2⇡~ = {0.26, 0.29}
MHz, while the qubit state-dependent shifts of the resonators are given by �/2⇡~ =

{0.22/2, 0.215/2} MHz.

In particular, the qubits are each flux-biased at �a ⇡ �b ⇡ 0.25�0, where �0 = h/2e

is the superconducting (SC) flux quantum, h is Planck’s constant, and e is the electron

charge. This bias point is approximately midway between maximum and minimum

qubit frequencies such that the uncoupled qubit frequencies !a/2⇡~ = !b/2⇡~ = 3.6809

GHz are degenerate, leading to the diabatic energy level structure shown in Fig.6.5(b),

described by the states {|gagbi, |gaebi, |eagbi, |eaebi}12.
Due to the capacitive qubit-qubit coupling, the diabatic states |gaebi and |eagbi in

the single-excitation manifold hybridize to form the eigenfrequencies shown in Figs.

6.5(b) and (c). Within this manifold, we can now write an e↵ective two-level system

Hamiltonian of the standard form in the basis {|g1ae2ai, |e1ag2ai},

He↵ = �"
2
�z �

�

2
�x, (6.11)

11 See Sec.1.2.2.
12 The diabatic basis can be considered as the computational basis {|00i, |01i, |10i, |11i}.
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where �x are Pauli matrices, " is referenced to the location of the avoided crossing, and

�/2⇡~ = 65.4 MHz is the transverse coupling strength and, thereby, the size of the

avoided crossing.

Furthermore, due to the large area ratio of the junctions, the diabatic frequency "

in Eq.(6.11) is approximately sinusoidal, see Ap.F, and represents the response of the

system to the drive f(t),13

"(t) ⇡ �! sin [2⇡f(t)] , (6.13)

where �! = (!̄max � !̄min)/2, with !̄max/min the average of !max/min
a and !max/min

b ,

respectively, yielding �!/2⇡~ = 0.1426 GHz. The instantaneous frequency of the

driven two-level system is ⌦(t) =
p
"2(t) +�2.

Excursions about the e↵ective two-level system are driven using a longitudinal flux

bias applied di↵erentially to the two qubits,

��(t) = [�a(t)� �b(t)]/2 ⌘ ��dc + ��ac(t), (6.14)

comprising a time-dependent excursion ��ac about a static bias point ��dc referenced

with respect to the avoided crossing (see Figs. 6.5(c) and 6.5(d)). The drive is param-

eterized as a unitless reduced flux

f(t) = ��(t)/�0 = fdc + fac(t) (6.15)

by normalizing to the SC flux quantum �0[153, 180]. Fig.6.5(d) , presents an example

of the driven waveform applied to the encoded qubit, corresponding to an harmonic

driving from the form fs(t) = fdc + fac sin(!t). The driving frequency is set in !/2⇡ =

10 MHz and the amplitude is fixed to the value fac = 0.1�0. In general, the external

driving can take any form as a fucntion of time. In what follows, we focus on the single

and double driving cases, which were previously described.

Roughly speaking14, the control and measurement protocol consists of the following

steps:

1. The qubits are prepared in the two-level system ground state |gi at flux fdc. The

ground state of the encoded qubit corresponds to the eigenenergy plotted in green

line in Figs. 6.5(b) and (c).

2. A drive signal15 is applied to the two-level system for an interval of time (a

13 The full-expression of "(t) corresponds to

"(t) ⇡ �! sin [2⇡f(t)] + !̄, (6.12)

with !̄ = (!̄max + !̄min)/2 and !̄/2⇡~ = 3.6809 GHz. We set the zero point energy at "(t)� !̄.
14 A detaild description is presented in Ref.[177].
15 The drivings are defined in the following sections.
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number of periods of the driving field).

3. The system state is determined by reading out each qubit. Qubit-state readout

in the system eigenbasis is implemented by adiabatically shifting the qubits away

from the avoided crossing region into a region where the uncoupled diabatic basis

states |gaebi and |eagbi are essentially identical to the eigenstates. Measuring the

individual qubits in this regime is used to infer the occupation probability of the

eigenstates [70, 181].

Using the described configuration and the measurement scheme, independently

measured coherence times of the two-level system have unveiled a T2 that varies be-

tween 4 and 20µs, depending on the bias point. The relaxation time T1 is approximately

estimated to be 80µs. Therefore, the T2/T1 ratio is at least two orders of magnitude

larger that in Ref.[151].

6.4. LZS interferometry and disordered systems: ex-

perimental, numerical and analytical results

In this section, we focus on the study of the system dynamics when the trans-

mons are driven by external microwaves fields. The e↵ective TLS is governed by the

Hamiltonian

He↵ = �"(t)
2
�z �

�

2
�x, (6.16)

with "(t) defined in Eq.(6.13).

In particular, we turn our e↵orts to the analysis of the LZS interferometry [24, 44]

as a tool for testing of the experimental setup.

We performed LZS interferometry for two types of drivings:

fs(t) = fdc + fac sin(!t),

fd(t) = fdc + fac [cos(!t) + cos(2!t+ ↵)]
(6.17)

Where fs(t) corresponds to a single harmonic driving, while fd(t) corresponds to a

biharmonic driving. It should be remarked that fd(t) is the driving protocol employed

to simulate mesoscopic conductance e↵ects, following Ref.[151].16

16 Notice that Eq.(6.17) slightly di↵ers from Eq.(6.6), which corresponds to the driving form used
by Ref.[151].
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6.4.1. LZS interferometry with single driving: slow passage

limit

In this section, we briefly analyze the system dynamics of our encoded qubit driven

by a single microwave field

fs(t) = fdc + fac sin(!t), (6.18)

with !/2⇡ = 10 MHz.

Following the measurement steps presented in Sec.6.3, we obtain the LZS inter-

ferometric pattern [153, 154, 156] for the single driving configuration (6.18), which is

plotted in Fig.6.6(a).

The LZS pattern is constituted by plotting the transition probability P|gi!|ei(texp)

as a function of fdc and fac, after one period of the driving texp = 2⇡/!. The system

has been initially prepared in the ground state |gi for each fdc value. By its side,

it is presented the corresponding numerical simulation results in the solution of the

Schrödinger equation. As shown, Fig.6.6(b) reproduces the experimental results quite

well. In particular, we have implemented an unitary evolution to describe the time-

evolution of the system, since texp ⌧ T2, with texp = 0.1µs and T2 ⇠ 4µs, 20µs.

(c)(b)

0

-0.8

-0.2
-0.4
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0 0.70.35 0 0.70.35

Figure 6.6: LZS resonance pattern of transition probability for single driving. (a)
Transition probability measurement P|gi!|ei(texp) in terms of fdc and fac. (b) Numerical results
obtaining from solving an unitary evolution under the Floquet formalism.

The calculation of an analytic expression for the time-evolution of transition prob-

ability carries on several di�culties. In this way, it is helpful to make use of di↵er-

ent theoretical approximations to describe the dynamics. Since the driving frequency

!/2⇡~ ⇡ 10MHz is smaller than the minimum energy splitting �/2⇡~ ⇡ 65, 4Mhz, the

most suitable approach corresponds to the slow limit passage [44]. In this regime, the
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interference fringes in the transition probability satisfy the resonance condition

⇠1 + ⇠2 = k⇡, (6.19)

8k 2 Z, with ⇠1 =
R

t2

t1
⌦(t)dt and ⇠2 =

R
t1+2⇡/!

t2
⌦(t)dt, ⌦(t) =

p
"(t)2 +�2/2. Notice

that the integrals ⇠1 and ⇠2 cannot be easily evaluated. However, the resonance con-

dition describes arcs around the point (fac, fdc) = (0, n�0), observed in Figs. 6.6(a)

and (b) when the qubit is driven quite close to each avoided crossing, see Fig.6.5(c) to

identify the eigenenergy spectrum.

It should be noticed that, for our case, the picture described above is only valid

for fac ⌧ 0.5�0, when the qubit is driven near to each avoided crossing. Beyond the

upper-bound fac � 0.5�0, the interference pattern as a function of fdc and fac notably

changes, since the geometry of the system becomes relevant in the system dynamics.

These e↵ects can be observed in Fig.6.6(a) when the qubit is driven too far away from

fdc = 0, reaching the second avoided crossing.

6.4.2. LZS interferometry with double driving: slow passage

limit

Following the previous procedure, we present the LZS interferometry results using

a biharmonic driving

fd(t) = fdc + fac [cos(!t) + cos(2!t+ ↵)] , (6.20)

with the driving frequency !/2⇡ = 10 MHz. Notice that this driving protocol slightly

di↵ers from Eq.(6.6) employed by Ref.[151].

The driving protocol fd(t) is plotted in Fig.6.7(a) for ↵ = 0 (the symmetric case)

and ↵ = 0.25⇡ (the asymmetric case), with a fixed amplitude fac = 0.1�0.

We plot the excited-state population of the two-level system as a function of fdc

and fac in Fig.6.8(a). The driving field extends for 20 periods with each period being

time-symmetric (↵ = 0). Each period is approximately 100 ns, and thus 20 periods

is approximatley 2 µs, smaller than the independently measured coherence times of

the two-level system which vary between 4 and 20 µs, depending on the bias point.

Thus, the system remains coherent during the entire driving protocol. A numerical

simulation of the time dependent Schrödinger equation is plotted in Fig.6.8(b). For

these driving parameters it is in good agreement with the experimental results. The

periodic structure observed in Figs. 6.8(a) and (b) arises from LZS interference upon

scattering at the avoided crossings, analogous to a multipass optical interferometer.

To explain the resonance pattern, we need to revisit the LZS interferometry for sin-

gle driving, presented in the previous section. Both cases present resonances conditions
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(a) (b)
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Figure 6.7: Qubit transition probability in presence of a biharmonic driving. (a)
Partial period of biharmonic signal that drives the qubit system multiple times through the
avoided crossing, fac = 0.1, ↵ = 0 (magenta line), and ↵ = 0.25⇡ (orange line), see Eq.(6.20).
(b) Evolution of system eigenenergy and resulting phase accrual for symmetric (↵ = 0) and
non-symmetric (↵ 6= 0) biharmonic signals driving the system through the avoided crossing four
times. For ↵ = 0, the system acquires phases in a time-symmetric manner, '1 = '3. For
↵ 6= 0, the phase accrual is no longer time-symmetric. (c) Illustration of coherent forward and
back-scattering in a disordered condensed matter system.

describing arcs around (fac, fdc) = (0, 0). However the dependence on fac of P|gi!|ei

becomes robust when the biharmonic driving is taken into account.

(a) (b)
Figure 6.8: LZS resonance pattern of transition probability for double driving.
(a) Experimental measurement of excited-state (|ei) occupation probability (color scale) as the
function of fdc and fac, over 20 driving periods, with ↵ = 0. (b) The corresponding numerical
simulation.

The LZS interferometric pattern obtained in Fig.6.8 helps us to set the amplitude

fac for the WL and UCF e↵ects. The amplitude should be large enough to capture

various resonances: they determine the number of constructive interferences resulting

from the subsequent scattering events, contributing to the transition rate of W . See

Figs. 6.7(b) and (c).
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6.4.3. WL-like and UCF-like e↵ects

In order to obtain the transition rate W , which means the rate at which population

transitions from the ground state to the excited state, we measure the excited-state

population P|gi!|ei(t) as function of time t and static magnetic flux fdc for a fixed

excursion amplitude fac = 0.1�0 and a specific value of the asymmetry parameter ↵.

As an example, Fig.6.9(a) shows the measurements of P|gi!|ei(t) for ↵ = 0. The

asymmetry of the resulting excited state population for plus/minus values of fdc results

from the driving protocol: at t = 0, the temporal periodic waveform moves away from

fdc in the same flux direction. The first half-period will therefore either approach or

move away from the avoided crossing, depending on whether fdc is positive or neg-

ative [156]. This leads to the left-right asymmetry as a function of fdc in Fig.6.9(a)

We then fit P|gi!|ei(t) for each value of fdc using the function

P|gi!|ei(t) = PT sin(⌦T t+ ') + P0, (6.21)

with PT , ⌦T , ' and P0 the fitting parameters. The transition rate can then be computed

from the expression:

W (fdc) =
���
dP|gi!|ei(t)

dt

���
t=0

/ |PT⌦T | . (6.22)

The quantity |PT⌦T | serves as an approximation for the transition rate. Fig.6.9(b)

shows an example fitting of P|gi!|ei(t) for fdc = �0.0126�0 and ↵ = 0, from which

W (fdc) is extracted. The resulting transition rate W for each value of fdc for ↵ = 0

is plotted in Fig.6.9(c). Averaging over all values of fdc (all scattering configurations)

leads to the ensemble averaged transition rate hW i,

hW i = 1

N

NX

n=1

W (fdc[n]) (6.23)

with h...i the ensemble average over fdc, n indexes the values of fdc, and N is the total

number of fdc values. This procedure is then repeated for di↵erent values of symmetry

parameter ↵. The extracted experimental hW i for multiple values of ↵ is plotted in

Fig.6.10(a), along with results from numerical simulation using Floquet formalism, see

Chap.2-Sec.2.1. Importantly, hW i exhibits a dip, implying weak localization, when

time-reversal symmetry (↵ = 0) is imposed.

A simple analytical calculation of hW i as a function of ↵ has been performed in

Ap.F, which further demonstrates the presence of a WL-like e↵ect in our system.
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(a)

(b)

(c)

Figure 6.9: Transition rate. (a) Measurement of occupation probability P|ei as a function of
time t and bias point fdc with ↵ = 0. (b) Temporal coherent oscillations in P|ei at fdc = �0.0126
due to Landau-Zener-Stückelberg transitions at the avoided crossing is fitted (Eq. (6.21)) to
extract the transition rate W (Eq. (6.22)). (c) Transition rate W plotted as function of fdc from
data in (a).

Following the procedure presented in Sec.6.2, the Eq.(6.7)

W =
dP|gi!|ei(t)

dt
, (6.24)

can be computed as follows

hW i ⇠ hW ↵=0i+ ↵2h⇣↵ 6=0i, (6.25)



6.4 LZS interferometry and disordered systems: experimental, numerical and analytical
results 137

wherewith hW↵=0i and h⇣↵ 6=0i are positive quantities, with W↵=0 and ⇣↵ 6=0 defined as

W ↵=0 = cos4(
�

2
)W ↵=0

|gaebi!|eagbi + sin4(
�

2
)W↵=0

|eagbi!|gaebi

� 2 cos2(
�

2
) sin2(

�

2
) lim
t!1

1

t
Re[P̃|gaebi!|eagbiP̃

⇤
|eagbi!|gaebi]

↵=0

⇣↵ 6=0 = cos4(
�

2
)⇠↵ 6=0

|gaebi!|eagbi + sin4(
�

2
)⇠↵ 6=0

|eagbi!|gaebi + 2 cos2(
�

2
) sin2(

�

2
)⌘↵ 6=0.

(6.26)

From Eq.(6.25), we can infer that the observation of weak localization in this system

is possible since hW i presents a dip at ↵ = 0.

(a) (b)

Figure 6.10: (a) Experimental and numerical results of the normalized transition rate
hW i/hW imax as a function of the asymmetry parameter ↵. hW i is the transition rate
ensemble-averaged over all fdc values for fixed ↵, and hW imax the corresponding maximum
value for each case. (b) Experimental and numerical results for the normalized variance⇥
h�W 2i/hW i2

⇤
norm

=
⇥�
hW 2i � hW i2

�
/hW i2

⇤
norm

. The normalization h�W 2i/hW i2 is per-
formed in the same manner as Ref.[152]. There is an extra normalization [h�W 2i/hW i2]norm =
[h�W 2i/hW i2]/[h�W 2i/hW i2]max, with [h�W 2i/hW i2]max the corresponding maximum value for
each case.

We now proceed to extract the variance in transition rate,

h�W 2i = hW 2i � hW i2. (6.27)

The experimental and numerical results, Fig.3.5(b) , both exhibit a peak in h�W 2i for
↵ = 0, corresponding to the analog of universal conductance fluctuations (UCF). On

the other hand, unlike the case hW i, an analytical calculation for h�W i has been not

performed, since it carries on several di�culties.

6.4.4. Quantum simulator and random matrix theory predic-

tions for disordered mesoscopic systems

In this section, we review the WL and UCF predicted by Radom Matrix Theory

[182] for disordered mesoscopic systems, with the aim to compare with our results

obtained for the quantum simulator.
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By assuming a di↵usive (or fully chaotic billiard) transport regime [183], the sup-

pression of the WL correction in the average conductance hGi follows a Lorentzian

shape :

hGi(B) = a� b

1 +
⇣

B

Bc

⌘2 , (6.28)

with B the external magnetic field, Bc the critical magnetic field, and a, b 2 R param-

eters depending on the system characteristics. In our case, we have obtained that the

average transition rate hW i satisfies

hW i↵ = ã� b̃

1 +
⇣

↵

↵c

⌘2 , (6.29)

with ↵ the time reversal breaking control parameter and ↵c the critical parameter

playing the role of the critical magnetic field in Eq.6.28. In this last case ã and b̃ 2 R
are constants depending on the properties of the quantum simulator. Fitting Eq.(6.29)

with the numerical results, we have obtained ↵c = (0.09 ± 0.03). Fig.6.11 displays

the fitting curve along with the numerical and experimental results, showing a good

agreement.

Figure 6.11: First-order statistic the transition rate: WL Experimental and numerical
results of the normalized transition rate hW i/hW imax as a function of the asymmetry parameter
↵. hW i is the transition rate ensemble-averaged over all fdc values for fixed ↵, and hW imax the
corresponding maximum value for each case. The fitting curve using Eq.(6.29) in plotted in bold
line.

In particular, performing a Taylor expansion of Eq.(6.29) around ↵ ⇠ 0, we get

hW i↵ ⇠ c̃+
b

↵2
c

↵2, (6.30)

with c̃ = ã�b̃. Notice that the Eq.(6.30) is similar to the analytical expression obtained

in Eq.(6.25).

It should be stressed that as our quantum simulator operates in the limit of few

scattering centers, the RMT predictions valid for highly disordered transport regime
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are not necessarily fulfilled. In particular in Ref.[184] it has been shown that the WL

correction can follow a dependence of the form |B| for a non- fully chaotic regime.

Figure 6.12: Second-order statistic of the transition rate: UCF. Experimental and
numerical results for the normalized variance [h�W 2i/hW i2]norm. The average of the fluctuations
when ↵ 6= 0 is plotted in bold red line, corresponding to the amount

⇣
[h�W 2i/hW i2]norm

⌘

↵>↵c

⇠
0.8 for both numerical and experimental results, see Eq.(6.31).

The RMT predictions for the COE (time reversal symmetry (TRS)) and CUE (non-

TRS) ensembles [149, 150] satisfy h�G2iTRS ⇠ 2h�G2inon-TRS, with var(G) = h�G2i.
In our case, in order to perform a similar comparison, we have defined the average

fluctuation [h�W 2i/hW i2]norm for di↵erent ↵ values satisfying ↵ 6=> ↵c in order to

consider the non-TRS case, and after fitting with Eq.(6.29) we obtained :

 
h�W 2i
hW i2

�

norm

!

↵>↵c

⇠ 0.8139 , experimental results

 
h�W 2i
hW i2

�

norm

!

↵>↵c

⇠ 0.8136 , numerical results.

(6.31)

In Fig.6.12 we display the experimental and numerical results of the UCF as a func-

tion of ↵. The value
⇣
[h�W 2i/hW i2]norm

⌘

↵>↵c

⇠ 0.8 is plotted in red bold line. Notice

that the ratio h�W 2i↵=0/h�W 2i↵>↵c ⇠ 2 is satisfied for both numerical and experimen-

tal results. The arrows schematically plotted in Fig.6.12 show that the averaged fluctu-

ations and the UCF peak are measured from the minimum value of [h�W 2i/hW i2]norm
instead of from zero.

In the case of COE ensemble [182], the WL and UCF satify respectively:

hGiTRS = �2

3

✓
e2

h

◆
,

h�G2iTRS =
2

15

✓
e2

h

◆2

.

(6.32)

In order to compare these typical values with our results we define the dimensionless
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ratio:

rRMT =

✓
h�G2i
hGi2

◆

TRS

=
3

10
⇠ 0.3. (6.33)

In our case, taking into account the previous results, the ratio gives

r =

✓
h�W 2i
hW i2

◆

↵=0

⇠ 0.5585 , experimental results

r =

✓
h�W 2i
hW i2

◆

↵=0

⇠ 0.6958 , numerical results,

(6.34)

being r of the order of the rRMT.

6.5. Concluding Remarks

In this chapter, we employed a SC-circuit comprised of two-coupled SC-qubits to

realize a su�ciently coherent avoided crossing. The engineering of design is quite

interesting since two physical qubits are used to encode one operational qubit with a

highly-coherence time, which can be controlled by manipulating each physical qubit

independently.

An important outcome of this work is the emulation of WL in the scattering at the

avoided crossing of a strongly driven qubit system. Although UCF had been previously

observed in Ref.[151], WL was not present in that work. The reason was linked to the

relatively short coherence time of the device used, and not an aspect of the driving

protocol, as clarified in Ref.[152].

We have demonstrated the quantum simulation of both WL-like and UCF-like ef-

fects at the avoided crossing of coupled, highly-coherent SC-qubits using Landau-Zener-

St uckelberg interference mediated by biharmonic driving. The resulting driven system

emulates the scattering e↵ects in mesoscopic disordered electronic systems. This ap-

proach represents a means to simulate scattering in the presence of disorder and the

e↵ects of time-reversal symmetry by varying only the driving protocol.

It should be noted that many of the numerical and analytical techniques presented

throughout all the thesis have been applied to test this experimental realization, further

showing a good agreement.

A full description of the quantum simulator remains to be done. One important

step is to identify the characteristic “lengths” of our quantum simulator in terms of

its characteristics times, which might help us to a better understanding of the system

dynamics.
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Resumen del caṕıtulo 6: Qubits-SC como simuladores

cuánticos de sistemas desordenados

En este caṕıtulo, presentamos resultados numéricos, anaĺıticos, y experimentales

de un simulador cuántico, consistente en un circuito-SC compuesto de dos transmones

acomplados, ver Cap.1. El objetivo de este trabajo es simular sistemas desordena-

dos, y en particular, emular los efectos de localización débil (WL por sus siglas en

inglés) y fluctuaciones universales de conductancia (UCF por sus siglas en inglés), cor-

respondientes a fenómenos f́ısicos presentes en sistemas mesoscópicos desordenados y

de baja dimensionalidad [149, 150]. Cabe destacar, que dicho trabajo experimental fue

realizado en colaboración con el grupo EQuS (por sus siglas en inglés) del MIT.

En términos simples, el simulador cuántico es implementado usando dispersión

coherente en un cruce evitado de un qubit operacional, el cual se encuentra codificado en

un sistema de dos qubits-SC acoplados. Los eventos de dispersión son implementados

de manera controlada como transiciones Landau-Zener, las mismas son generadas al

controlar el qubit mediante conducciones externas permitiéndole al qubit poder visitar

multiples veces el cruce evitado. Por otro lado, la simetŕıa de inversión temporal del

sistema puede ser destruida y controlada al cambiar la simetŕıa temporal de la forma de

onda de la conducción externa. En particular, al usar un qubit operacional altamente

coherente, el protocolo de conducción puede ser repetido multiple veces, generando

aśı un número elevado de eventos de dispersión, lo que nos permite muestrear una

distribución considerable de trayectorias y, por primera vez, observar tanto WL como

UCF en un sistema cuántico en presencia de un campo externo.

El enfoque adoptado en este caṕıtulo es motivado por un trabajo anterior de

Ref.[151] en 2013. En dicho trabajo, los autores emplearon un FQ f́ısico como un

qubit operacional y una conducción biharmónica para controlar y emular los multi-

ples centros de dispersión. Ref.[151] observó, en aquel entonces, fluctuaciones en la

tasa de transición al estado excitado del qubit como función de la asimetŕıa de la

forma de onda del protocolo de conducción, originándose por los múltiples eventos de

dispersión mediante la utilización de interferometŕıa Landau-Zener-Stückelberg (LZS),

dichos resultados fueron interpretados como un efecto análogo a UCF. Sin embargo,

el correspondiente análogo del efecto WL (una supresión en la tasa de transición) no

fue observado. Un trabajo teórico posterior por parte de Ferrón et al. [152] mostró

que tanto UCF como WL debeŕıan poder ser observados si el qubit es operado en un

régimen de coherencia mayor. En efecto, mientras el qubit de niobio empleado por

Ref. [151] presenta tiempos de relajación (T1 ⇡ 20 µs) y de coherencia (T2 ⇡ 20 ns)

suficientemente largos para poder observar fenómenos de interferencia LZS, incluyendo

interferometŕıa Mach-Zehnder [153, 154], enfriamiento del estado del qubit [155], y
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espectroscoṕıa de amplitud [156, 157], la coherencia de fase resulta aparentemente

insuficiente para observar WL.

En las secciones desarrolladas en este caṕıtulo, presentamos una introducción breve

de la teoŕıa asociada a los efectos WL y UCF en sistemas desordenados [149, 150],

seguido de una descripción básica del funcionamiento del simulador cuántico [151].

Una breve caracterización experimental del qubit operacional es también desarrollada.

Se presentan además los resultados obtenidos de la interferometŕıa LZS para un campo

externo armónico y biharmónico en el ĺımite de pasaje lento de la conducción. Final-

mente, presentamos los resultados obtenidos para los efectos de WL y UCF, correspon-

dientes al simulador cuántico propuesto.



Chapter 7

Summary and Outlook

“Now is the time to understand more, so that we may fear

less.”

— Marie Curie

In this thesis, we focused on the study and modeling of the dynamics of strongly

driven superconducting (SC) qubits. We have proposed a Markovian master approach

to quantum dissipation, based on the Floquet solutions of the coherent dynamics, which

has proven well-adapted to the description of such systems [35–43].

The study of the dynamics of a single driven SC-qubit in contact with a thermal-

bath has demonstrated that the finite-time LZS interferometry is extremely sensitive to

variations in the system-bath coupling term. We particularly found that the shape of

the n-photon resonances considerably changes when varying the system-bath coupling

term. As a result, we proposed that a finite-time LZS interferometry could be used as

a tool to unveil the nature of the system-bath coupling in experimental SC-devices. In

particular, we found this dynamic behavior relevant to the interpretation of several LZS

interferometry experiments in which the stationary regime is not completely reached.

As it was explicitly pointed out in this thesis, one of the central prerequisites of

quantum computing architectures is to control and manipulate the quantum entangle-

ment. With this perspective, we studied the time-evolution of the quantum entangle-

ment of a system of two-coupled driven SC-qubits. In particular, we suggested two

mechanisms to manipulate entanglement based on LZS interferometry.

The first mechanism applies to the case of highly-coherent qubits and is based

on the manipulation of quantum entanglement by periodic external fields when the

driving is on for time scales smaller than the decoherence time T2, !T2 � 1. In

particular, our results showed that the qubit-qubit coupling term plays an important

role in the entanglement dynamics since it defines the degree of controllability of the

entanglement in terms of the driving parameters. We showed that, when the driving

term of the Hamiltonian commutes with the qubit-qubit interaction term, it is possible
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to create or destroy entanglement in a controlled way by tuning the system at or near

multiphoton resonances. On the other hand, when the driving does not commute with

the qubit-qubit interaction, the control and generation of entanglement induced by the

driving field is more robust and extended in parameter space beyond the multiphoton

resonances.

The second mechanism is based on the generation of dissipative steady-state en-

tanglement, induced and tuned by changing the amplitude of the driving field. Our

results show that the generation of driven-dissipative steady entanglement is possible

by a specific engineering of the reservoir, the system-reservoir coupling, and the driv-

ing protocol. In particular, we have demonstrated that by adequately sweeping the

driving amplitude, and the system-coupling strengths, one can tune the terms of the

quantum master equation such that the steady-state becomes entangled. Furthermore,

this analysis unveiled a rich and non-trivial dynamic behavior with creation, death,

and revival of entanglement observed near multiphoton resonances.

In addition, we experimentally implemented a quantum simulator of disordered

systems using a SC-circuit, where the LZS interferometry is employed to emulate the

scattering events. A remarkable feature of this experiment was the innovative configu-

ration of the SC-circuit, which consists on the use of two coupled SC-qubits to encode

one operational qubit. By using this experimental setup, the operational qubit remains

protected against the e↵ects of decoherence for larger times, obtaining a highly-coherent

qubit. In this way, we were able to repeat the driving protocol multiple times to include

a large number of scattering events, which allowed us to sample a sizable distribution

of trajectories and, for the first time, observe both WL and UCF in a driven quantum

system. Our results demonstrated how a well-controlled driven qubit system can be

used to study complex e↵ects in mesoscopic physics.

Our numerical and analytical results have been obtained under a Markovian ap-

proximation. However, whether this is the real nature of the environment where the

qubits (and other quantum systems) are embedded remains unclear. A later study

of the non-Markovian dynamics can unveil further non-trivial results in the system

dynamics, and test the robustness of our results.

Finally, an extended analysis of more complex systems, with a higher dimensionality

and increasing degrees of freedom, can be performed using other approaches. Such

an analysis would help to test how robust the control of entanglement, the stored

information, and other properties could be when dissipation is taken into account, and

when the number of qubits increases.
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En la presente tesis, nos centramos en el estudio y modelado de la dinámica de

qubits-SC fuertemente conducidos. Hemos propuesto el uso de un enfoque Markoviano,

mediante el uso de la ecuación maestra en la aproximación de Floquet-Markov, para

el estudio de la disipación en sistema cuánticos basándonos en el uso de las soluciones

de Floquet de la dinámica coherente [35–43].

El estudio de la dinámica de un único qubit-SC fuertemente conducido en contacto

con un baño térmico ha demostrado que la interferometŕıa LZS a tiempo finito es ex-

tremadamente sensible a las variaciones en el término de acoplamiento entre el sistema

y el baño. En particular, hemos encontrado que la forma funcional de la resonancias

n-fotónicas dependen fuertemente de las variaciones en el término de acoplamiento

sistema-baño. Como resultado, proponemos que la interferometŕıa LZS a tiempo finito

puede ser usada como una herramienta para revelar la naturaleza del acoplamiento

sistema-baño en dispositivos-SC. En particular, encontramos que esté comportamiento

dinámico resulta relevante para la interpretación de diversos experimentos de interfer-

ometŕıa LZS, en los cuales el régimen estacionario no es completamente alcanzado.

Como fue expĺıcitamente indicado en esta tesis, uno de los principales requisitos

para computación cuántica es el control y manipulación de entrelazamiento cuántico.

Con esta perspectiva, se estudió la evolución temporal del entrelazamiento cuántico de

un sistema de dos qubits-SC acoplados. En particular, proponemos dos mecanismos

para la generación y manipulación del entrelazamiento basados en la interferometŕıa

LZS.

El primer mecanismo aplica al caso de qubits con tiempos de coherencia largos, y se

basa en la manipulación del entrelazamiento cuántico mediante la aplicación de campos

periódicos externos. En especial, este régimen es válido cuando la conducción se en-

cuentra activada en escalas de tiempo menores al tiempo de decoherencia T2, !T2 � 1.

En particular, nuestro resultados muestran que el térmido de acoplamiento entre qubits

juegan un papel muy importante en la dinámica de entrelazamiento, ya que define el

grado de controlabilidad del entrelazamiento en términos de los parámetros de la con-

ducción externa. Mostramos que, cuando el término de conducción del Hamiltoniano

conmuta con el término de interacción qubit-qubit, es posible crear o destruir entre-

lazamiento de una manera controlada mediante la sintonización del sistema en o cerca

de las resonancias multifotónicas. Por el otro lado, cuando la conducción no conmuta

con la interacción qubit-qubit, el control y generación de entrelazamiento inducido por

la conducción es más robusta y extendida en el espacio de parámetros, aún lejos de las

resonancias multifotónicas.

El segundo mecanismo se basa en la generación de entrelazamiento en el estado

estacionario de un sistema disipativo, inducido y controlado mediante la variación de la
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amplitud del campo de conducción. Nuestros resultados muestran que la generación de

entrelazamiento en el estado estacionario es posible a través de una ingenieŕıa espećıfica

del reservorio, del acoplamiento sistema-reservorio, y del protocolo de conducción. En

particular, hemos demostrado que mediante un barrido adecuado de la amplitud de la

conducción, y la fuerzas de acoplamiento del sistema, es posible ajustar los términos de

la ecuación maestra cuántica tal que el sistema en el estado estacionario se encuentre

entrelazado. Además, este análisis revela una dinámica rica y no trivial en el sistema,

donde la creación, muerte, y renacimiento del entrelazamiento es observado cerca de

las resonancias multifotónicas.

Adicionalmente, implementamos experimentalmente un simulador cuántico de sis-

temas desordenados, mediante el uso de una circuito-SC, en el cual la interferometŕıa

LZS es empleada para emular los eventos de dispersión. Una caracteŕıstica llamativa

de este experimento es la configuración innovativa del circuito-SC, consistente en dos

qubits-SC acoplados entre śı, codificando de esta manera un qubit operacional. Us-

ando esta configuración experimetnal, el qubit operacional se mantiene protegido de

los efectos de decoherencia para tiempos largos, obteniendo aśı un qubit altamente co-

herente. De esta manera, es posible repetir el protocolo de conducción multiples veces

permitiendo un muestreo de una distribución grande de trayectorias, y por primera

vez, observar tanto WL como UCF en un sistema cuántico conducido. Nuestros re-

sultados muestran aśı como un qubit conducido puede ser usado para estudiar efectos

más complejos dentro de la f́ısica mesoscópica.

Nuestros resultados numéricos y anaĺıticos fueron obtenidos en la aproximación

Markoviana. Sin embargo, cual es la naturaleza verdadera del ambiente donde los

qubits (y otros sistemas cuáticos) se encuentran embebidos continua indefinida. Sobre

todo, un estudio posterior de una dinámica no-Markoviana puede llevar a revelar otros

resultados no triviales en la dinámica del sistema.

Finalmente, un análisis más profundo de sistemas más complejos, de una mayor

dimensionalidad y con un número mayor de grados de libertad, puede ser realizado

empleando otros enfoques anaĺıticos y numéricos. Dichos análisis ayudarán a testear

cuan robusto es el control del entrelazamiento, la información almacenada, y otras

propiedades, cuando la disipación es considerada y cuando el número de qubits es

incrementado.



Appendix A

Entanglement measures

Many resources has been used to define and di↵erentiate quantum correlations

from classical correlations[10, 11]. In particular, one can take an axiomatic approach,

defining real valued functions that satisfy the basic properties of entanglement, and

use these functions to quantify the amount of entanglement in a given quantum state

⇢ 2 P(H). From this idea is where is founded the definitions of entanglement measure
1:

one practical approach is to quantify the entanglement amount of an state ⇢ by an real

number E(⇢).

In general, an entanglement measure is a mathematical quantity E(⇢) satisfying

the following axioms [185–187]:

1. E(⇢) = 0 iif ⇢ is separable,

2. Local unitary operations leave E(⇢) invariant, i.e. E(⇢) = E(UA⌦UB⇢U
†
A
⌦U †

B
),

3. The measure of entanglement E(⇢) does not grow under Local General Mea-

surements and Classical Communication (LGM2 + CC3), expressed by ⇥, which

means E(⇥⇢)  E(⇢).

It should be remarked that the entanglement measurements are defined for pure

⇢ = | ih | and mixed ⇢ states. However, any entanglement measure E(| i) for pure
states | i 2 H can be extended to a measure E(⇢) for mixed states ⇢ 2 P(H) via the

convex roof construction [185, 188, 189]

E(⇢) = inf
{pn,| ni}

h
pnE(| ni)

i
, (A.1)

1 Some of these measures have direct physical significance, whereas others are purely axiomatic.
2 Local general measurements (LGM)[187]: are performed by the two parties (A and B) separately

and are described by two sets of operators satisfying the completeness relations
P

k A
†
kAk = I andP

k B
†
kBk = I . The joint action of the two is described by

P
kl Ak ⌦Bl, which again describes a local

general measurement.
3Classical communication (CC)[187]: this means that the actions of A and B can be classically

correlated.
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where the infimum is taken over all pure state decompositions {pn, | ni}, whose are

compatible with the mixed state ⇢:

⇢ =
X

n

pn| nih n|. (A.2)

Now, we proceed to briefly characterize a particular entanglement measurement for

bipartite systems: the concurrence. The reason of such a choice lies on the facility to

compute the concurrence for pure and mixed states.

A.1. Concurrence

For pure states, given a bipartite system of subsystems A and B, Ref.[124, 190]

propose as an entanglement measure the quantity

E(| i) = E(C(| i)), (A.3)

with

E(C) = h

 
1 +

p
1 + C2

2

!
,

h(x) = �x log2(x)� (1� x) log2(x� 1),

(A.4)

and

C(| i) = |h ⇤|�(A)
y

⌦ �(B)
y

| i|, (A.5)

defined as the concurrence, with �(A)
y , �(B)

y the Pauli matrices and | ⇤i the complex

conjugate of | i.
E(C) is monotonically increasing and rages from 0 to 1 as C goes to 0 to 1, thus

Ref.[124] proposed to use the concurrence as an entanglement measure.

Refs.[124, 190] also proposed an entanglement measure for mixed states, where

the convex roof of concurrence is simply called the concurrence C(⇢), and it can be

calculated as

C(⇢) = max{0,�4 � �3 � �2 � �1}, (A.6)

where �j’s are real numbers, corresponding to the eigenvalues, in decreasing order, of

the Hermitian matrix

R =
qp

⇢⇢̃
p
⇢, (A.7)

with ⇢̃ = �(A)
y ⌦ �(B)

y ⇢⇤�(A)
y ⌦ �(B)

y , where ⇢⇤ is the complex conjugate of ⇢.

Example

Given a bipartite system of two coupled qubits, the pure state describing its dynamics
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can be written in the computational basis as

| i = a|00i+ b|01i+ c|10i+ d|11i, (A.8)

with a, b, c, d 2 C.
If we want to measure the degree of entanglement of | i, we can use the concurrence

C definition from Eq.(A.5). It is straightforward to see that C is computed as:

C(| i) = 2|ad� bc|. (A.9)

For example, if | i = |�+i = (|00i+ |11i)/
p
2, then a = d = 1/

p
2 and b = c = 0.

Hence, the concurrence for this case is maximal C(|�+i) = 1. Thus, |�+i corresponds
to a maximally entangled (Bell) state. If | i = |00i, then a = 1 and b = c = d = 0.

Thus, the concurrence for this case is minimal C(|00i) = 0 and |00i corresponds to a

separable state.





Appendix B

The rotating wave approximation:

dressed basis

In this appendix, we briefly revisit the Rotating Wave Approximation (RWA) ap-

plied to multiphoton resonances [44, 48, 77, 191]. In what follows, we set ~ = 1.

We start by considering the general Two Level System (TLS) Hamiltonian:

HTLS(t) = �✏(t)
2
�z �

�

2
�x (B.1)

where ✏(t) = ✏0 + A cos(!0t). The parameter ✏0 is the polarization energy of the

qubit, A and ! the amplitude and frequency of the driving, respectively. By applying

the unitary transformation | ̃(t)i = U�(t)| (t)i, with U�(t) = e�i
�(t)
2 �z and �(t) =

R
✏(t) dt = ✏0t+ A/!0 sin(!0t), the transformed Hamiltonian reads:

H̃ = �(✏� �̇(t))

2
�z �

�

2
(e�i�(t)�+ + h.c). (B.2)

Replacing �(t) ! �n(t) = n!0t +
A

!0
sin!0t (which is equivalent to take the resonance

condition ✏0 ⇠ n!0) the Hamiltonian transforms to:

H̃ = �(✏0 � n!0)

2
�z �

�

2
(e�in!0te�i

A
!0

sin!0t�+ + h.c). (B.3)

Using in addition that eix sin a =
P

k=+1
k=�1 Jk(x)eika, with Jk(x) the Bessel function of

order k, we can write:

ein!0tei
A
!0

sin!0t =
k=+1X

k=�1

Jk(
A

!0
)ei(k+n)!0t ' J�n(

A

!0
) (B.4)

where in the last step we have performed a rotating wave approximation (RWA), for

|✏0 � n!0| ⌧ �. In this way, we finally obtain the TLS Hamiltonian written in the

151



152 The rotating wave approximation: dressed basis

RWA as:

H̃ ' H̃n = �(✏0 � n!0)

2
�z �

��n

2
�x, (B.5)

with ��n = �J�n(
A

!0
).

Notice that after the RWAwe have obtained an e↵ective time-independent “dressed”

Hamiltonian. Going a step further, we proceed to diagonalize H̃n considering the op-

erator Ur = cos(')�z+sin(')�x. After applying such transformation, we finally obtain

the “dressed” Hamiltonian

Hr = UrH̃nU
�1
r

= �⌦n

2
�z, (B.6)

with cos(2') = ✏n/⌦n, sin(2') = ��n/⌦n, ✏n = ✏0�n!0, and⌦n =
p
(✏0 � n!0)2 +�2

�n

the generalized Rabi frequency. It is worth noting that the eigenenergies of Hr exhibit

an avoided crossing with an e↵ective “dressed” gap ��n, and the associated eigenstates

form the “dressed” basis.

B.1. Calculation of relaxation and decoherence rates

in the rotating wave approximation

The dynamics of an open system can be described by the total Hamiltonian:

HT (t) = HTLS(t) +HB +Hint, (B.7)

where HTLS(t) is the driven TLS Hamiltonian, HB the bath term and

Hint = A⌦ B, (B.8)

the system-bath interaction term. In the present analysis the system operator, A, can

be Az = �z�z or Ax = �x�x and B is the bath operator.

The von Neumann equation for time-evolution of the system described by the total

Hamiltonian (B.7) is
@⇢T (t)

@t
= �i[HT (t), ⇢T (t)], (B.9)

with ⇢T (t) the density matrix of the global system.

We start by defining H0(t) = HTLS(t) +HB, and the associated evolution operator

U0(t) = T̂ e�i
R
H0(t) dt . Therefore, in the Interaction Picture the transformed operators

are ⇢̃(t) = U †
0(t)⇢(t)U0(t) and H̃int(t) = U †

0(t)HintU0(t), and Eq.(B.9) reads:

@⇢̃T (t)

@t
= �i[H̃int(t), ⇢̃T (t)]. (B.10)
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After defining the system reduced density matrix ⇢ = TrB(⇢T ) and performing the

Born-Markov approximation, we get:

@⇢̃

@t
= �

Z 1

0

dt0{G(t0)[Ã(t)Ã(t� t0)⇢̃� Ã(t� t0)⇢̃Ã(t)]

+G(�t0)[⇢̃Ã(t� t0)Ã(t)� Ã(t)⇢̃Ã(t� t0)], (B.11)

with G(t) = TrB
⇣
B(t)B(0)⇢B

⌘
the bath correlation function and Ã(t) = U †

0(t)AU0(t).

Now, we set the decomposition

Ã(t) =
X

!

e�i!tP! =
X

!

ei!tP †
!
=
X

!>0

e�i!tP! + ei!tP †
!

(B.12)

with P�! = P †
!
. Moreover, we can define �(!) =

R1
0 dte�i!tG(t) = 1

2g(!) + is(!)[192].

After performing the secular approximation, Eq.(B.11) can be expressed in the

Lindblad form as:

@⇢̃

@t
= �i[HL, ⇢̃] +

X

!

g(!)(P!⇢̃P
†
!
� 1

2
{P †

!
P!, ⇢̃}) (B.13)

with the Hamiltonian

HL =
X

!

s(!)P †
!
P!. (B.14)

We now proceed to transform the system operator A into the “dressed” rep-

resentation [77], A ! Ar. Following the procedure described previously, we per-

form the transformation Ar(t) = UrUnAU�1
n

U�1
r

, with Ur = cos(')�z + sin(')�x and

Un(t) = e�i
1
2�n(t)�z . For a system operator of the form A = �(cos ✓�z + sin ✓�x), we

obtain the transformed Ar as:

Ar(t) = ax(t)�x + ay(t)�y + az(t)�z, (B.15)

with the coe�cients ai(t), i = x, y, z, satisfying the following relations:

ax(t) = ax0 + axc cos�n(t) ⇡ ax0 + axcc0,

ay(t) = ays sin�n(t) ⇡ 0,

az(t) = az0 + azc cos�n(t) ⇡ az0 + azcc0,

with ax0 = � cos ✓ sin 2', axc = �� sin ✓ cos 2', ays = �� sin ✓, az0 = � cos ✓ cos 2' and

azc = � sin ✓ sin 2'. In the last step we have performed the RWA as in Eq.(B.4), with

c0 = J�n(
A

!0
).
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Transforming Ar to the Interaction picture one gets:

Ãr(t) =(ax0 + axcc0)e
i⌦nt�+ + (ax0 + axcc0)e

�i⌦nt��

+ (az0 + azcc0)�z,
(B.16)

To obtain the Linblad equation, we rewrite the above equation in terms of the decom-

position of Eq.(B.12),

Ãr(t) = P+(⌦n)e
i⌦nt + P�(�⌦n)e

�i⌦nt + P0,

= P+(⌦n)e
i⌦nt + P †

+(⌦n)e
�i⌦nt + P0,

=
X

!

P!e
i!t,

(B.17)

with ! 2 {0,⌦n,�⌦n} and P! = {Pz(0), P+(⌦n), P�(�⌦n)} ⌘ {Pz(0), P+(⌦n), P
†
+(⌦n)}.

The operators P! are:

Pz(0) =(az0 + azcc0)�z = z(0)�0,

P+(⌦n) =(ax0 + axcc0)�+ = x(⌦n)�+,

P�(�⌦n) =P †
+(⌦n) = x(�⌦n)��,

(B.18)

with z(0) = az0 + azcc0 and x(⌦n) = ax0 + axcc0.

Using Eq.(B.18) in Eq.(B.16), we obtain the Lindblad equation

@⇢̃

@t
=� �"

 
�⇢̃11 1

2 ⇢̃12
1
2 ⇢̃21 ⇢̃11

!
� �#

 
⇢̃22

1
2 ⇢̃12

1
2 ⇢̃21 �⇢̃22

!

� �0

 
0 ⇢̃12

⇢̃21 0

! (B.19)

with
�" = |x(⌦n)|2g(�⌦n)

�# = |x(⌦n)|2g(⌦n)

�o = |z(0)|2g(0),

(B.20)

with g(⌦n) = J(⌦n)nth(⌦n), where J(⌦n) is the spectral density of the bath and

nth(⌦n) is the Bose-Einstein function1.

After solving Eq.(B.19), the relaxation �r and decoherence �d rates can be com-

puted as
�d = �# + �",

�r = �0 +
�d

2
.

(B.21)

1 Note that nth(⌦n) = nth(~⌦n), with ~ = 1.
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Considering the system-bath coupling term Az = �z�z, the rates in Eq.(B.21) take

the form
�z

" = |�z sin(2')|2g(�⌦n),

�z

# = |�z sin(2')|2g(⌦n),

�z

o
= |�z cos(2')|2g(0).

(B.22)

Followed by

�z

d
= |�z sin(2')|2

⇣
g(�⌦n) + g(⌦n)

⌘
,

�z

r
= |�z cos(2')|2g(0) +

�z

d

2
.

(B.23)

For the Ax = �x�x case, the rates are

�x

" = |�xc0 cos(2')|2g(�⌦n)

�x

# = |�xc0 cos(2')|2g(⌦n)

�x

o
= |�xc0 sin(2')|2g(0).

(B.24)

For this case, the calculation of the rates �x

d
and �x

r
are rather cumbersome. We obtain:

�x

d
=|�xc0 cos(2')|2

⇣
g(�⌦n) + g(⌦n)

⌘

�x

r
=|�xc0 sin(2')|2g(0).

(B.25)

In this way, we have extended the calculation of relaxation rates given in the Sup-

plementary Information of [71] to the case of n-photon resonances.





Appendix C

Lower bound for time-averaged

concurrence

Here, we calculate a lower bound for C, the averaged concurrence over (t, t0). First

we expand the Eq.(4.8) as

C(t, t0) = |
X

↵�kk0qq0

C̃↵�(k, k
0)f↵�(q, q

0) cos('kk
0
qq

0

↵�
(t, t0)

+i
X

↵�kk0qq0

C̃↵�(k, k
0)f↵�(q, q

0) sin('kk
0
qq

0

↵�
(t, t0))|

(C.1)

where we separate the real (Re) and imaginarie (Im) part. Using the relations |z| �
|Re(z)|, |Im(z)| for a complex number z 2 C, from Eq.(C.1) we get

C(t, t0) � |
X

↵�kk0qq0

C̃↵�(k, k
0)f↵�(q, q

0) cos('kk
0
qq

0

↵�
(t, t0)|,

C(t, t0) � |
X

↵�kk0qq0

C̃↵�(k, k
0)f↵�(q, q

0) sin('kk
0
qq

0

↵�
(t, t0))|,

(C.2)

Now we apply the inequality
R

b

a
|f(x)|dx � |

R
b

a
f(x)dx|, with f(x) : R ! R and

a < b, to Eq.(C.2). After defining the lower bound limit as C = 1
T

R
T

0 dt 1
T

R
T

0 dt0C(t, t0),

we obtain for Eq.(C.2) two lower bounds CI and CII :

CI = |
X

↵�kk0qq0

C̃↵�(k, k
0)f↵�(q, q

0)cos('kk0qq0

↵�
(t, t0)|,

CII = |
X

↵�kk0qq0

C̃↵�(k, k
0)f↵�(q, q

0)sin('kk0qq0

↵�
(t, t0))|,

(C.3)

satisfying C � CI , CII .

Using the trigonometric identities sin(A� B) = sin(A)

cos(B) � cos(A) sin(B) and cos(A � B) = cos(A) cos(B) + sin(A) sin(B), and taking
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the average over (t, t0) we obtain

cos('kk0qq0

↵�
(t, t0)) = ��↵+���n!,0 ��↵+���m!,0

+ ��↵+���n!,⇡/(2T ) ��↵+���m!,⇡/(2T ),

sin('kk0qq0

↵�
(t, t0)) = ��↵+���n!,⇡/(2T ) ��↵+���m!,0

� ��↵+���n!,0 ��↵+���m!,⇡/(2T ),

(C.4)

with n = k + k0 and m = q + q0. Replacing T = 2⇡/! and ordering the terms, we get

cos('kk0qq0

↵�
(t, t0)) = ��↵+�� ,n!

��↵+�� ,m!

+ ��↵+�� ,(n+1/4)! ��↵+�� ,(m+1/4)!,

sin('kk0qq0

↵�
(t, t0)) = ��↵+�� ,(n+1/4)! ��↵+�� ,m!

� ��↵+�� ,n!
��↵+�� ,(m+1/4)!.

(C.5)

We assume that the main contribution to the concurrence is near the resonances

condition �↵ + �� = n!, which is equivalent to a rotating wave approximation disre-

garding fast oscillating terms. Thus

cos('kk0qq0

↵�
(t, t0)) ⇠ ��↵+�� ,n!

��↵+�� ,m!,

sin('kk0qq0

↵�
(t, t0)) ⇠ 0.

(C.6)

Using the last result we obtain CI � CII = 0, then the corresponding lower bound

expression is

CI ⇠ |
X

↵�
knqm

C̃↵�(k, n� k)f↵�(q,m� q)��↵+�� ,n!
��↵+�� ,m!|. (C.7)

Given Eq.(C.7), we employ the condition �� = ��↵+n! on the Floquet quasiener-

gies, obtaining
e�i�� |u�(t)i = ei�↵e�in!|u�(t)i,

= ei�↵e�in!
X

k

eik!t|u�(k)i

= ei�↵
X

k

ei(k�n)!t|u�(k)i

= ei�↵
X

k

eik!t|u�(k � n)i

= ei�↵
X

k

e�ik!t|u�(n� k)i.

(C.8)
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It is straightforward show that

(e�i�↵ |u↵(t)i)⇤ = ei�↵ |u↵(t)i⇤,

= ei�↵
X

k

e�ik!t|u↵(k)i⇤

= ei�↵
X

k

e�ik!t|u↵(�k)i.

(C.9)

Then, from Eqs.(C.8) and (C.9), the equivalence relation is satisfied:

�� ! ��↵ + n! ) |u�(n� k)i ! |u↵(�k)i. (C.10)

Using the Eq.(C.10) with n = k + k0 and m = q + q0, the lower bound in Eq.(C.7)

reads
CI ⇠ |

X

↵kq

C̃↵↵(k,�k)f↵↵(q,�q)|. (C.11)

From which we identify a contribution of the form

X

k

C̃↵�(k,�k) =
1

T

Z
T

0

dt C̃↵↵(t) = C̃↵↵(t), (C.12)

where C̃↵↵(t) = hu↵(t)|⇤�y ⌦ �y|u↵(t)i is the Floquet preconcurrence. Also, using

|u↵(�q)i = |u↵(q)i⇤ we obtain that

f↵↵(�q, q) = a↵(�q)a↵(q) = a⇤
↵
(q)a↵(q) = |a↵(q)|2, (C.13)

corresponding to the amplitude of the Floquet states projections over the initial con-

dition.

Finally replacing Eqs.(C.12) and (C.13) in Eq.(C.11) we obtain

CI ⇠ |
X

↵

C̃↵↵(t)
X

q

|a↵(q)|2|, (C.14)

This expression is useful for the non-entangled initial state since it represents the

minimal entanglement creation.





Appendix D

Van Vleck nearly degenerate

approximation: analytical

calculation of the relaxation rates

In this appendix, we calculate an analytical expression for the relaxation rate �r

near a SE-resonance condition ✏0±J c/2 = n!, for |✏0| � |J c|/2. See Chap.5 for further

details. We solve the dynamic of the system using the Floquet formalism under the

Van-Vleck near degenerate approach [125].

We start by considering the case �i ! 0, i = 1, 2 (and no interaction with the

thermal bath), thus the Hamiltonian of work corresponds to

H(t) =
2X

i=1

✓
�✏0 + A cos(!t)

2
�(i)
z

◆

� J

2

⇣
�(1)
� �(2)

� + �(1)
� �(2)

�

⌘
.

(D.1)

Since we are working in the region |✏0| � |J c|/2, we can perform a simple basis

change in the basis {|s0i, |e�i, |e+i, |s1i}.1 Therefore, the Hamiltonian in Eq.(D.1)

becomes diagonal, allowing us to obtain the Floquet states as

|s0
1
(t)i =

X

k

e±i!ktJk

✓
A

!

◆
e�iñ!t|s0

1
i,

|e±(t)i = e�im̃!t|e±i,
(D.2)

with its corresponding quasienergies "0
1
= ⌥✏0 � ñ! and "± = ⌥J/2 � m̃!, with

ñ, m̃ 2 Z. Jk(x) corresponds to the kth-order Bessel function.

In order to obtain the relaxation rate, it will be useful to work in the Fourier

extended basis. Making the corresponding expansion |u↵(t)i =
P

k
|u↵(k)ie�ik!t, with

1The basis is equivalent to {|s0i, |e�i, |e+i, |s1i} = {|gi, e1i, |e2i, |e3i} in the eigenstates basis.
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relaxation rates

k 2 Z and ↵ the state index, the equation above becomes

|s0
1
(ñ)i =

X

k

J±(ñ�k)

✓
A

!

◆
|s0

1
(k)i,

|e±(m̃)i = |e±(m̃)i.
(D.3)

As long as �i is small, the location of the quasi crossings in the spectrum of

quasienergies are replicas (in ±m!) of the quasi crossings of the static spectrum.

The resonance conditions, "↵ � "� = n0! (n0 2 Z), are thus satisfied respectively

✏0 ± J/2 ⇠ m0! (SE-resonances), 2✏0 ⇠ m0! (SS-resonances) and J ⇠ m0! (EE-

resonances) with m0 2 Z. Considering this picture, we can work with an e↵ective

Hamiltonian 2 ⇥ 2 corresponding to a local system description when we are near of

a resonance condition. In this framework, �i is treated as a pertubation, opening

dynamical gaps between the two local states.

D.1. SE-resonance case for Jc < 0

In this section, we consider the SE-resonance case between the states {|gi, |e1i} ⌘
{|s0i, |e�i}, for |✏0| � |J c|/2 and J c < 0.

The corresponding e↵ective Hamiltonian can be defined in the subspace S1 =

{|s0(ñ)i, |e�(m̃)i}. In this case, the corresponding Hamiltonian (at first order) is

[Heff ]S1
=

0

@ "0,ñ � �̃�
ñ�m̃

2

� �̃�
ñ�m̃

2 "�,m̃

1

A , (D.4)

with "0,n = �✏0 + ñ!, "�,m̃ = �|J c|/2 + m̃! and �̃�
m̃�ñ

= ��Jm̃�ñ

�
A

!

�
, with �� =p

2 (�2 ��1). Since we are close to the SE-resonance condition, the constraint "0 �
"� = m0! must to be fulfilled, thus "0,ñ�"�,m̃ = "0�"��(m̃�ñ)! = "0�"��m0! = 0

with m0 = m̃� ñ. Which brings us to the expression

[Heff ]S1
=

0

@ "0,ñ � �̃�
�m0
2

� �̃�
�m0
2 "�,ñ+m0

1

A . (D.5)

Applying the second order of perturbation, we obtain

[H1,eff ]S1
=

0

@"0,ñ �
1
4

P
l 6=m0

˜|�l|2
"0,�+l!

� �̃�
�m0
2

� �̃�
�m0
2 "�,ñ+m0 + 1

4

P
l 6=m0

˜|�l|2
"0,�+l!

1

A ,
(D.6)
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with "0,� = "0 � "�.

The solution of the Eq.(D.6) are the well known expressions [125]

|a(ñ)i = � sin

✓
⇥m0

2

◆
|s0(ñ)i

� sign(�̃�
�m0) cos

✓
⇥m0

2

◆
|e�(ñ+m0)i,

|b(ñ+m0)i = cos

✓
⇥m0

2

◆
|s0(ñ)i

� sign(�̃�
�m0) sin

✓
⇥m0

2

◆
|e�(ñ+m0)i,

(D.7)

where

⇥m0 = arctan

0

@ |�̃�
�m0 |

�"0,� +m0! � 1
2

P
l 6=�m0

|�̃�
l |2

"0,�+l!

1

A (D.8)

Using the above solutions, we proceed to calculate An

ab
the transition element matrix

in the Floquet basis, for A = �(�(1)
z + �(2)

z ). The corresponding expression is

An

ab
=
X

L

hua(L)|A|ub(L+ n)i,

=
X

L

ha(L)|A|b(L+ n)i,

= � sin

✓
⇥n

2

◆
cos

✓
⇥n

2

◆X

L

hs0(L)|A|s0(L)i,

= �� sin (⇥n) ,

= �� ± tan (⇥n)p
1 + tan2 (⇥n)

,

= ⌥� tan (⇥n)p
1 + tan2 (⇥n)

,

(D.9)

replacing the expression of ⇥n, see Eq.(D.8), we obtain

An

ab
= ⌥� |�̃�

�n|r⇣
�"ab + n! � 1

2

P
l 6=�n

|�̃�
l |2

"ab+l!

⌘2
+ |�̃�

�n|2
,

(D.10)

In this way, the n-photon exchange terms Raa,bb =
P

n
gab|An

ab
|2, from Eq.(2.37)-

Chap.2, can be compute as

Raa,bb = �2
X

n

gn
ab
|�̃�

�n|2⇣
�"ab + n! � 1

2

P
l 6=�n

|�̃�
l |2

"ab+l!

⌘2
+ |�̃�

�n|2
,

Rbb,aa ⇠ 0,

(D.11)
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where we have considered the approximation gn
ba
= e��

n
ab/kbTbgn

ab
! 0 when Tb ! 0.

Finally, the relaxation rate �r, presented in Eq.(5.20), can be expressed as

�r = �2
X

n

gn
ab
|�̃�

�n|2

(�"ab + n! � 1
2

P
l 6=�n

|�̃�
l |2

"ab+l!
)2 + |�̃�

�n|2
,

= �(0)
r

+
X

n 6=0

�(n)
r

,

�(�n)
r

= �2
gn
ab
|�̃�

�n|2

("ab � n! + 1
2

P
l 6=�n

|�̃�
l |2

"ab+l!
)2 + |�̃�

�n|2
,

(D.12)

As it is discussed in the main body of the paper, we are interested in the relaxation

rates �(0)
r and �(�m

0)
r , with n = m0 corresponding to the chosen example, which satisfy

the constraint "0 � "� = �✏0 + |J c|/2 = m0! . Using the Eq.(D.12), we obtain

�(0)
r

= �2
g0
ab
|�̃�

0 |2

("ab +
1
2

P
l 6=0

|�̃�
l |2

"ab+l!
)2 + |�̃�

0 |2
,

�(�m
0)

r
= �2

g�m
0

ab
|�̃�

�m0 |2

("ab �m0! + 1
2

P
l 6=m0

|�̃�
l |2

"ab+l!
)2 + |�̃�

�m0 |2
,

(D.13)

replacing with the corresponding expression for �̃�
n

�(0)
r

=
�2g0

ab
(��)2J0

�
A

!

�2

("ab +
1
2

P
l 6=0

|�̃�
l |2

"ab+l!
)2 + (��)2J0

�
A

!

�2 ,

�(�m
0)

r
=

�2g�m
0

ab
(��)2J�m0

�
A

!

�2

("ab �m0! + 1
2

P
l 6=m0

|�̃�
l |2

"ab+l!
)2 + (��)2J�m0

�
A

!

�2 .
(D.14)

From Eq.(D.14) it follows that the dominant dependence with A/! of the relaxation

rates is

�(0)
r

/ (��)2J2
0

✓
A

!

◆

and

�(�m
0)

r
/ (��)2J2

�m0

✓
A

!

◆
.

D.2. SE-resonance case for Jc > 0

In this section, we consider the SE-resonance case between the states {|gi, |e1i} ⌘
{|s0i, |e+i}, for ✏0 � |J c|/2 and J c > 0.

The corresponding e↵ective Hamiltonian is now defined in the subspace S2 =

{|s0(ñ)i, |e+(m̃)i}. In this case, the corresponding Hamiltonian (at first order) can
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be computed

[Heff ]S2
=

0

@ "0,ñ � �̃+
ñ�m̃

2

� �̃+
ñ�m̃

2 "+,m̃

1

A , (D.15)

with "0,n = �✏0 + ñ!, "+,m̃ = +|J c|/2 + m̃! and �̃+
m̃�ñ

= �+Jm̃�ñ

�
A

!

�
, where �+ =p

2 (�2 +�1). Since we are close to the SE-resonance condition, the constraint "0 �
"+ = m0! must to be fulfilled, thus "0,ñ�"+,m̃ = "0�"+�(m̃�ñ)! = "0�"+�m0! = 0

with m0 = m̃� ñ. Which brings us to the expression

[Heff ]S2
=

0

@ "0,ñ � �̃+
�m0
2

� �̃+
�m0
2 "+,ñ+m0

1

A . (D.16)

Following the previous procedure, we obtain

�(0)
r

=
�2g0

ab
(�+)2J0

�
A

!

�2

("ab +
1
2

P
l 6=0

|�̃+
l |2

"ab+l!
)2 + (�+)2J0
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=
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From Eq.(D.17) it follows that the dominant dependence with A/! of the relaxation

rates is

�(0)
r

/ (�+)2J2
0

✓
A

!

◆

and

�(�m
0)

r
/ (�+)2J2

�m0

✓
A

!

◆
.

Note: From Eq.(D.14) and Eq.(D.17) it follows that:

For a SE-resonance between the states {|gi, |e1i} ⌘ {|s0i, |e�i}, for the J c < 0-

case: �(m0)
r,<0 / (��)2J2

�m0

�
A

!

�

For a SE-resonance between the states {|gi, |e1i} ⌘ {|s0i, |e+i}, for the J c > 0-

case: �(�m
0)

r,>0 / (�+)2J2
�m0

�
A

!

�
.

In this way, when the same SE-resonance is tuned for a given m0, we get that

�(m0)
r,<0 < �

(m0)
r,>0 due to the inequality �� < �+.





Appendix E

Appendix: Chapter 5

E.1. Time-evolution of quantum tomography

E.1.1. Quantum tomography computed in di↵erent basis

Fig.E.1 shows the real part of the quantum tomography as a function of time t/⌧ for

✏0/! = 3 (|✏0| > |J c|/2), using di↵erent basis: (a) eigenstates basis {|gi, |e1i, |e2i, |e3i},
⇢kl, (b) the computational basis {|s0i, |01i, |10i, |s1i}, ⇢ij, and (c) the Floquet basis

{|u↵(t)i}, ⇢↵�. All cases are computed for J c/! = �2.5 and A/! = 3.8. The others

numerical parameters are the same presented in Chap.5. Notice that Fig.E.1 presents

the half of the o↵-diagonal elements, since we are using the hermiticity property of the

density matrix.

In Chap.5, we only plotted the diagonal matrix elements ⇢kk in the eigenstates basis

to simplify the plot. However, as it can be seen in Fig.E.1(a), the o↵-diagonal matrix

elements present a few damping oscillations, which become null for times above the

decoherence time td ⇠ 103⌧ .

When we plot the density matrix in the computational basis, Fig.E.1(b), the density

matrix is no more longer diagonal for times t > td. This can be easily understood

using the results presented in Fig.E.1(a), where is clear to see that the steady-state

corresponds to a mixed state between |gi, |e1i and |e3i (all in the eigenstates basis).

Since we are working in the region |✏0| > |J c|/2, the states |gi and |e3i can be expressed

as |gi ⇠ |s0i and |e3i ⇠ |s1i, thus the time-evolution of the matrix elements ⇢00 and ⇢33

are the same for both basis. The third state |e1i can be written as |e1i ⇠ |e�i. In the

computational basis we obtain |e�i = (|01i � |10i)/2, which generates the emerging of

the o↵-diagonal element matrix ⇢12 (⇢21) and the diagonal elements ⇢11 and ⇢22 in the

new basis.

The quantum tomography in the Floquet basis is quite interesting. As it is shown

in Fig.E.1(c), at t = 0, there are two non-zero elements matrix, ⇢00 and ⇢33, with simi-

lar probability weights. This is because we are considering the case of a SS-resonance,

167



168 Appendix: Chapter 5

(a)

(b)

(c)

Figure E.1: Time-evolution of the quantum tomography written in di↵erent basis.
Numerical plots of the density matrix elements as function of time t/⌧ using: (a) eigenstates
basis {|gi, |e1i, |e2i, |e3i}, (⇢kl ), (b) the computational basis {|s0i, |01i, |10i, |s1i}, ⇢ij , and (c)
the Floquet basis {|u↵(t)i}. The color reference is plotted by its side. All plots correspond to
A/! = 3.8, ✏0/! = 3 (SS-resonance) and Jc/! = �2.5. The numerical parameter are the same
used in Chap.5.

which can be translated to the opening of dynamical avoided crossings between the

virtual Floquet states involved in the multiphoton processes. Another interesting fea-

ture is the emerging of strong oscillations in the the o↵-diagonal matrix element ⇢03

(and ⇢30), which are vanished for times t > td. This might demonstrate that the

Floquet basis is the preferred basis where the non-diagonal elements vanished due to

decoherence.

E.1.2. Quantum tomography computed for the region |✏0| ⌧
|J c|/2

Fig.E.2(a), shows the time-evolution of the quantum tomography (in the eigenstates

basis) for ✏0/! = 0.75, which is located in the region |✏0| ⌧ |J c|/2, and it corresponds
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to a ES-resonance. The other numerical parameters are the same used in the previous

case.

(a) (b)
Figure E.2: Time-evolution of the quantum tomography. (a) Numerical plot of the
density matrix elements ⇢kl as function of time t/⌧ for ✏0/! = 0.75, Jc/! = �2.5 and A/! = 3.8.
The matrix elements are written in the eigenstates basis. (b) Due to the large amplitude, the ES-
and SE- resonances are simultaneously tuned, which are marked in the eigenenergy spectrum.

At ✏0/! = 0.75, the resonant states are {|gi, |e2i} ⇠ {|e+i, |s0i} (black and blue

lines). As it is expected, due to the strong driving, these two states present Rabi-like

oscillations. Further small oscillations between the states {|e1i, |e3i} ⇠ {|e�i, |s1i}
(red and green lines) are also observed. The reason is that the amplitude of the driving

is su�ciently large to tune another SE-resonance, satisfying the same resonance con-

straint. In FigE.1(b), both resonances are marked. The final steady-state corresponds

to a mixed state of all the eigenstates of the system, causing a null concurrence for

long times, C1 = 0.

Furthermore, due to the form of the chosen system operator A = �(�(1)
z + �2

z
) in

the system-bath coupling,

A =

0

BBBB@

2� 0 0 0

0 0 0 0

0 0 0 0

0 0 0 �2�,

1

CCCCA
(E.1)

which is written in the basis {|s0i, |e�i, |e+i, |s1i},1 there is a no-relaxation process

between the states {|e�i, |e+i}. In this way, when a ES-resonance and a SE-resonance

are both tuned, the relaxation processes remain reduced in the subspace given by

each resonance, which means S1 = {|gi, |e2i} and S2 = {|e1i, |e3i}. In this way, the

phenomenon of inversion population is not observed due to the lack of a decay channel

between {|e�i, |e+i}.

1 Which is valid for the regions |✏0| ⌧ |Jc|/2 or |✏0| � |Jc|/2.
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E.1.3. Time-dynamics of quantum tomography for asymmet-

ric system-bath coupling strengths

We now consider the system operator of the form Aa = �1�
(1)
z +�2�

(2)
z ,2 with asym-

metric coupling strengths �1 6= �2. The Aa can be written in the basis1 {|s0i, |e�i, |e+i,
|s1i} as

Aa =

0

BBBB@

�1 + �2 0 0 0

0 (�1 � �2)/2 0 0

0 0 (�1 � �2)/2 0

0 0 0 ��1 � �2

1

CCCCA
. (E.2)

From (E.2) it follows that there are now decay channels between the states {|e�i, |e+i}.

(a)

(b) (c)

Figure E.3: Time-evolution of the quantum tomography. Numerical plots of the density
matrix elements ⇢kl in the eigenstate basis as a function of time t/⌧ for ✏0/! = 3.75, Jc/! = �2.5
and A/! = 3.8, for the symmetric case As (a) and the antisymmetric case Aa . (c) Due to the
large amplitude, the SE- and SE- resonances are simultaneously tuned, which are marked in the
eigenenergy spectrum. The numerical parameters are the same used in Chap.5.

This picture can be understood if we compute the time-evolution of the quantum

tomography when a SE-resonance and a ES-resonance are simultaneously tuned. As

an example, we choose the resonance ✏0/! = 2.75 for J c/! = �2.5 and A/! = 3.8,

satisfying the constraint ✏0/! + |J c|/2 = n! with n = 5. The other numerical pa-

rameters are the same used in the previous cases. The resulting quantum tomography

2 Work in preparation.
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as a function of time is plotted in Fig.E.3, for the symmetric case As (a) and for the

asymmetric case Aa (b), with �1 = � and �2 = ⇠�, and ⇠ = 0.1.

Fig.E.3(a) can be explained using the same description in Sec.E.1.2 for the resonance

✏0/! = 0.75.

Fig.E.3(b) shows a similar behavior presented in Fig.E.3(a) for times below the

decoherence time td (td ⇠ 103⌧), where both SE- and ES- resonances condition are

tuned, showing an oscillatory behavior in time. However, for larger times, the behavior

changes abruptly, and an increasing in population of the states {|e1i, |e3i} = {|e�i, |s1i}
is well-observed. This situation generates a non zero steady concurrence C1 6= 0, which

di↵ers from the case with symmetric system operator As.

E.2. Steady-state entanglement for other types of

thermal-baths

The analysis for the mixed case of the thermal baths performed in Chap.3 for a

single qubit can be extended for the two-coupled qubits case.

In this section, we only present a general overview of the steady concurrence C1 as

function of {A/!, ✏0/!} for a particular system-bath coupling. An extensive analysis

remains to be done3.

Figure E.4: LZS interferometry pattern-like: open system. Plot of the steady concur-
rence C1 versus {A/!, ✏0/!} for Jc/! = �2.5 and ⌫ = 0. The numerical parameters are the
same used in Chap.5.

For the two-coupled qubits system, we can consider the general system operator as

A = �
�
⌫(�(1)

z
+ �(2)

z
) + (1� ⌫)(�(1)

x
+ �(2)

x
)
�
, (E.3)

with ⌫ the mixing parameter.

3 Work in preparation.
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Fig.E.4 presents the results of the steady concurrence C1 as function of {A/!, ✏0/!}
for J c/! = �2.5 and ⌫ = 0. The other numerical parameters are the same presented

in the previous sections. As it is shown, the e↵ect of inversion population is broken

when considering the system operator

A = �
�
�(1)
x

+ �(2)
x

�
. (E.4)

This behavior is well-observed in the region |✏0| � |J c|/2, where the concurrence

remains C1 ⇠ 0.5 < 1. See Fig.5.3 to compare the steady concurrence pattern
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Analytical calculations: Chapter 6

F.1. Sinusoidal approximation for the diabatic fre-

quency "

In this section, we derive the sinusoidal expression

"(t) ⇡ �! sin [2⇡fdc(t)] + !, (F.1)

where �! = (!max � !min)/2 and ! = (!max + !min)/2, with !max/min the average of

!max/min
a and !max/min

b , see Chap.6 for further details.

To obtain Eq.(F.1), we start by considering the general expression [179] for the

diabatic frequency of one of the transmons, say Qa,

"a(t) =
q

EJ⌃,a cos(⇡fdc(t))
p

1 + d2 tan(⇡fdc(t))2, (F.2)

Where EJ⌃,a =
p

EJ1,a + EJ2,a, with EJ1,a, EJ2,a the Josephson energies of each junc-

tion, satisfying EJ1,a = ↵̃EJ2,a and EJ1,a � EJ2,a. The parameter d follows thus the

relation

d =
↵̃� 1

↵̃ + 1
, (F.3)

Furthermore, since we are working in the limit of the large area ratio of ↵ of the junc-

tions, then d ! 1. Notice that the two transmons are well-matched, with maximum

frequencies !max
a /2⇡ = 3.8250 GHz and !max

b /2⇡ = 3.8218 GHz and minimum frequen-

cies !min
a /2⇡ = 3.5401 GHz and !min

b /2⇡ = 3.5365 GHz. Therefore, for the moment,

we only focus on one transmon.

As follows, we first start with the expression:

EJ⌃,a cos(x)
q

1 + d2 tan2(x), (F.4)
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corresponding to the function inside the square root of Eq.(F.2) and where we define

x = ⇡fdc(t) to simplify notation. Taking the limit d ! 1, the previous equation remains

lim
d!1

q
1 + d2 tan2(x) !

p
sec(x)2 + (d� 1)

tan(x)2p
sec(x)2

+O((d� 1)2). (F.5)

Notice that to obtain the r.h.s. term of Eq.(F.5), we performed an Taylor series ex-

pansion around d = 1, which means

f(d, x) =
q

1 + d2 tan2(x) =
1X

n=0

@nf(d, x)

@nd

(d� 1)n

n!
, (F.6)

n 2 N, and we only keep the first two terms.

Replacing (F.5) into (F.4), we get

EJ⌃,a cos(x)

✓
sec(x) + (d� 1)

tan(x)2

sec(x)

◆
! EJ⌃,a + EJ⌃,a(d� 1) sin2(x), (F.7)

Using the previous result, the Eq.(F.2) transforms as

"(t) ⇡
q

EJ⌃,a + EJ⌃,a(d� 1) sin2(x). (F.8)

Going a step further and using the Taylor series expansion

lim
d!1

p
b+ (d� 1)a !

p
b+

a

2
p
b
(d� 1) +O((d� 1)2), (F.9)

where b = EJ⌃,a and a = EJ⌃,a sin(x)2, the Eq.(F.8) can be written as

"a(t) ⇡
p

EJ⌃,a +

p
EJ⌃,a(d� 1)

2
sin2(x). (F.10)

Further using the trigonometric relation sin2(x) = (1� cos(2x)) /2,

"a(t) ⇡
p

EJ⌃,a

✓
1 +

d� 1

4

◆
�
p
EJ⌃,a(d� 1)

4
cos(2x). (F.11)

Since, we define x = ⇡fdc,

"a(t) ⇡
p

EJ⌃,a

✓
1 +

d� 1

4

◆
�
p
EJ⌃,a(d� 1)

4
cos [2⇡fdc(t)] ,

⇡
p

EJ⌃,a

✓
1� 1� d

4

◆
+

p
EJ⌃,a(1� d)

4
cos [2⇡fdc(t)] .

(F.12)
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Now, we proceed to demonstrate the following relations:

p
EJ⌃,a

✓
1� 1� d

4

◆
⇡ !max + !min

2
,

p
EJ⌃,a(1� d)

4
⇡ !max � !min

2
.

(F.13)

For such a purpose, we start by considering the definitions:

!max
a =

p
EJ1,a + EJ2,a =

p
EJ⌃,a,

!min
a =

p
EJ1,a � EJ2,a.

(F.14)

Remember that EJ1,a � EJ2,a, with ↵̃ = EJ1,a/EJ2,a. Moreover, using Eq.(F.14) into

Eq.(F.3), we obtain the contraint

p
d =

!max
a

!min
a

. (F.15)

Thus, replacing (F.15) into the r.h.s. of (F.13), we get

!max
a + !min

a

2
= !max

1 +
p
d

2
=
p
EJ⌃,a

1 +
p
d

2
,

!max
a � !min

a

2
= !max

1�
p
d

2
=
p
EJ⌃,a

1�
p
d

2
.

(F.16)

This last expression is quite similar to Eq.(F.10), but we need to work a little more to

obtain the same equality.

Under the limit d ! 1, we can perform the following approach

lim
d!1

p
d ! 1 +

d� 1

2
+O((d� 1)2). (F.17)

Replacing this expression into (F.16), we obtain

!max
a + !min

a

2
⇡
p

EJ⌃,a

✓
1� 1� d

4

◆
,

!max
a � !min

a

2
⇡
p

EJ⌃,a
1� d

4
.

(F.18)

Then, the Eq.(F.13) is satisfied.

We finally reach to the diabatic frequency for the transmon Qa

"a(t) ⇡
!max
a � !min

a

2
cos [2⇡fdc(t)] +

!max
a + !min

a

2
, (F.19)
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Following the same procedure, the diabatic frequency for the transmon Qb remains

"b(t) ⇡
!max
b � !min

b

2
cos [2⇡fdc(t)] +

!max
b + !min

b

2
, (F.20)

Furthermore, we choose to work with the average diabatic frequency "(t) = ("a(t)

+ "b(t))/2, since the transmons frequencies match quite well !max/min
a ⇡ !max/min

b .

Finally, we obtain

"(t) ⇡ !̄max � !̄min

2
cos [2⇡fdc(t)] +

!̄max + !̄min

2
,

⇡ �! cos [2⇡fdc(t)] + !.
(F.21)

Note 1: The numerical results presented in Chap.5 has been performed using the

propagator method, see Chap.2-Sec.2.1.2. Since the e↵ective Hamiltonian is periodic

in time, we can further use the Floquet formalism to solve the system time-evolution.

As follows, and without going into technical details, the system dynamics can be

compute solving the time-evolution of the propagator U(t+ ⌧, t), with ⌧ the period of

the system Hamiltonian. If the Hamiltonian can be split as Ĥe↵(t) = Ĥ0 + V̂ (t), then

U(t+ ⌧, t) can be factorized into a kinetic and a potential part. Thus, we reach to the

expansion
U(t+ �t, t) = e�iĤ0

�t
2 e�iV̂ (t+ �t

2 )�te�iĤ0
�t
2 ,

= ⇧N�1
n=0 U ((n+ 1)�t, n�t)

(F.22)

with �t = ⌧/N the time interval.

Such factorization carries on several di�culties when considering the full expression

of "(t) (F.2), which is the reason why we employ the approximate equation (F.1).

Note 2: Furthermore, to obtain such numerical and analytical results, we set for

convenience the expression

"(t) ⇡ �! sin [2⇡fdc(t)] , (F.23)

where the constant frequency ! is absorbed, and we turn cos [2⇡fdc(t)] ! sin [2⇡fdc(t)].

By doing this, we are setting the locations of the avoided crossing� at n�0, with n 2 Z.
Notice that cos [2⇡fdc(t)] the avoided crossings are located at (2n+ 1)�0/2.
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F.2. Breaking time-reversal symmetry: analytical

calculation of transition rate

Similarly to previous results [26, 152], one can approximately calculate the transi-

tion rate from the ground state to the excited state via perturbation theory.

We are going to consider the system Hamiltonian presented in Eq.(6.5)-Chap.6,

with the diabatic frequency (F.1) and the biharmonic driving fac(t) = fac1 cos(!1t) +

fac2 cos(!2t + ↵), where !1 = ! and !2 = 2!. In order to simplify the calculations,

we can work under the assumption that the qubit is only driven near to one of the

avoided crossings, whereby the Hamiltonian (6.5)becomes linear around fdc = n�0. In

this way, we can work with the simplifying Hamiltonian, for n = 0,

Ĥ 0
e↵(t)/~ ⇡ �2⇡�!f(t)/�0

2
�̂z �

�

2
�̂x,

⇡ �h(t)

2
�̂z �

�

2
�̂x,

(F.24)

with

h(t) = 2⇡�!f(t) = "0 + g(t),

defining

"0 = 2⇡�!fdc

and

g(t) = 2⇡�!f̃(t) = A1 cos(!1t) + A2 cos(!2t+ ↵)

with A1 = 2⇡�!fac1 and A2 = 2⇡�!fac2.

Applying the unitary transformation R̂ = e�i�(t)�
(i)
z /2, �(t) =

R
t

0 h(t) dt, to the

linearized Hamiltonian (F.24), we obtain

Ĥ(t) = ��(t)

2
�̂+ � �(t)⇤

2
�̂�, (F.25)

with �(t) = �e�i�(t). Notice that this procedure has brought the problem to the

interaction picture corresponding to a rotation of the Hamiltonian into a rotating

framework.

For another part, we can define the transition rate between the ground |gi and the

excited |ei states (eigenstates basis) as

W =
dP|ei(t)

dt
=

dP|gi!|ei(t)

dt
, (F.26)
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with P|gi!|ei = |hg|UI(t, 0)|ei|2 the transition probability. In this way, W remains

W =
d

dt
|hg|UI(t, 0)|ei|2 . (F.27)

Under the assumption of � ! 0, the evolution operator can be expanded to first

order in � [26, 152], thus obtaining

UI(t, 0) = 1� i

Z
t

0

Ĥ(⌧) d⌧ +O(�2). (F.28)

Neglecting the O(�2)-terms and replacing Eq.(F.28) into Eq.(F.27), the rate of tran-

sition can be expressed as

W =
d

dt

����
Z

t

0

hg|Ĥ(⌧)|eid⌧
����
2

⌘ lim
t!1

1

t

����
Z

t

0

hg|Ĥ(⌧)|eid⌧
����
2

, (F.29)

Using Eq.(F.25) and expanding the states {|gi, |ei} in terms of the manifold basis

{|gaebi, |eagbi} as

|gi = cos(
�

2
)|gaebi+ sin(

�

2
)|eagbi,

|ei = � sin(
�

2
)|gaebi+ cos(

�

2
)|eagbi,

(F.30)

with � = arctan(�
"0
), the Eq.(F.29) remains

W = lim
t!1

1

t

����
Z

t

0

⇣
cos2(

�

2
)�(⌧)� sin2(

�

2
)�(⌧)⇤

⌘
d⌧

����
2

,

= lim
t!1

1

t

����cos
2(
�

2
)

Z
t

0

�(⌧)d⌧ � sin2(
�

2
)

Z
t

0

�(⌧)⇤d⌧

����
2

.

(F.31)

For simplicity, we are going to define the amount P̃|ai!|bi(t) 2 C as

P|ai!|bi(t) =

����
Z

t

0

ha|Ĥ(⌧)|bid⌧
����
2

,

=
���P̃|ai!|bi(t)

���
2

,

P̃|ai!|bi(t) =

Z
t

0

ha|Ĥ(⌧)|bid⌧.

(F.32)

Applying this definition to our case, we obtain

P̃|gaebi!|eagbi(t) =

Z
t

0

�(⌧)d⌧,

P̃|eagbi!|gaebi(t) =

Z
t

0

�(⌧)⇤d⌧.

(F.33)
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Replacing the Eq.(F.33) into Eq.(F.31), we obtain

W = lim
t!1

1

t

��� cos2(
�

2
)P̃|gaebi!|eagbi(t� sin2(

�

2
)P̃|eagbi!|gaebi(t)

���
2

. (F.34)

Notice that the term
���cos2(�2 )P̃|gaebi!|eagbi � sin2(�2 )P̃|eagbi!|gaebi

���
2

is similar to the cal-

culation of the surviving probability when two di↵erent paths interfere that means

Ps = |Apath,1�Apath,2|2, with Apath,i 2 C the quantum amplitude of each path. For our

case, we can identify Apath,1 $ P̃|gaebi!|eagbi(t) and Apath,2 $ P̃|eagbi!|gaebi(t).

Now we proceed to expand the equation above, obtaining

W = lim
t!1

1

t

⇣
cos4(

�

2
)|P̃|gaebi!(t)|eagbi|2 + sin4(

�

2
)|P̃|eagbi!|gaebi(t)|2

� 2 cos2(
�

2
) sin2(

�

2
)Re[P̃|gaebi!|eagbi(t)P̃

⇤
|eagbi!|gaebi(t)]

⌘
.

(F.35)

Using the definitions presented in (F.32) W transforms to

W = lim
t!1

1

t

⇣
cos4(

�

2
)P|gaebi!|eagbi(t) + sin4(

�

2
)P|eagbi!|gaebi(t)

� 2 cos2(
�

2
) sin2(

�

2
)Re[P̃|gaebi!|eagbi(t)P̃

⇤
|eagbi!|gaebi(t)]

⌘
,

= cos4(
�

2
) lim
t!1

P|gaebi!|eagbi(t)

t
+ sin4(

�

2
) lim
t!1

P|eagbi!|gaebi(t)

t

� 2 cos2(
�

2
) sin2(

�

2
) lim
t!1

Re[P̃|gaebi!|eagbi(t)P̃
⇤
|eagbi!|gaebi(t)

t
],

= cos4(
�

2
)W|gaebi!|eagbi + sin4(

�

2
)W|eagbi!|gaebi

� 2 cos2(
�

2
) sin2(

�

2
) lim
t!1

1

t
Re[P̃|gaebi!|eagbiP̃

⇤
|eagbi!|gaebi].

(F.36)

This last result shows how the transition rate depends on the individual transition

rates W|ai!|bi plus a correction given by the quantum interference between the states.

Moreover, each term is normalized by a factor that depends on how the system was

initially prepared. As it was mentioned before, this result is similar to the expanded

expression Ps = |Apath,1|2+|Apath,2|2�Re
⇥
A⇤

path,1Apath,2

⇤
. Since Ps is calculated in terms

of quantum amplitudes, the final Ps expression presents a classical counterpart, linked

with the qubit path probabilities Ps = |Apath,i|2, along with a quantum counterpart,

linked with the interference term Re
⇥
A⇤

path,1Apath,2

⇤
. Analogously with the disorder

systems, the interference term survives disorder averaging when the system presents

time-reversal symmetry. In this way, the term hRe
⇥
A⇤

path,1Apath,2

⇤
i depicts a negative

correction to the surviving probability hPsi, i.e. the transition probability hW i, with
h...i representing the disorder averaging.

We must still calculate the unknown quantities W|gaebi!|eagbi, W|eagbi!|gaebi and

Re[P̃|gaebi!|eagbi(t)
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P̃ ⇤
|eagbi!|gaebi(t)] in terms of the driving parameters.

The first step is to calculate �(t) = �e�i�(t), to this end, we can use the Bessel

function property eix sin(✓) =
P

n
Jn(x)ein✓, n 2 Z, obtaining:

�(t) = �
X

nm

Jn

✓
A1

!1

◆
Jm

✓
A2

!2

◆
ei("0+n!1+m!2)teim↵. (F.37)

Replacing the Eq.(F.37) into Eqs.(F.32) and (F.33), it follows

P|gaebi!|eagbi(t) =
�2

4

X

nmn0m0

Jn
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eim↵e�im

0
↵

ei((n�n
0)!1+(m�m
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("0 + n!1 +m!2)/2

sin("0 + n0!1 +m0!2)t/2

("0 + n0!1 +m0!2)/2
.

(F.38)

For another part, the interference term can be written as

Re
h
P̃|gaebi!|eagbi(t)P̃

⇤
|eagbi!|gaebi(t)

i
=

�2

4
Re
h X

nmn0m0
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i
.

(F.39)

At this point, it should be noted that the calculations above are di↵erent from

[26, 152], since in our case the frequency ! of driving is small compared to the energy

gap �, thus it is not possible to neglect the fast oscillating terms. In this way, the final

calculations are slightly di↵erent.

For simplicity, we are going to considering the limit when ↵ ! 0, thus eim↵ ⇡
1 + im↵. From Eq.(F.38) we obtain
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(F.40)

Taking the limit limt!1
P|gaebi!|eagbi(t)

t
and using the well known result limt!1

1
t

sin2(�t)
�2 !
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2⇡�(�), the corresponding transition rate can be approximately calculated as

W|gaebi!|eagbi = lim
t!1

P|gaebi!|eagbi(t)

t
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Using the same procedure presented above to calculate the interference term, we

obtain
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(F.42)

Finally, from Eqs.(F.41) and (F.42) we can obtain an approximated equation for

the total transition rate around the point ↵ ⇡ 0, which reads

W ⇡ cos4(
�

2
)W↵=0
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2
)W ↵=0

|eagbi!|gaebi

� 2 cos2(
�

2
) sin2(

�

2
) lim
t!1

1

t
Re[P̃|gaebi!|eagbiP̃

⇤
|eagbi!|gaebi]

↵=0

+ ↵2
⇣
cos4(

�

2
)⇠↵ 6=0

|gaebi!|eagbi + sin4(
�

2
)⇠↵ 6=0

|eagbi!|gaebi + 2 cos2(
�

2
) sin2(

�

2
)⌘↵ 6=0

⌘
,

⇡ W ↵=0 + ↵2⇣↵ 6=0

(F.43)

Applying the average over initial conditions to the Eq.(F.43), we obtain the general

equation
hW i ⇡ hW↵=0i+ ↵2h⇣↵ 6=0i

hW i � hW↵=0i ⇡ ↵2h⇣↵ 6=0i,
(F.44)

defining the averaged transition rate as hW i = 1
|"0,max�"0,min|

R
"0,max

"0,min
W d"0 and where-
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with hW ↵=0i and h⇣↵ 6=0i are positive quantitites. From this last result, we can conclude

that the observation of weak localization in this system is possible.
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[82] de Graaf, S. E., Leppäkangas, J., Adamyan, A., Danilov, A. V., Lindström,

T., Fogelström, M., et al. Charge qubit coupled to an intense microwave

electromagnetic field in a superconducting nb device: Evidence for photon-

assisted quasiparticle tunneling. Phys. Rev. Lett., 111, 137002, Sep 2013. URL

https://link.aps.org/doi/10.1103/PhysRevLett.111.137002.

[83] Shevchenko, S. N., Omelyanchouk, A. N., Ilichev, E. Multiphoton transitions

in josephson-junction qubits (review article). Low Temperature Physics, 38 (4),

283–300, 2012. URL https://doi.org/10.1063/1.3701717.

[84] Mark, M., Kraemer, T., Waldburger, P., Herbig, J., Chin, C., Nägerl, H.-C.,
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dersson, E., et al. Photons walking the line: A quantum walk with ad-

justable coin operations. Phys. Rev. Lett., 104, 050502, Feb 2010. URL

https://link.aps.org/doi/10.1103/PhysRevLett.104.050502. 118

[171] Bergmann, G. Quantitative analysis of weak localization in thin mg films by

magnetoresistance measurements. Phys. Rev. B, 25, 2937–2939, Feb 1982. URL

https://link.aps.org/doi/10.1103/PhysRevB.25.2937. 119

[172] Benoit, A., Umbach, C. P., Laibowitz, R. B., Webb, R. A. Length-independent

voltage fluctuations in small devices. Phys. Rev. Lett., 58, 2343–2346, Jun 1987.

URL https://link.aps.org/doi/10.1103/PhysRevLett.58.2343. 119, 120

[173] Washburn, S., Webb, R. A. Quantum transport in small disordered samples

from the di↵usive to the ballistic regime. Reports on Progress in Physics, 55 (8),

1311–1383, aug 1992. URL https://doi.org/10.1088%2F0034-4885%2F55%

2F8%2F004. 119, 120

[174] Webb, R. A., Washburn, S., Umbach, C. P., Laibowitz, R. B. Observation of h

e

aharonov-bohm oscillations in normal-metal rings. Phys. Rev. Lett., 54, 2696–

2699, Jun 1985. URL https://link.aps.org/doi/10.1103/PhysRevLett.54.

2696. 120

https://link.aps.org/doi/10.1103/PhysRevLett.76.1699
https://link.aps.org/doi/10.1103/PhysRevLett.97.016801
https://link.aps.org/doi/10.1103/PhysRevLett.97.016801
https://link.aps.org/doi/10.1103/PhysRevLett.55.2692
https://link.aps.org/doi/10.1103/PhysRevLett.55.2692
https://link.aps.org/doi/10.1103/PhysRevLett.55.2696
https://link.aps.org/doi/10.1103/PhysRevLett.55.2696
https://link.aps.org/doi/10.1103/PhysRevLett.81.5800
https://link.aps.org/doi/10.1103/PhysRevLett.81.5800
https://link.aps.org/doi/10.1103/PhysRevLett.104.050502
https://link.aps.org/doi/10.1103/PhysRevB.25.2937
https://link.aps.org/doi/10.1103/PhysRevLett.58.2343
https://doi.org/10.1088%2F0034-4885%2F55%2F8%2F004
https://doi.org/10.1088%2F0034-4885%2F55%2F8%2F004
https://link.aps.org/doi/10.1103/PhysRevLett.54.2696
https://link.aps.org/doi/10.1103/PhysRevLett.54.2696


Bibliography 201

[175] Lee, P. A., Stone, A. D. Universal conductance fluctuations in metals. Phys.

Rev. Lett., 55, 1622–1625, Oct 1985. URL https://link.aps.org/doi/10.

1103/PhysRevLett.55.1622. 120

[176] Shim, Y.-P., Tahan, C. Semiconductor-inspired design principles for supercon-

ducting quantum computing. Nature Communications, 7, 11059 EP –, 03 2016.

URL https://doi.org/10.1038/ncomms11059. 128

[177] Campbell, D. L., Shim, Y.-P., Kannan, B., Winik, R., Kim, D., Yoder, J., et al.

Composite qubit approach to superconducting quantum computing using coher-

ent landau-zener control. in preparation, 2019. 128, 130

[178] Barends, R., Kelly, J., Megrant, A., Sank, D., Je↵rey, E., Chen, Y., et al. Co-

herent josephson qubit suitable for scalable quantum integrated circuits. Phys.

Rev. Lett., 111, 080502, Aug 2013. URL https://link.aps.org/doi/10.1103/

PhysRevLett.111.080502. 128

[179] Hutchings, M. D., Hertzberg, J. B., Liu, Y., Bronn, N. T., Keefe, G. A., Brink,

M., et al. Tunable superconducting qubits with flux-independent coherence.

Phys. Rev. Applied, 8, 044003, Oct 2017. URL https://link.aps.org/doi/

10.1103/PhysRevApplied.8.044003. 128, 173

[180] Orlando, T. P., Mooij, J. E., Tian, L., van der Wal, C. H., Levitov, L. S.,

Lloyd, S., et al. Superconducting persistent-current qubit. Phys. Rev. B, 60,

15398–15413, Dec 1999. URL https://link.aps.org/doi/10.1103/PhysRevB.

60.15398. 130

[181] Chiorescu, I., Nakamura, Y., Harmans, C. J. P. M., Mooij, J. E. Coherent quan-

tum dynamics of a superconducting flux qubit. Science, 299 (5614), 1869–1871,

2003. URL https://science.sciencemag.org/content/299/5614/1869. 131

[182] Beenakker, C. W. J., Melsen, J. A. Conductance fluctuations, weak localization,

and shot noise for a ballistic constriction in a disordered wire. Phys. Rev. B, 50,

2450–2457, Jul 1994. URL https://link.aps.org/doi/10.1103/PhysRevB.

50.2450. 137, 139

[183] Baranger, H. U., Jalabert, R. A., Stone, A. D. Weak localization and integrability

in ballistic cavities. Phys. Rev. Lett., 70, 3876–3879, Jun 1993. URL https:

//link.aps.org/doi/10.1103/PhysRevLett.70.3876. 138

[184] Beenakker, C. W. J. Random-matrix theory of quantum transport. Rev. Mod.

Phys., 69, 731–808, Jul 1997. URL https://link.aps.org/doi/10.1103/

RevModPhys.69.731. 139

https://link.aps.org/doi/10.1103/PhysRevLett.55.1622
https://link.aps.org/doi/10.1103/PhysRevLett.55.1622
https://doi.org/10.1038/ncomms11059
https://link.aps.org/doi/10.1103/PhysRevLett.111.080502
https://link.aps.org/doi/10.1103/PhysRevLett.111.080502
https://link.aps.org/doi/10.1103/PhysRevApplied.8.044003
https://link.aps.org/doi/10.1103/PhysRevApplied.8.044003
https://link.aps.org/doi/10.1103/PhysRevB.60.15398
https://link.aps.org/doi/10.1103/PhysRevB.60.15398
https://science.sciencemag.org/content/299/5614/1869
https://link.aps.org/doi/10.1103/PhysRevB.50.2450
https://link.aps.org/doi/10.1103/PhysRevB.50.2450
https://link.aps.org/doi/10.1103/PhysRevLett.70.3876
https://link.aps.org/doi/10.1103/PhysRevLett.70.3876
https://link.aps.org/doi/10.1103/RevModPhys.69.731
https://link.aps.org/doi/10.1103/RevModPhys.69.731


202 Bibliography

[185] Sauer, S. Entanglement in periodically driven quantum systems. Tesis Doctoral,

Albert-Ludwigs-Universität Freiburg, 2011. 147
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physik 1, 2011.

[187] Vedral, V., Plenio, M. B., Rippin, M. A., Knight, P. L. Quantifying entanglement.

Phys. Rev. Lett., 78, 2275–2279, Mar 1997. URL https://link.aps.org/doi/

10.1103/PhysRevLett.78.2275. 147

[188] Uhlmann, A. Entropy and optimal decompositions of states relative to a maximal

commutative subalgebra. Open Systems & Information Dynamics, 5 (3), 209–

228, Sep 1998. URL https://doi.org/10.1023/A:1009664331611. 147

[189] Bennett, C. H., DiVincenzo, D. P., Smolin, J. A., Wootters, W. K. Mixed-state

entanglement and quantum error correction. Phys. Rev. A, 54, 3824–3851, Nov

1996. URL https://link.aps.org/doi/10.1103/PhysRevA.54.3824. 147

[190] Wootters, W. K. Entanglement of formation and concurrence. Quantum Info.

Comput., 1 (1), 27–44, ene. 2001. URL http://dl.acm.org/citation.cfm?id=

2011326.2011329. 148

[191] Kmetic M. A., T. R. A., J., M. W. Two-level rotating-wave approximations for

molecules in a static electric field with an application to rotationally averaged

spectra. Phys Rev A Gen Phys., 33, 1688–1696, Mar 1986. URL https://link.

aps.org/doi/10.1103/PhysRevA.91.042109. 151

[192] Breuer, H.-P., Petruccione, F. The Theory of Open Quantum Systems. OUP

Oxford, 2007. URL https://www.oxfordscholarship.com/view/10.1093/

acprof:oso/9780199213900.001.0001/acprof-9780199213900. 153

https://link.aps.org/doi/10.1103/PhysRevLett.78.2275
https://link.aps.org/doi/10.1103/PhysRevLett.78.2275
https://doi.org/10.1023/A:1009664331611
https://link.aps.org/doi/10.1103/PhysRevA.54.3824
http://dl.acm.org/citation.cfm?id=2011326.2011329
http://dl.acm.org/citation.cfm?id=2011326.2011329
https://link.aps.org/doi/10.1103/PhysRevA.91.042109
https://link.aps.org/doi/10.1103/PhysRevA.91.042109
https://www.oxfordscholarship.com/view/10.1093/acprof:oso/9780199213900.001.0001/acprof-9780199213900
https://www.oxfordscholarship.com/view/10.1093/acprof:oso/9780199213900.001.0001/acprof-9780199213900


Publications

1. Controlling entanglement in the interferometry of driven coupled flux qubits,

A.L. Gramajo, D. Domı́nguez and M.J. Sánchez, Journal of Physics: Conference

Series, Volume 969, conference 1 (2017).

2. Entanglement generation through the interplay of harmonic driving and inter-

action in coupled superconducting qubits, Gramajo A.L., Domı́nguez D. and

Sánchez M.J., Eur. Phys. J. B 90, 255 (2017).

3. Amplitude tuning of steady-state entanglement in strongly driven coupled qubits,

A.L. Gramajo, D. Domı́nguez and M.J. Sánchez, Phys. Rev. A 98, 042337 (2018).

4. Revealing the system-bath coupling via Landau-Zener-Stückelberg interferometry

in superconducting qubits, A.L. Gramajo, D. Domı́nguez and M.J. Sánchez, Phys.

Rev. B 100, 075410 (2019).

5. Quantum emulation of coherent backscattering in a system of superconducting

qubits, A.L. Gramajo, D. Campbell, B. Kannan, D.K. Kim, A. Melville, B.

Niedzielski, J.L. Yoder, M.J. Sánchez, D. Domı́nguez, S. Gustavsson, and W.D.

Oliver, https://arxiv.org/abs/1912.12488 (2019).

203





Acknowledgments

I would like to begin by acknowledging the Balserio Institute, its professors and

research sta↵, and the financial support from CNEA, CONICET, UNCuyo, ANPCyT,

and MIT.

Thanks to my advisor and mentor Daniel Domı́nguez and my co-advisor Maŕıa José
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